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In this book, which arose from an MSRI research workshop cosponspored
by the Clay Mathematical Institute, leading experts give an overview of sev-
eral areas of dynamical systems that have recently experienced substantial
progress.

In symplectic geometry, a fast-growing field having its roots in classical
mechanics, Cieliebak, Hofer, Latschev and Schlenk give a definitive survey
of quantitative techniques and symplectic capacities, which have become a
central research tool. Fisher’s survey on local rigidity of group actions is a
broad and up-to-date account of a flourishing subject built on the fact that for
actions of noncyclic groups, topological conjugacy commonly implies smooth
conjugacy.

Other articles by Eigen, Feres, Kochergin, Krieger, Navarro, Pinto, Prasad,
Rand and Robinson cover subjects in hyperbolic, parabolic and symbolic dy-
namics as well as ergodic theory. Among the specific areas of interest are
random walks and billiards, diffeomorphisms and flows on surfaces, amenabil-
ity and tilings.

The articles are complemented by a fifty-page commented problem list,
compiled by the editor with the help of numerous specialists. Several sections
of this list focus on problems beyond the areas covered in the surveys, and all
are sure to inspire and guide further research.
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Foreword

This volume owes its existence to the Clay Mathematics Institute / Mathemat-
ical Sciences Research Institute Workshop on “Recent Progress in Dynamics”,
held at the Mathematical Sciences Research Institute for a week in late Septem-
ber to early October 2004. This is not a proceedings volume, but most authors
were participants of the workshop, and the two lead surveys reflect a good deal
of what David Fisher and Helmut Hofer presented during their workshop talks.

The workshop represented a broad array of dynamical systems, not least in
order to reflect the breadth of taste exhibited by Anatole Katok, whose sixtieth
birthday was observed during the workshop. This was possible because we
were able to invite a great number of participants from near and far, and the
essential ingredient in making this possible was the generous financial support
from the Clay Mathematics Institute and the Mathematical Sciences Research
Institute (which is in turn supported by the National Science Foundation), as well
as from the Pennsylvania State University and Tufts University. As the host
of the workshop, the Mathematical Sciences Research Institute also provided
administrative support for the organizers and participants. It is a pleasure to
acknowledge this support.

Funding alone does not produce a successful workshop, and I want to thank
my fellow workshop organizers Michael Brin, Gregory Margulis, Yakov Pesin,
Peter Sarnak, Klaus Schmidt, Ralf Spatzier and Robert Zimmer. Foremost
among these was Yakov Pesin, whose involvement was constant and most valu-
able. And a successful workshop does not by itself lead to written works of
interest, so I wish to thank the authors of the articles in this volume for their
contributions. Thanks also go to Silvio Levy for his smooth handling of the
entire production process, and to Kathleen Hasselblatt for her support.

The aim of the workshop and this volume is to impact the development of
dynamical systems, and to that end we paid some attention to making it pos-
sible for younger participants to attend the workshop, and the surveys in this
volume may attract young mathematicians to those subject areas. The Math-
ematical Sciences Research Institute adds to the impact of the event by main-
taining streaming video of the lectures given at the workshop, which enables

X
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everyone to view these lectures (see http:/www.msri.org/calendar/workshops/
WorkshopInfo/267/show_workshop). Finally, a problem list in this volume is
hoped to inspire research into subjects that posed challenges at the time of the
workshop. I hope that the readers will find this volume interesting, useful and
inspiring.

I am writing these lines on the sixty-second birthday of Anatole Katok and
wish to dedicate this volume to him.

Boris Hasselblatt
Somerville (MA), August 2006
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Quantitative symplectic geometry

KAI CIELIEBAK, HELMUT HOFER,
JANKO LATSCHEV, AND FELIX SCHLENK

Dedicated to Anatole Katok on the occasion of his sixtieth birthday

A symplectic manifold (M, w) is a smooth manifold A endowed with a
nondegenerate and closed 2-form w. By Darboux’s Theorem such a manifold
looks locally like an open set in some R2” = C” with the standard symplectic
form

n
wo = Y _dxj ndy;. (0-1)
j=1

and so symplectic manifolds have no local invariants. This is in sharp contrast to
Riemannian manifolds, for which the Riemannian metric admits various curva-
ture invariants. Symplectic manifolds do however admit many global numerical
invariants, and prominent among them are the so-called symplectic capacities.
Symplectic capacities were introduced in 1990 by 1. Ekeland and H. Hofer [18;
19] (although the first capacity was in fact constructed by M. Gromov [39]).
Since then, lots of new capacities have been defined [16; 29; 31; 43; 48; 58;
59; 88; 97] and they were further studied in [1; 2; 8; 9; 25; 20; 27; 30; 34;
36; 37; 40; 41; 42; 45; 47; 49; 51; 55; 56; 57; 60; 61; 62; 63; 65; 71; 72;
73; 86; 87; 89; 90; 92; 95; 96]. Surveys on symplectic capacities are [44; 49;
54; 66; 95]. Different capacities are defined in different ways, and so relations
between capacities often lead to surprising relations between different aspects
of symplectic geometry and Hamiltonian dynamics. This is illustrated in Sec-
tion 2, where we discuss some examples of symplectic capacities and describe
a few consequences of their existence. In Section 3 we present an attempt to

Cieliebak’s research was partially supported by the DFG grant Ci 45/2-1. Hofer’s research was partially
supported by the NSF Grant DMS-0102298. Latschev held a position financed by the DFG grant Mo 843/2-1.
Schlenk held a position financed by the DFG grant Schw 892/2-1.
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2 K. CIELIEBAK, H. HOFER, J. LATSCHEV, AND E. SCHLENK

better understand the space of all symplectic capacities, and discuss some further
general properties of symplectic capacities. In Section 4, we describe several
new relations between certain symplectic capacities on ellipsoids and polydiscs.
Throughout the discussion we mention many open problems.

As illustrated below, many of the quantitative aspects of symplectic geometry
can be formulated in terms of symplectic capacities. Of course there are other
numerical invariants of symplectic manifolds which could be included in a dis-
cussion of quantitative symplectic geometry, such as the invariants derived from
Hofer’s bi-invariant metric on the group of Hamiltonian diffeomorphisms, [43;
79; 82], or Gromov—Witten invariants. Their relation to symplectic capacities is
not well understood, and we will not discuss them here.

We start out with a brief description of some relations of symplectic geometry
to neighboring fields.

1. Symplectic geometry and its neighbors

Symplectic geometry is a rather new and vigorously developing mathematical
discipline. The “symplectic explosion” is described in [21]. Examples of sym-
plectic manifolds are open subsets of (IRZ”, a)o), the torus R2"/7%" endowed
with the induced symplectic form, surfaces equipped with an area form, Kéhler
manifolds like complex projective space CP” endowed with their Kéhler form,
and cotangent bundles with their canonical symplectic form. Many more exam-
ples are obtained by taking products and through more elaborate constructions,
such as the symplectic blow-up operation. A diffeomorphism ¢ on a symplectic
manifold (M, w) is called symplectic or a symplectomorphism if ¢*w = w.

A fascinating feature of symplectic geometry is that it lies at the crossroad of
many other mathematical disciplines. In this section we mention a few examples
of such interactions.

Hamiltonian dynamics. Symplectic geometry originated in Hamiltonian dy-
namics, which originated in celestial mechanics. A time-dependent Hamiltonian
function on a symplectic manifold (M, w) is a smooth function H: Rx M — R.
Since w is nondegenerate, the equation

o(Xpg. ) = dH(-)

defines a time-dependent smooth vector field Xz on M. Under suitable assump-
tion on H, this vector field generates a family of diffeomorphisms <p§{ called
the Hamiltonian flow of H. As is easy to see, each map gofq is symplectic. A
Hamiltonian diffeomorphism ¢ on M is a diffeomorphism of the form ¢ IILI
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Symplectic geometry is the geometry underlying Hamiltonian systems. It
turns out that this geometric approach to Hamiltonian systems is very fruitful.
Explicit examples are discussed in Section 2 below.

Volume geometry. A volume form 2 on a manifold M is a top-dimensional
nowhere vanishing differential form, and a diffeomorphism ¢ of M is volume
preserving if ¢*2 = 2. Ergodic theory studies the properties of volume pre-
serving mappings. Its findings apply to symplectic mappings. Indeed, since a
symplectic form w is nondegenerate, w” is a volume form, which is preserved
under symplectomorphisms. In dimension 2 a symplectic form is just a volume
form, so that a symplectic mapping is just a volume preserving mapping. In
dimensions 2n > 4, however, symplectic mappings are much more special.
A geometric example for this is Gromov’s Nonsqueezing Theorem stated in
Section 2.2 and a dynamical example is the (partly solved) Arnol’d conjecture
stating that Hamiltonian diffeomorphisms of closed symplectic manifolds have
at least as many fixed points as smooth functions have critical points. For another
link between ergodic theory and symplectic geometry see [81].

Contact geometry. Contact geometry originated in geometrical optics. A con-
tact manifold (P, «) is a (2n — 1)-dimensional manifold P endowed with a
1-form & such that o A (da)” ! is a volume form on P. The vector field X on
P defined by da(X,-) =0and a(X) = 1 generates the so-called Reeb flow. The
restriction of a time-independent Hamiltonian system to an energy surface can
sometimes be realized as the Reeb flow on a contact manifold. Contact mani-
folds also arise naturally as boundaries of symplectic manifolds. One can study
a contact manifold (P, o) by symplectic means by looking at its symplectization
(P xR, d(e'a)), see e.g. [46; 22].

Algebraic geometry. A special class of symplectic manifolds are Kéhler mani-
folds. Such manifolds (and, more generally, complex manifolds) can be studied
by looking at holomorphic curves in them. M. Gromov [39] observed that some
of the tools used in the Kidhler context can be adapted for the study of symplectic
manifolds. One part of his pioneering work has grown into what is now called
Gromov—Witten theory, see e.g. [70] for an introduction.

Many other techniques and constructions from complex geometry are useful
in symplectic geometry. For example, there is a symplectic version of blowing-
up, which is intimately related to the symplectic packing problem, see [64; 68]
and 4.1.2 below. Another example is Donaldson’s construction of symplectic
submanifolds [17]. Conversely, symplectic techniques proved useful for study-
ing problems in algebraic geometry such as Nagata’s conjecture [5; 6; 68] and
degenerations of algebraic varieties [7].
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Riemannian and spectral geometry. Recall that the differentiable structure of
a smooth manifold M gives rise to a canonical symplectic form on its cotangent
bundle 7* M. Giving a Riemannian metric g on M is equivalent to prescribing
its unit cosphere bundle S ;M C T*M, and the restriction of the canonical
1-form from T*M gives S* M the structure of a contact manifold. The Reeb
flow on § ;M is the geodesic flow (free particle motion).

In a somewhat different direction, each symplectic form @ on some manifold
M distinguishes the class of Riemannian metrics which are of the form w(J-, -)
for some almost complex structure J.

These (and other) connections between symplectic and Riemannian geometry
are by no means completely explored, and we believe there is still plenty to be
discovered here. Here are some examples of known results relating Riemannian
and symplectic aspects of geometry.

Lagrangian submanifolds. A middle-dimensional submanifold L of (M, w)
is called Lagrangian if w vanishes on T'L.

(i) Volume. Endow complex projective space CP" with the usual Kihler
metric and the usual Kéhler form. The volume of submanifolds is taken with
respect to this Riemannian metric. According to a result of Givental-Kleiner—
Oh, the standard RP” in CP" has minimal volume among all its Hamiltonian
deformations [74]. A partial result for the Clifford torus in CP” can be found in
[38]. The torus S! x S C S% x S? formed by the equators is also volume min-
imizing among its Hamiltonian deformations, [50]. If L is a closed Lagrangian
submanifold of (RZ”, a)o), there exists according to [98] a constant C depending
on L such that

vol (pg (L)) = C  for all Hamiltonian deformations of L. (1-1)

(ii) Mean curvature. The mean curvature form of a Lagrangian submanifold
L in a Kéhler—Finstein manifold can be expressed through symplectic invariants
of L, see [15].

The first eigenvalue of the Laplacian. Symplectic methods can be used to
estimate the first eigenvalue of the Laplace operator on functions for certain
Riemannian manifolds [80].

Short billiard trajectories. Consider a bounded domain U C R” with smooth
boundary. There exists a periodic billiard trajectory on U of length / with

I" < Cyvol(U) (1-2)

where C,, is an explicit constant depending only on 7, see [98; 30].
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2. Examples of symplectic capacities

In this section we give the formal definition of symplectic capacities, and
discuss a number of examples along with sample applications.

2.1. Definition. Denote by Symp®" the category of all symplectic manifolds of
dimension 2n, with symplectic embeddings as morphisms. A symplectic cate-
gory is a subcategory 6 of Symp®" such that (M, ) € € implies (M, aw) € €
for all o > 0.

CONVENTION. We will use the symbol — to denote symplectic embeddings and
— to denote morphisms in the category € (which may be more restrictive).

Let B2"(r?) be the open ball of radius r in R?”* and Z?"(r?) = B?(r?)xR?"—2
the open cylinder (the reason for this notation will become apparent below). Un-
less stated otherwise, open subsets of R?” are always equipped with the canon-
ical symplectic form wy = 27=1 dy;j A dxj. We will suppress the dimension
2n when it is clear from the context and abbreviate

B := B>"(1), Z = Z>"(1).

Now let € C Symp?" be a symplectic category containing the ball B and the
cylinder Z. A symplectic capacity on € is a covariant functor ¢ from 6 to the
category ([0, oo], <) (with @ < b as morphisms) satisfying

(MONOTONICITY): ¢(M,w) <c(M’, ") if there exists a morphism (M, w) —
(M, o),

(CONFORMALITY): ¢(M,aw) = o c(M, w) for a > 0;

(NONTRIVIALITY): 0 < ¢(B) and ¢(Z) < o0.

Note that the (Monotonicity) axiom just states the functoriality of c. A sym-
plectic capacity is said to be normalized if

(NORMALIZATION): ¢(B) = 1.

As a frequent example we will use the set Op?" of open subsets in R?”. We make
it into a symplectic category by identifying (U, a®wq) with the symplectomor-
phic manifold (aU, wg) for U C R?*" and o > 0. We agree that the morphisms
in this category shall be symplectic embeddings induced by global symplec-
tomorphisms of R2”. With this identification, the (Conformality) axiom above
takes the form

(CONFORMALITY)": ¢(aU) = a?¢(U) for U € Op*", a > 0.
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2.2. Gromov radius. In view of Darboux’s Theorem one can associate with
each symplectic manifold (M, @) the numerical invariant

cp(M,®) := sup{a > 0| B*" () — (M, w)}

called the Gromov radius of (M,w), [39]. It measures the symplectic size
of (M, w) in a geometric way, and is reminiscent of the injectivity radius of
a Riemannian manifold. Note that it clearly satisfies the (Monotonicity) and
(Conformality) axioms for a symplectic capacity. It is equally obvious that
CB (B ) =1

If M is 2-dimensional and connected, then wcg(M,w) = f M@, 1€ cpis
proportional to the volume of M, see [89]. The following theorem from Gro-
mov’s seminal paper [39] implies that in higher dimensions the Gromov radius
is an invariant very different from the volume.

NONSQUEEZING THEOREM (GROMOV, 1985). The cylinder Z € Symp®" sat-
isfies cg(Z) = 1.

Therefore the Gromov radius is a normalized symplectic capacity on Symp>".
Gromov originally obtained this result by studying properties of moduli spaces
of pseudo-holomorphic curves in symplectic manifolds.

It is important to realize that the existence of at least one capacity ¢ with
¢(B) = ¢(Z) also implies the Nonsqueezing Theorem. We will see below
that each of the other important techniques in symplectic geometry (such as
variational methods and the global theory of generating functions) gave rise
to the construction of such a capacity, and hence an independent proof of this
fundamental result.

It was noted in [18] that the following result, originally established by Eliash-
berg and by Gromov using different methods, is also an easy consequence of
the existence of a symplectic capacity.

THEOREM (ELTIASHBERG, GROMOV). The group of symplectomorphisms of a
symplectic manifold (M, ) is closed for the compact-open C°-topology in the
group of all diffeomorphisms of M .

2.3. Symplectic capacities via Hamiltonian systems. The next four examples
of symplectic capacities are constructed via Hamiltonian systems. A crucial role
in the definition or the construction of these capacities is played by the action
functional of classical mechanics. For simplicity, we assume that (M, ®) =
(R2", ). Given a Hamiltonian function H:S' x R?” — R which is periodic
in the time-variable € S! = R/Z and which generates a global flow w}{, the
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action functional on the loop space C*°(S!, R?") is defined as

1
Ag(y) = /ydx—/o H(t,y(t))dt. 2-1)
y

Its critical points are exactly the 1-periodic orbits of (p%. Since the action func-
tional is neither bounded from above nor from below, critical points are saddle
points. In his pioneering work [83; 84], P. Rabinowitz designed special minimax
principles adapted to the hyperbolic structure of the action functional to find such
critical points. We give a heuristic argument why this works. Consider the space
of loops

E = H'/> (SR = {zeL2 (s':m2")

IR <oo}

kez

where z = 3", o, e2™*1 23z € R?", is the Fourier series of z and J is the

standard complex structure of R?" 2 C". The space E is a Hilbert space with
inner product
(z,w) = (20, wo) +27 Y _ || (z&, wg),
kez

and there is an orthogonal splitting £ = E- @ E° @ Et, z =z + 204z T,
into the spaces of z € E having nonzero Fourier coefficients z; € R?" only for
k <0,k =0, k > 0. The action functional stg: C*®(S!, R*") — R extends to
E as

1
du(z) = (3417 11=712) - /0 H(@z()dt.  (2-2)

Notice now the hyperbolic structure of the first term s (x), and that the second
term is of lower order. Some of the critical points z(¢) = const of sy should
thus persist for H # 0.

2.3.1. Ekeland-Hofer capacities. The first construction of symplectic capac-
ities via Hamiltonian systems was carried out by Ekeland and Hofer [18; 19].
To give the heuristics, we consider a bounded domain U C R?" with smooth
boundary dU. A closed characteristic y on dU is an embedded circle in 0U
tangent to the characteristic line bundle

Ly = {(x,E) €eTIU |wo(€,n) =0 forall ne TxoU}.

If 0U is represented as a regular energy surface {x eR?" | H(x) = const} of a
smooth function H on R?”, then the Hamiltonian vector field Xz restricted to
aU is a section of £, and so the traces of the periodic orbits of Xz on U are
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the closed characteristics on dU. The action of a closed characteristic y on dU
is defined as sd(y) = fy % dx). The set

YWU) =4{kdAly)|k=1,2,...; yis aclosed characteristic on dU }

is called the action spectrum of U. Now one would like to associate with U
suitable elements of X' (U). Without further assumptions on U, however, the set
Y (U) may be empty (see [32; 33; 35]), and there is no obvious way to achieve
(Monotonicity). To salvage this naive idea, Ekeland and Hofer considered for
each bounded open subset U of R?” the space %(U ) of time-independent Hamil-
tonian functions H:R?" — [0, co) satisfying

e H =0 on some open neighbourhood of U, and
e H(z) =alz|? for |z| large, where a > 7, a ¢ Nr.

Notice that the circle S! acts on the Hilbert space E by time-shift x(¢)
x(t+0) for € S! =R/Z. The special form of H € %(U) guarantees that for
each k € N the equivariant minimax value

cH k = inf { sup g (y) | € C E is S!-equivariant and ind(§) > k}
veé

is a critical value of the action functional (2-2). Here, ind(£€) denotes a suitable
Fadell-Rabinowitz index [26; 19] of the intersection & N ST of £ with the unit
sphere St C E*. The k-th Ekeland—-Hofer capacity C]EH on the symplectic
category Op?" is now defined as

U) :=inf{cyx | HeFU))}
if U c R?" is bounded and as
g (U) :=sup {cf"(V) | V C U bounded}

in general. It turns out that these numbers are indeed symplectic capacities.
Moreover, they realize the naive idea of picking out suitable elements of X' (U)
for many U: A bounded open subset U of R?” is said to be of restricted con-
tact type if its boundary dU is smooth and if there exists a vector field v on
R2” which is transverse to U and whose Lie derivative satisfies Lywg = wy.
Examples are bounded star-shaped domains with smooth boundary.

PROPOSITION (EKELAND AND HOFER, 1990). If U is of restricted contact
type, then CIEH(U) € Y (U) for each k € N,
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Since the index appearing in the definition of ¢y x is monotone, it is immedi-
ate from the definition that c'l“:H < CEH < c];:H =<...form an increasing sequence.
Their values on the ball and cylinder are

k+n—1
c,EH(B)=|:+Tn]JT and  PN(Z) =k,

where [x] denotes the largest integer < x. Hence the existence of CIIEH gives
an independent proof of Gromov’s Nonsqueezing Theorem. Using the capacity
cEH | Ekeland and Hofer [19] also proved the following nonsqueezing result.

THEOREM (EKELAND AND HOFER, 1990). The cube
P=B*(1)x...xB*(1)cC"

can be symplectically embedded into the ball B*"(r?) if and only if r* > n.

Other illustrations of the use of Ekeland—Hofer capacities in studying embed-
ding problems for ellipsoids and polydiscs appear in Section 4.

2.3.2. Hofer-Zehnder capacity. (See [48; 49].) Given a symplectic manifold
(M, w) we consider the class ¥(M ) of simple Hamiltonian functions H: M —
[0, o0) characterized by the following properties:

e H = 0 near the (possibly empty) boundary of M ;
e The critical values of H are 0 and max H.

Such a function is called admissible if the flow go}l of H has no nonconstant
periodic orbits with period 7" < 1.
The Hofer-Zehnder capacity cyz on Symp®" is defined as

cuz(M) = sup{max H | H € $(M) is admissible}

It measures the symplectic size of M in a dynamical way. Easily constructed ex-
amples yield the inequality cyz(B) > 7. In [48; 49], Hofer and Zehnder applied
a minimax technique to the action functional (2-2) to show that cyz(Z) < 7, so

cnz(B) = cyz(Z) = m,

providing another independent proof of the Nonsqueezing Theorem. Moreover,
for every symplectic manifold (M, w) the inequality wcg (M) < cgz(M) holds.

The importance of understanding the Hofer—Zehnder capacity comes from
the following result proved in [48; 49].

THEOREM (HOFER AND ZEHNDER, 1990). Let H: (M, w) — R be a proper
autonomous Hamiltonian. If cyz(M) < oo, then for almost every ¢ € H(M)
the energy level H~'(c) carries a periodic orbit.
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Variants of the Hofer—Zehnder capacity which can be used to detect periodic
orbits in a prescribed homotopy class where considered in [59; 88].

2.3.3. Displacement energy (See [43; 55].) Next, let us measure the sym-
plectic size of a subset by looking at how much energy is needed to displace it
from itself. Fix a symplectic manifold (M, ). Given a compactly supported
Hamiltonian H: [0, 1] x M — R, set

1
IH| = / ( sup H(t,x)— inf H(l,x)) dt.
0 \xeM xeM
The energy of a compactly supported Hamiltonian diffeomorphism ¢ is

E(p) = inf || |g = ¢}
The displacement energy of a subset A of M is now defined as
e(A, M) := inf{E(p) | p(A)NA =g}
if A is compact and as
e(A, M) := sup{e(K, M) | K C A is compact}

for a general subset A of M.

Now consider the special case (M, w) = (R?", wy). Simple explicit examples
show e(Z,R?") < . In [43], H. Hofer designed a minimax principle for the
action functional (2—2) to show that e(B, R?") > 7, so that

e(B,R*") = e¢(Z,R*") = 7.

It follows that (-, R?") is a symplectic capacity on the symplectic category Op”"
of open subsets of R?".
One important feature of the displacement energy is the inequality

caz(U) <e(U, M) (2-3)

holding for open subsets of many (and possibly all) symplectic manifolds, in-
cluding (R?”,wg). Indeed, this inequality and the Hofer—Zehnder Theorem
imply existence of periodic orbits on almost every energy surface of any Hamil-
tonian with support in U provided only that U is displaceable in M . The proof
of this inequality uses the spectral capacities introduced in Section 2.3.4 below.

As an application, consider a closed Lagrangian submanifold L of (R?", wy).
Viterbo [98] used an elementary geometric construction to show that

e (L,[RRZ”) < G, (Vol(L))2/™
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for an explicit constant C,,. By a result of Chekanov [12], e (L, [RZ”) > 0. Since
e ((pH (L), [RRZ”) =e(L, [RZ”) for every Hamiltonian diffeomorphism of L, we
obtain Viterbo’s inequality (1-1).

2.3.4. Spectral capacities. (See [31; 45; 49;75;76; 77; 86; 97].) For simplicity,
we assume again (M, ) = (R?", wg). Denote by ¥ the space of compactly
supported Hamiltonian functions H:S' x R?* — R. An action selector o
selects for each H € ¥ the action o (H) = s g7 (v) of a “topologically visible” 1-
periodic orbit y of go}l in a suitable way. Such action selectors were constructed
by Viterbo [97], who applied minimax to generating functions, and by Hofer and
Zehnder [45; 49], who applied minimax directly to the action functional (2-2).
An outline of their constructions can be found in [30].

Given an action selector o for (R%”, w,), one defines the spectral capacity
co on the symplectic category Op?" by

¢o(U) := sup{o(H) | H is supported in S' x U}.

It follows from the defining properties of an action selector (not given here) that
caz(U) < ¢q(U) for any spectral capacity ¢,. Elementary considerations also
imply ¢, (U) < e(U, R?"), see [30; 45; 49; 97]. In this way one in particular
obtains the important inequality (2-3) for M = R?".

Here is another application of action selectors:

THEOREM (VITERBO, 1992). Every nonidentical compactly supported Ham-
iltonian diffeomorphism of (Rzn,a)o) has infinitely many nontrivial periodic
points.

Moreover, the existence of an action selector is an important ingredient in
Viterbo’s proof of the estimate (1-2) for billiard trajectories.

Using the Floer homology of (M, w) filtered by the action functional, an
action selector can be constructed for many (and conceivably for all) symplectic
manifolds (M, w), [31; 75; 76; 77; 86]. This existence result implies the energy-
capacity inequality (2-3) for arbitrary open subsets U of such (M, w), which
has many applications [87].

2.4. Lagrangian capacity. In [16] a capacity is defined on the category of
2n-dimensional symplectic manifolds (M, w) with w{ (M) = (M) = 0 (with
symplectic embeddings as morphisms) as follows. The minimal symplectic area
of a Lagrangian submanifold L C M is

Apin(L) = inf{[ a)‘a €y (M, L),/ w > 0} € [0, o0].
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The Lagrangian capacity of (M, ) is defined as
cr.(M,w) := sup{Amin(L) | L C M is an embedded Lagrangian torus} .
Its values on the ball and cylinder are
cr.(B) =n/n, cr.(Z2)=m.

As the cube P = B?(1) x ... x B?(1) contains the standard Clifford torus
T" C C", and is contained in the cylinder Z, it follows that ¢y (P) = =. To-
gether with ¢z (B) = m/n this gives an alternative proof of the nonsqueezing
result of Ekeland and Hofer mentioned in Section 2.3.1. There are also applica-
tions of the Lagrangian capacity to Arnold’s chord conjecture and to Lagrangian
(non)embedding results into uniruled symplectic manifolds [16].

3. General properties and relations between symplectic capacities

In this section we study general properties of and relations between sym-
plectic capacities. We begin by introducing some more notation. Define the
ellipsoids and polydiscs

|21 ]2 |zn|?
E(a):=E(al,...,a,,):z{ze(D" —+...+ <1}

aj dp

P(a):= P(ay,...,an) = Bz(al) X ...x B*(ay)

for 0 < a; < ... < a,; < oco. Note that in this notation the ball, cube and
cylinder are B = E(1,...,1), P = P(1,...,1) and Z = E(l,00,...,00) =
P(l,00,...,00).

Besides Symp" and Op®", two symplectic categories that will frequently play
arole below are

EIP": the category of ellipsoids in R?”, with symplectic embeddings induced
by global symplectomorphisms of R>” as morphisms,

Pol’": the category of polydiscs in R?”, with symplectic embeddings induced
by global symplectomorphisms of R?” as morphisms.

3.1. Generalized symplectic capacities. From the point of view of this work,
it is convenient to have a more flexible notion of symplectic capacities, whose
axioms were originally designed to explicitly exclude such invariants as the vol-
ume. We thus define a generalized symplectic capacity on a symplectic category
¢ as a covariant functor ¢ from %€ to the category ([0, co], <) satisfying only the
(Monotonicity) and (Conformality) axioms of Section 2.1.
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Now examples such as the volume capacity on Symp" are included into the
discussion. It is defined as
vol(M, a)))l/”

CVO](M’ a)) = ( VOI(B)

where vol(M, w) := [;, @"/n! is the symplectic volume. For n > 2 we have
Cvol(B) = 1 and ¢y01(Z) = 00, S0 ¢yo 1s a normalized generalized capacity but
not a capacity. Many more examples appear below.

3.2. Embedding capacities. Let € be a symplectic category. Every object
(X, £2) of 6 induces two generalized symplectic capacities on 6,

cx,2)(M,w) := sup {a>0|(X,a2) > (M,w)},

(XD (M, w) ;= infl{a>0] (M, 0)— (X,a)},
Here the supremum and infimum over the empty set are set to 0 and oo, respec-
tively. Note that

— ((M.®) -1
C(X,.Q)(Ma Cl)) - (C (X7 Q)) . (3_1)
EXAMPLE 1. Suppose that (X, ®£2) — (X, §2) for some « > 1. Then
cxr.(X, Q) =00 and XD (x,2)=0,

o)

(M. ) = oo if (X,B82)— (M,w) for some B > 0,
OO = 0 i (X, BR) = (M, w) forno B> 0,
0 if (M,w)— (X,B82) for some 8 > 0,

(X,9) _
cher= {oo if (M.w)— (X, B82) forno f>0.

The following fact follows directly from the definitions.

FACT 1. Suppose that there exists no morphism (X,a$2) — (X, §2) for any
a > 1. Then c(x o)(X,2) = X2 (X, 2) = 1, and for every generalized
capacity ¢ with 0 < c(X, £2) < oo,

M,
MO XD\ forall (M.w) <G,

c(X,Q)(M,a)) = C(X ,Q) =

In other words, c(x ) (resp. X)) is the minimal ( resp. maximal) generalized
capacity ¢ with c¢(X, 2) = 1.
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Important examples on Symp?" arise from the ball B = B2"(1) and cylinder
Z = Z*'(1). By Gromov’s Nonsqueezing Theorem and volume reasons we
have for n > 2:

cg(Z)=1, ZB)=1, BZ)=00, ¢z(B)=0.
In particular, for every normalized symplectic capacity c,
cg(M, ) < c(M,») <c(Z)c? (M, ) for all (M, w) € Symp®*. (3-2)

Recall that the capacity cp is the Gromov radius defined in Section 2.2. The
capacities cg and ¢Z are not comparable on Op?*: Example 3 below shows that
for every k € N there is a bounded star-shaped domain Uy, of R?” such that

cg(Up) <27 and % (Uy) = nk?,

see also [42].
We now turn to the question which capacities can be represented as embed-
dlng CapaCities C(X,.Q) or C(X,.Q)'

EXAMPLE 2. Consider the subcategory ¢ C Op?" of connected open sets. Then
every generalized capacity ¢ on ¢ can be represented as the capacity cX2) of
embeddings into a (possibly uncountable) union (X, £2) of objects in 6.

For this, just define (X, £2) as the disjoint union of all (X, £2,) in the category
€ with c(X,, £2,)) =0orc(X,, 2,)=1.

PROBLEM 1. Which (generalized) capacities can be represented as c(X.82) for
a connected symplectic manifold (X, §2)?

PROBLEM 2. Which (generalized) capacities can be represented as the capacity
cx,) of embeddings from a symplectic manifold (X, §2)?

EXAMPLE 3. Embedding capacities give rise to some curious generalized capac-
ities. For example, consider the capacity c¢¥ of embeddings into the symplectic
manifold Y := L ey B2" (k?). It only takes values 0 and oo, with ¢¥ (M, w) =0
if and only if (M, w) embeds symplectically into Y; see Example 1. If M is
connected, vol(M, w) = oo implies ¢¥ (M, w) = co. On the other hand, for
every ¢ > 0 there exists an open subset U C R2”, diffeomorphic to a ball,
with vol(U) < ¢ and ¢Y (U) = oo. To see this, consider for k € N an open
neighbourhood Uy, of volume < 27 %¢ of the linear cone over the Lagrangian
torus dB2(k?) x ... x d0B?(k?). The Lagrangian capacity of Uy clearly sat-
isfies ¢z, (Uy) > wk?. The open set U := UgenUy satisfies vol(U) < ¢ and
c,(U) = oo, hence U does not embed symplectically into any ball. By appro-
priate choice of the U, we can arrange that U is diffeomorphic to a ball; see
[86, Proposition A.3]. O
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Special embedding spaces. Given an arbitrary pair of symplectic manifolds
(X, $2) and (M, w), it is a difficult problem to determine or even estimate
cx,2) (M, ) and X2 (M, w). We thus consider two special cases.

1. Embeddings of skinny ellipsoids. Assume (M, w) is an ellipsoid E(a,...,a,1)
with 0 < a <1, and (X, §2) is connected and has finite volume. Upper bounds
for the function

XDy = XD (E@,...,a,1), ac(01],

are obtained from symplectic embedding results of ellipsoids into (X, £2), and
lower bounds are obtained from computing other (generalized) capacities and
using Fact 1. In particular, the volume capacity yields

n
X,
((“P@)" s
an—1 ~ vol(X, 2)
The only known general symplectic embedding results for ellipsoids are ob-

tained via multiple symplectic folding. The following result is part of Theorem 3
in [86], which in our setting reads

FACT 2. Assume that (X, §2) is a connected 2n-dimensional symplectic mani-
fold of finite volume. Then

i (e(X’Q)(a))n vol(B)
im = .
a—0 an—1 vol( X, §2)

For a restricted class of symplectic manifolds, Fact 2 can be somewhat improved.
The following result is part of Theorem 6.25 of [86].

FACT 3. Assume that X is a bounded domain in (Rzn,a)o) with piecewise
smooth boundary or that (X, §2) is a compact connected 2n-dimensional sym-
plectic manifold. If n < 3, there exists a constant C > 0 depending only on
(X, §2) such that

n
X,
(e( )(a)) vol(B) 1
- forall a < —.
a1 vol(X, £2) (1 — Cal/n) cn
These results have their analogues for polydiscs P(a,...,a,1). The analogue

of Fact 3 is known in all dimensions.

2. Packing capacities. Given an object (X, §£2) of € and k € N, we denote by
[ [ (X, £2) the disjoint union of k copies of (X, £2) and define

cx,2:0M,w) = sup{oz >0 ]_[(X,a.Q) — (M, a))}.
k
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If vol(X, £2) is finite, we see as in Fact 1 that

1
Cvol (]_[k (X, -Q))

We say that (M, w) admits a full k-packing by (X, §2) if equality holds in (3-3).
For ky,...,k, € N a full k; ---kp-packing of B*"(1) by E (%,é) is
given in [94]. E. Ophstein recently showed in [78] that for every closed sym-
plectic manifold (M, w) with [w] € H?(M ; Q) there exists a full 1-packing by
some ellipsoid. Full k-packings by balls and obstructions to full k-packings by
balls are studied in [3; 4; 39; 53; 63; 68; 86; 94].

Assume that also vol(M, w) is finite. Studying the capacity c(x,@.x)(M, )
is equivalent to studying the packing number

vol ([ (X, x£2))
vol (M, w)

cx,2:0)(M,w) < Cvol(M, ). (3-3)

Px,2:k)(M,w) = sup
o

where the supremum is taken over all o for which |[; (X, «§2) symplecti-
cally embeds into (M, w). Clearly, p(x,o.k)(M,w) < 1, and equality holds
if and only if equality holds in (3-3). Results in [68] together with the above-
mentioned full packings of a ball by ellipsoids from [94] imply

FACT 4. If X is an ellipsoid or a polydisc, then
Px)(M, ) =1 as k — oo

for every symplectic manifold (M, w) of finite volume.

Note that if the conclusion of Fact 4 holds for X and Y, then it also holds for
X xY.

PROBLEM 3. For which bounded convex subsets X of R*" is the conclusion of
Fact 4 true?

In [68] and [3; 4], the packing numbers p(x k)(M) are computed for X' = B*
and M = B* or CP2. Moreover, the following fact is shown in [3; 4]:

FACT 5. If X = B*, then for every closed connected symplectic 4-manifold
(M, w) with [w] € H*(M ; Q) there exists ko(M, w) such that

Px (M, 0) =1 forall k >ko(M,w).

PROBLEM 4. For which bounded convex subsets X of R*" and which connected
symplectic manifolds (M, ®) of finite volume is the conclusion of Fact 5 true?
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3.3. Operations on capacities. We say that a function f:[0, co]” — [0, co] is
homogeneous and monotone if
flaxy,...,axy) =af(x1,...,Xn) for all @ > 0,
Fx1,coooxiy oo xn) < (X1, 0 Vis o Xn) for x; < y;.

If f is homogeneous and monotone and ¢y, ..., ¢, are generalized capacities,
then f(cy,...,cp) is again a generalized capacity. If in addition

0< f(,...,1)<o0

andcy,..., ¢, are capacities, then f(c1,...,cy) is a capacity. Compositions and
pointwise limits of homogeneous monotone functions are again homogeneous
and monotone. Examples include max(xq,..., Xx;), min(xy,...,X,), and the

weighted (arithmetic, geometric, harmonic) means

An 1

)\lxl +...+)\nx,,, )C)‘1 e X, —_—,
1 n )‘_1+ +)‘_n
X Xn

with Aq,...,An >0, A1 +...+ A, = 1.

There is also a natural notion of convergence of capacities. We say that a
sequence ¢, of generalized capacities on € converges pointwise to a generalized
capacity c if ¢c,(M, w) — ¢(M, w) for every (M, w) € 6.

These operations yield lots of dependencies between capacities, and it is natu-
ral to look for generating systems. In a very general form, this can be formulated
as follows.

PROBLEM 5. For a given symplectic category 6, find a minimal generating
system G for the (generalized) symplectic capacities on €. This means that every
(generalized) symplectic capacity on 6 is the pointwise limit of homogeneous
monotone functions of elements in 4, and no proper subcollection of G has this
property.

This problem is already open for El’" and Pol?". One may also ask for generat-
ing systems allowing fewer operations, e.g. only max and min, or only positive
linear combinations. We will formulate more specific versions of this problem
below. The following simple fact illustrates the use of operations on capacities.

FACT 6. Let € be a symplectic category containing B (resp. P). Then every
generalized capacity ¢ on € with ¢(B) # 0 (resp. ¢(P) # 0) is the pointwise
limit of capacities.

Indeed, if ¢(B) # 0, then c is the pointwise limit as k — oo of the capacities

¢ = min (¢, k cp),
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and likewise with ¢(P), cp instead of ¢(B), cp.

EXAMPLE 4. (i) The generalized capacity ¢ = 0 on Op®" is not a pointwise
limit of capacities, and so the assumption ¢(B) # 0 in Fact 6 cannot be omitted.

(ii) The assumption c(B) # 0 is not always necessary:
(a) Define a generalized capacity ¢ on Op® by

_]0 if vol(U) < o0,
() = { cg(U) if vol(U) = co.

Then ¢(B) =0 and c(Z) = 1, and c is the pointwise limit of the capacities
Cj = max (C, %CB) .
(b) Define a generalized capacity ¢ on Op?" by

[0 ifep(U) < oo,
() = {oo if cg(U) = o0.

Then ¢(B) =0 = ¢(Z) and ¢(R*") = o0, and ¢ = limy_, oo %63.
(ili) We do not know whether the generalized capacity cp2- on Op*" is the
pointwise limit of capacities.

PROBLEM 6. Given a symplectic category € containing B or P and Z, char-
acterize the generalized capacities which are pointwise limits of capacities.

3.4. Continuity. There are several notions of continuity for capacities on open
subsets of R2", see [1; 18]. For example, consider a smooth family of hyper-
surfaces (S¢)—g<t<e in R2" each bounding a compact subset with interior Uy.
Recall that Sy is said to be of restricted contact type if there exists a vector field
v on R2” which is transverse to Sy and whose Lie derivative satisfies Lywo = wy.
Let ¢ be a capacity on Op?". As the flow of v is conformally symplectic, the
(Conformality) axiom implies the following (see [49, p. 116]):

FACT 7. If Sy is of restricted contact type, the function t — ¢(Uy) is Lipschitz
continuous at 0.

Fact 7 fails without the hypothesis of restricted contact type. For example, if
So possesses no closed characteristic (such Sq exist by [32; 33; 35]), then by
Theorem 3 in Section 4.2 of [49] the function ¢ — cpz(Uy) is not Lipschitz
continuous at 0. V. Ginzburg [34] presents an example of a smooth family of
hypersurfaces (S;) (albeit not in R?”) for which the function ¢ — cyz(U;) is
not smoother than 1/2-Holder continuous. These considerations lead to

PROBLEM 7. Are capacities continuous on all smooth families of domains boun-
ded by smooth hypersurfaces?
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3.5. Convex sets. Here we restrict to the subcategory Conv?" C Op®" of convex
open subsets of R?”, with embeddings induced by global symplectomorphisms
of R?" as morphisms. Recall that a subset U C R?" is star-shaped if U contains
a point p such that for every g € U the straight line between p and g belongs
to U. In particular, convex domains are star-shaped.

FACT 8. (Extension after Restriction Principle [18]) Assume that ¢: U — R2"
is a symplectic embedding of a bounded star-shaped domain U C R*". Then for
any compact subset K of U there exists a symplectomorphism ® of R*" such
that @ g = ¢|k.

This principle continues to hold for some, but not all, symplectic embeddings
of unbounded star-shaped domains, see [86]. We say that a capacity ¢ defined
on a symplectic subcategory of Op?" has the exhaustion property if

c(U) = sup{c(V)|V CU isbounded }. (34

The capacities introduced in Section 2 all have this property, but the capacity
in Example 3 does not. By Fact 8, all statements about capacities defined on
a subcategory of Comv®" and having the exhaustion property remain true if we
allow all symplectic embeddings (not just those coming from global symplec-
tomorphisms of R2”) as morphisms.

FACT 9. Let U and V be objects in Conv®". Then there exists a morphism
aU — V for every a € (0,1) if and only if c(U) < c(V) for all generalized
capacities ¢ on Conv®".

Indeed, the necessity of the condition is obvious, and the sufficiency follows
by observing that «U — U for all @ € (0,1) and 1 < cy(U) < cy (V). What
happens for o« = 1 is not well understood, see Section 3.6 for related discussions.
The next example illustrates that the conclusion of Fact 9 is wrong without the
convexity assumption.

EXAMPLE 5. Consider the open annulus 4 = B(4)\ B(1) in R2. If % <a’<l,
then o4 cannot be embedded into 4 by a global symplectomorphism. Indeed,
volume considerations show that any potential such global symplectomorphism
would have to map A homotopically nontrivially into itself. This would force
the image of the ball @ B(1) to cover all of B(1), which is impossible for volume
reasons. O

Assume now that ¢ is a normalized symplectic capacity on Conv?". Using John’s
ellipsoid, Viterbo [98] noticed that there is a constant C,, depending only on n
such that

¢Z((U) < Cyep(U) forall U € Com™



20 K. CIELIEBAK, H. HOFER, J. LATSCHEV, AND F. SCHLENK
and so, in view of (3-2),

cg(U) < ¢(U) < Cpe(Z)cg(U) forall U e Comv™. (3-5)
In fact, C, < (2n)? and C,, < 2n on centrally symmetric convex sets.

PROBLEM 8. What is the optimal value of the constant C,, appearing in (3-5)?
In particular, is C, =17

Note that C, = 1 would imply uniqueness of capacities satisfying c¢(B) =
c(Z) =1 on Comv*". In view of Gromov’s Nonsqueezing Theorem, C, = 1
on El’" and Pol’". More generally, this equality holds for all convex Reinhardt
domains [42]. In particular, for these special classes of convex sets

nep = M = ez = e(-,R*™) = e

z
3.6. Recognition. One may ask how complete the information provided by all
symplectic capacities is. Consider two objects (M, w) and (X, £2) of a sym-

plectic category €.

QUESTION 1. Assume c(M,w) < c¢(X, $2) for all generalized symplectic ca-
pacities ¢ on 6. Does it follow that (M, w) — (X, 2) or even that (M, w) —
(X, 2)?

QUESTION 2. Assume c(M,w) = c(X, §2) for all generalized symplectic ca-
pacities ¢ on 6. Does it follow that (M, w) is symplectomorphic to (X, §2) or
even that (M, w) = (X, §2) in the category €?

Note that if (M, xw) — (M, w) for all o € (0, 1) then, under the assumptions
of Question 1, the argument leading to Fact 9 yields (M, aw) — (X, §2) for all
a € (0,1).

EXAMPLE 6. (i) Set U = B?(1) and V = B?(1)\{0}. For each « < 1 there exists
a symplectomorphism of R? with ¢ (¢U) C V, so that monotonicity and con-
formality imply ¢(U) = ¢(V') for all generalized capacities ¢ on Op?. Clearly,
U< V,butU - V,and U and V are not symplectomorphic.

(i) Set U = B?(1) and let V = B2(1)\{(x, y) | x >0, y =0} be the slit disc. As
is well-known, U and V are symplectomorphic. Fact 8 implies ¢(U) = ¢(V)
for all generalized capacities ¢ on Op?, but clearly U - V. In dimensions
2n > 4 there are bounded convex sets U and V' with smooth boundary which
are symplectomorphic while U - V, see [24].

(iii) Let U and V be ellipsoids in EIP?". The answer to Question 1 is unknown
even for Ell*. For U = E(1,4) and V = B*(2) we have ¢(U) < ¢(V) for all
generalized capacities that can presently be computed, but it is unknown whether
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U — V, (see 4.1.2 below). By Fact 10 below the answer to Question 2 is “yes”
on EIP*".

(iv) Let U and V be polydiscs in Pol’". Again, the answer to Question 1 is
unknown even for Pol*. However, in this dimension the Gromov radius together
with the volume capacity determine a polydisc, so that the answer to Question 2
is “yes” on Pol?. O

PROBLEM 9. Are two polydiscs in dimension 2n > 6 with equal generalized
symplectic capacities symplectomorphic?

To conclude this section, we mention a specific example in which ¢(U) = ¢(V)
for all known (but possibly not for all) generalized symplectic capacities.

EXAMPLE 7. Consider the subsets
U=EQ2,6)xE(3,3,6) and V =FE(2,6,6)x E(3,3)

of R19. Then ¢(U) = ¢(V) whenever ¢(B) = c(Z) by the Nonsqueezing Theo-
rem, the volumes agree, and C]];:H(U )=c ,f H () for all k by the product formula
(3-8). It is unknown whether U < V or V < U or U — V. Symplectic
homology as constructed in [28; 93] does not help in these problems because a
computation based on [29] shows that all symplectic homologies of U and V
agree.

3.7. Hamiltonian representability. Consider a bounded domain U C R?” with
smooth boundary of restricted contact type (see Section 2.3.1 for the definition).
As in 2.3.1 we consider the action spectrum

X U) = {k|fyydx’ |k=1,2,...; yis aclosed characteristic on aU}

of U. This set is nowhere dense in R (compare [49, Section 5.2]), and it is easy
to see that X' (U) is closed and 0 ¢ X' (U). For many capacities ¢ constructed
via Hamiltonian systems, such as Ekeland—Hofer capacities c,EH and spectral
capacities ¢q, one has ¢(U) € X (U), see [19; 41]. Moreover,

enz(U) = FH(U) = min (Z(U))  if U is convex. (3-6)
One might therefore be tempted to ask

QUESTION 3. Is it true that mc(U) € X (U) for every normalized symplectic
capacity ¢ on Op** and every domain U with boundary of restricted contact

type?

The following example due to D. Hermann [42] shows that the answer to Ques-
tion 3 is “no”.
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EXAMPLE 8. Choose any U with boundary of restricted contact type such that
cg(U) < c¢Z(U). (3-7)

Examples are bounded star-shaped domains U with smooth boundary which
contain the Lagrangian torus S! x ... x S but have small volume: According
to [91], ¢Z(U) > 1, while cg(U) is as small as we like. Now notice that for
each t € [0, 1],
¢t = (1—t)cp+ 1c?
is a normalized symplectic capacity on Op?". By (3-7), the interval
{e(U) |1 €[0,1]} = [ep(U), # (U)]
has positive measure and hence cannot lie in the nowhere dense set X (U). <

D. Hermann also pointed out that the argument in Example 8 together with
(3-6) implies that the question “C,, = 1?” posed in Problem 8 is equivalent to
Question 3 for convex sets.

3.8. Products. Consider a family of symplectic categories €2” in all dimensions
2n such that

(M, ») €€*, (N,0) €€ = (M x N,w® o) € ¢2m+m,

We say that a collection c: H;ozl%zn — [0, oo] of generalized capacities has the
product property if

¢c(M xXN,w®0c) = min{c(M,w),c(N,o)}

for all (M, ) € €*™, (N,0) € €%". If R? € 62 and c(R?) = oo, the product
property implies the stability property

c(M xR, 0 ®wy) = c(M,w)
for all (M, w) € €>™.

EXAMPLE 9. (i) Let X5 be a closed surface of genus g endowed with an area
form w. Then
1 .
cp(Yeo,w)=—-w(Xy) if g=0,
CB<2gXR2,CU€BO)o)= ( g ) T ( g) g

00 if g=>1.
While the result for g = 0 follows from Gromov’s Nonsqueezing Theorem, the
result for g > 1 belongs to Polterovich [69, Exercise 12.4] and Jiang [52]. Since
cp is the smallest normalized symplectic capacity on Symp®", we find that no
collection ¢ of symplectic capacities defined on the family [ [, Symp®" with
¢ (2 P a)) < oo for some g > 1 has the product or stability property.
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(ii) On the family of polydiscs [ [, Pol’", the Gromov radius, the Lagran-
gian capacity and the unnormalized Ekeland—Hofer capacities CIEH all have the
product property (see Section 4.2). The volume capacity is not stable.

(iii) Let U € Op*™ and V € Op*" have smooth boundary of restricted contact
type (see Section 3.4 for the definition). The formula

EH (U x V) = ming g (c;EH (U) + M (V)) : (3-8)

in which we set ch = 0, was conjectured by Floer and Hofer [95] and has
been proved by Chekanov [13] as an application of his equivariant Floer ho-
mology. Consider the collection of sets U; x ... x U, where each U; € Op®"
has smooth boundary of restricted contact type, and Zle n; = n. We denote
by RCT?" the corresponding category with symplectic embeddings induced by
global symplectomorphisms of R2” as morphisms. If v; are vector fields on
R2" with Ly;wg = wp, then Ly, 1. 4+y,wo = wo on R2". Elements of RCT*"
can therefore be exhausted by elements of RCT?"* with smooth boundary of
restricted contact type. This and the exhaustion property (3—4) of the C/EH shows
that (3-8) holds for all U € RCT*™ and V € RCT?", implying in particular that
Ekeland-Hofer capacities are stable on RCT := ]_[f; / RCT?". Moreover, (3—8)
yields that
C]];:H (U x V) < min (C]];:H ), CIEH (V)) ,

and it shows that c]f‘H on RCT has the product property. Using (3—8) together
with an induction over the number of factors and cEH (E(ay,...,an)) <2a; we
also see that CEH has the product property on products of ellipsoids. For k > 3,
however, the Ekeland—Hofer capacities c,EH on RCT do not have the product
property. As an example, for U = B*(4) and V = E(3, 8) we have

3N U xV)=7<8=min(c;(U), 5 (V)).
PROBLEM 10. Characterize the collections of (generalized) capacities on poly-
discs that have the product (resp. stability) property.

Next consider a collection ¢ of generalized capacities on open subsets Op?".
In general, it will not be stable. However, we can stabilize ¢ to obtain stable
generalized capacities c*: |l Op*" — [0, 00,
¢t (U):=limsupc(U xR?), ¢~ (U) :=liminfc(U x R?¥).
k—>00 k—o0
Notice that ¢(U) = ¢T(U) = ¢~ (U) forall U € [ ;2 Op*" if and only if c is
stable. If ¢ consists of capacities and there exist constants @, A > 0 such that

a< c(Bz”(l)) < c(z’”a)) <A forallneN,
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then ¢ are collections of capacities. Thus there exist plenty of stable capacities
on Opz”. However, we have

PROBLEM 1 1. Decide stability of specific collections of capacities on Conv®" or
Op*", e.g.: Gromov radius, Ekeland—Hofer capacity, Lagrangian capacity, and
the embedding capacity cp of the unit cube.

PROBLEM 12. Does there exist a collection of capacities on | [;—; Con*" or
]_[Zozl Op*" with the product property?

3.9. Higher order capacities? Following [44], we briefly discuss the concept of
higher order capacities. Consider a symplectic category ¢ C Symp?" containing
EIP" and fix d € {1,...,n}. A symplectic d-capacity on € is a generalized
capacity satisfying
(d-NONTRIVIALITY): 0 < ¢(B) and

c(BZd(l) X [Rz("_d)) < 00,

C(B2(d—1)(1) x R2(n—d+l)) = oo,

For d = 1 we recover the definition of a symplectic capacity, and for d = n the
volume capacity ¢y 1S a symplectic n-capacity.

PROBLEM 13. Does there exist a symplectic d-capacity on a symplectic cate-
gory € containing EII’" for somed € {2,...,n—1}?

Problem 13 on Symp®" is equivalent to the following symplectic embedding
problem.

PROBLEM 14. Does there exist a symplectic embedding
BZ(d—l)(l) % RZ(M—d+1) SN BZd(R) % R2(i’l—d) (3_9)
for some R <ocoandd €{2,...,n—1}?

Indeed, the existence of such an embedding would imply that no symplectic d-
capacity can exist on Symp®". Conversely, if no such embedding exists, then the
embedding capacity ¢424 into Z,; = B 2d (1) x R2(*=4) would be an example
of a d-capacity on Symp®". The Ekeland-Hofer capacity ¢5" shows that R
is at least 2 if a symplectic embedding (3-9) exists. The known symplectic
embedding techniques are not designed to effectively use the unbounded factor
of the target space in (3-9). E.g., multiple symplectic folding only shows that
there exists a function f:[1,00) — R with f(a) < ~/2a + 2 such that for each
a > 1 there exists a symplectic embedding

B%(1) x B*(a) x R* < B*(f(a)) x R?
of the form ¢ x id,, see [86, Section 4.3.2].
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4. Ellipsoids and polydiscs

In this section we investigate generalized capacities on the categories of el-
lipsoids El’*" and polydiscs Po
in this section are defined on some symplectic subcategory of Op®" containing
at least one of the above categories and are assumed to have the exhaustion
property (3—4).

4.1. Ellipsoids.

" in more detail. All (generalized) capacities ¢

4.1.1. Arbitrary dimension. We first describe the values of the capacities
introduced in Section 2 on ellipsoids.
The values of the Gromov radius cp on ellipsoids are

cg(E(ay, ... an)) =min{ay, ... an}.

More generally, monotonicity implies that this formula holds for all symplectic
capacities ¢ on Op®" with ¢(B) = ¢(Z) = 1 and hence also for 2¢FH, Loy,
%e(., R2") and cZ.

The values of the Ekeland—Hofer capacities on the ellipsoid E(aq,...,ay)
can be described as follows [19]. Write the numbers ma;w, m e N, 1 <i <n,
in increasing order as d; < d, < ..., with repetitions if a number occurs several
times. Then

c,];:H(E(al, e ,an)) =dy.

The values of the Lagrangian capacity on ellipsoids are presently not known.
In [16], Cieliebak and Mohnke make the following conjecture:

CONJECTURE 1.
T

Vay+...+1/ay

Since vol(E(ay, ..., an)) = ay -+ ayvol(B), the values of the volume capac-
ity on ellipsoids are

cvol(E(@r, ... an)) = (ay---an)'/".

In view of conformality and the exhaustion property, a (generalized) capacity
on EI’" is determined by its values on the ellipsoids E(ay,...,a,) with 0 <
a; <...=<ay=1. So we can view each (generalized) capacity ¢ on ellipsoids

as a function

cL(Eay.....an) =

clay,....an—1):=c(E(@ay,...,an—1,1))
on the set {0 <a; <...<ay—1 < 1}. By Fact 7, this function is continuous.
This identification with functions yields a notion of uniform convergence for
capacities on EI[*".
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For what follows, it is useful to have normalized versions of the Ekeland—
Hofer capacities, so in dimension 2n we define
EH
“k

= iy
=

Ck - .
PROPOSITION 1. As k — oo, for every n > 2 the normalized Ekeland-Hofer
capacities &y converge uniformly on ElI’" to the normalized symplectic capacity
Coo given by

n
lai+...+1/a,

REMARK. Note that Conjecture 1 asserts that co, agrees with the normalized
Lagrangian capacity ¢y, = ncy /m on EIP".

o (E(ay,...,ay)) =

PROOF OF PROPOSITION 1. Fix € > 0. We need to show that |¢y () — coo(a)| <
¢ for every vector a = (ay,...,an) with 0 <ay <a, <...<a, =1 and all
sufficiently large k. Abbreviate § = ¢/n.

Case 1. a; < 6. Then
et (a) < kém, ¢x(a) <né, Cool@) < né

from which we conclude |¢ (@) — coo(@)| <nd = forall k > 1.

Case 2. ay > 6. Letk > 2% + 2. For the unique integer / with
wlay < c,];:H(a) <a(l+ Day

we then have [/ > 2. In the increasing sequence of the numbers m a; (m € N,
1 <i <n), the first [/ a,/a;] multiples of a; occur no later than / a,. By the de-
scription of the Ekeland—Hofer capacities on ellipsoids given above, this yields
the estimates

(-Van | A=Day _
al an al an

X (l+1)an+”'+(l+1)an‘

With y :=ay/a; + ...+ an/ay this becomes
(I=Dy =k =(+Dy.
Using y > n, we derive the inequalities

[k—i—n—l}fli_'_li(Z+1)y+n§(1+2)y’
n n n n

o] ko 05
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.EH

With the definition of ¢z and the estimate above for ¢, ™, we find

nlan @ = '@ _n(l+ Day
(+2y =" [EEIE

n

Since coo(@) = nay/y, this becomes

toola) < E(a) < L o),

— -1

[+2
which in turn implies

2c00(a)
/-1

k(@) — coo(a)| =

Since a; > 6 we have

ké
>
T on

’

yfg, [+1>

R | =

from which we conclude
2n
< <eg
1~ ké6—2n—
for k sufficiently large. U

(@) —coo(@)] = 7

We turn to the question whether Ekeland—Hofer capacities generate the space of
all capacities on ellipsoids by suitable operations. First note some easy facts.

FACT 10. An ellipsoid E C R*" is uniquely determined by its Ekeland—Hofer
capacities c'l":H(E), CI;H(E), -

Indeed, if E(a) and E(b) are two ellipsoids with a; = b; fori < k and aj, < by,
then the multiplicity of aj in the sequence of Ekeland—Hofer capacities is one
higher for E(a) than for E(b), so not all Ekeland—Hofer capacities agree.

FACT 11. For every k € N there exist ellipsoids E and E’ with cFH(E) =
¢;H(E) fori <k and cP(E) # R (E).

For example, we can take £ = E(a) and E' = E(b) with a; = by = 1,
a=k—1/2,b, =k +1/2, and a; = b; = 2k for i > 3. So formally, every
generalized capacity on ellipsoids is a function of the Ekeland—Hofer capaci-
ties, and the Ekeland—Hofer capacities are functionally independent. However,
Ekeland-Hofer capacities do not form a generating system for symplectic ca-
pacities on ElI*" (see Example 10 below), and on bounded ellipsoids each finite
set of Ekeland—Hofer capacities is determined by the (infinitely many) other
Ekeland-Hofer capacities:
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LEMMA 1. Let di < d, < ... be an increasing sequence of real numbers ob-
tained from the sequence c];:H(E ) < CEH(E ) < ... of Ekeland—Hofer capacities
of a bounded ellipsoid E € EII’"* by removing at most Ny numbers. Then E can
be recovered uniquely.

PROOF. We first consider the special case in which £ = E(ay,...,a,) is such
thata; /aj € Qforall 7, j. In this case, the sequence d; <d, <... contains infin-
itely many blocks of n consecutive equal numbers. We traverse the sequence un-
til we have found Ny + 1 such blocks, foreachblock dy =dg 41 =... =dy4n—1
recording the number gy := dt, — di. The minimum of the g for the Ny + 1
first blocks equals a. After deleting each occurring positive integer multiple of
ay once from the sequence dy < d, < ..., we can repeat the same procedure to
determine «,, and so on.

In general, we do not know whether or not a; /a; € Q for all i, j. To reduce
to the previous case, we split the sequence d; < d, < ... into (at most n)
subsequences of numbers with rational quotients. More precisely we traverse the
sequence, grouping the d; into increasing subsequences sy, 53, . . ., where each
new number is added to the first subsequence s; whose members are rational
multiples of it. Furthermore, in this process we record for each sequence s; the
maximal length /; of a block of consecutive equal numbers seen so far. We stop
when

(i) the sum of the /; equals n, and

(ii) each subsequence s; contains at least No + 1 blocks of /; consecutive equal
numbers.

Now the previously described procedure in the case that a; /a; € Q for all 7, j
can be applied for each subsequence s; separately, where /; replaces n in the
above argument. 0

REMARK. If the volume of E is known, one does not need to know Ny in Fact 1.
The proof of this is left to the interested reader. O

The set of Ekeland—Hofer capacities does not form a generating system for sym-
plectic capacities on ElI*". Indeed, the volume capacity c¢yq| is not the pointwise
limit of homogeneous monotone functions of Ekeland—Hofer capacities:

EXAMPLE 10. Consider the ellipsoids £ = E(1,...,1,3" + 1) and F =
E(3,...,3)in EII’". As is easy to see,

i N(E) < ¢'(F) for all k. (4-1)
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Assume that f; is a sequence of homogeneous monotone functions of Ekeland—
Hofer capacities which converge pointwise to ¢yo. By (4-1) and the monotonic-
ity of the f; we would find that ¢yo(E) < ¢yo1(F). This is not true.

PROBLEM 15. Do the Ekeland—Hofer capacities together with the volume ca-
pacity form a generating system for symplectic capacities on EII’"?

If the answer to this problem is “yes”, this is a very difficult problem as Lemma 2
below illustrates.

4.1.2. Ellipsoids in dimension 4. A generalized capacity on ellipsoids in
dimension 4 is represented by a function c(a) := c(E (a, 1)) of a single real
variable 0 < a < 1. This function has the following two properties.

(1) The function c¢(a) is nondecreasing.
(ii) The function c(a)/a is nonincreasing.

The first property follows directly from the (Monotonicity) axiom. The second
property follows from (Monotonicity) and (Conformality): Fora <b, E(b, 1) C
b b b sy s .
E (Ea, 5), hence ¢(b) < Zc¢(a). Note that property (ii) is equivalent to the
estimate
c(b)—c(@) _ c(a)
b—a ~— a

(4-2)

for 0 < a < b, so the function c¢(a) is Lipschitz continuous at all @ > 0. We will
restrict our attention to normalized (generalized) capacities, so the function ¢
also satisfies

(iii) ¢(1) = 1.

An ellipsoid E(ay,...,a,) embeds into E(by,...,b,) by a linear symplectic
embedding only if a; < b; for all i, see [49]. Hence for normalized capacities
on the category LinEll* of ellipsoids with linear embeddings as morphisms,
properties (i), (ii) and (iii) are the only restrictions on the function ¢(a). On
EIF, nonlinear symplectic embeddings (“folding”) yield additional constraints
which are still not completely known; see [86] for the presently known results.

By Fact 1, the embedding capacities cp and ¢ 2 are the smallest, resp. largest,
normalized capacities on ellipsoids. By Gromov’s Nonsqueezing Theorem,
cp(a) = ¢1(a) = a. The function ¢ 2 (a) is not completely known. Fact 1 applied
to ¢, yields

cB(a)zlifaE[%,l] and cB(a)22a ifae(O,%],
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and Fact 1 applied to ¢y yields ¢B(a) > /a. Folding constructions provide
upper bounds for ¢ (a). Lagrangian folding [94] yields ¢ 8 (a) < [(a) where

1 1
~ (k + 1)a for mf(lfm
Ha) = 1 1 1
O Rk SS kgt

and multiple symplectic folding [86] yields ¢B(a) < s(a) where the function
s(a) is as shown in Figure 1. While symplectically folding once yields ¢ (a) <
a+1/2 for a € (0, 1/2], the function s(a) is obtained by symplectically folding
“infinitely many times”, and it is known that

B(1 B(1
c?(5)—c?(5—¢ 8
lim inf () (G- > .
=0T & 7
A Ca
14 I(a) /\
S(Cl) Cvol(a) = \/‘_Z
1L
2 cgla) =a
% 1
1
L
—— f f f f »
111 1 1 1 1
128 6 i 3 2

Figure 1. Lower and upper bounds for c¢Z(a).
Let us come back to Problem 15.

LEMMA 2. If the Ekeland—Hofer capacities and the volume capacity form a

generating system for symplectic capacities on EIP", then ¢B (%) = %

We recall that ¢B (1) = 1 means that the ellipsoid E£(1,4) symplectically em-

beds into B*(2 + &) for every & > 0.

PROOF OF LEMMA 2. We can assume that all capacities are normalized. By
assumption, there exists a sequence f; of homogeneous and monotone functions
in the ¢ and in ¢y, forming normalized capacities which pointwise converge to
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cB. Asis easy to see, Cx (E(%, 1)) <cg (B4(%)) for all k£, and cvol(E( , 1)) =

cvol(B 4(%)) Since the f; are monotone and converge in particular at E (— 1)
1
2

which proves Lemma 2. U
In view of Lemma 2, the following problem is a special case of Problem 15.

PROBLEM 16. Is it true that CB(%) = %?

The best upper bound for ¢Z (1) presently known is s(1) ~ 0.6729. Answering
Problem 16 in the affirmative means to construct for each ¢ > 0 a symplectic
embedding E (%, 1) — B*(3 +¢). We do not believe that such embeddings can
be constructed “by hand”. A strategy for studying symplectic embeddings of
4-dimensional ellipsoids by algebrogeometric tools is proposed in [6].

Our next goal is to represent the (normalized) Ekeland—Hofer capacities as
embedding capacities. First we need some preparations.

From the above discussion of ¢? it is clear that capacities and folding also
yield bounds for the functions cEWD) and ¢ E(1,b)- We content ourselves with
noting

LEMMA 3. Let N € N be given. Then for N <b < N + 1 we have

CELD) () = { 1/b for 1/(N+1)<a=<1/b, “3)

a for 1/b<ac=<l

and

a for 0<a<1/b,

CEQH(@) = { 1/b for 1/b<a<1/N, “4-4)

see Figure 2.

REMARK. Note that (4-4) completely describes ¢g(; ) on the whole interval
(0,1]for 1 <b < 2.

PROOF. As both formulas are proved similarly, we only prove (4-3). The first
Ekeland—Hofer capacity gives the lower bound ¢Z(1:0) (¢) > q for all a € (0, 1].
Note that for @ > 1/b this bound is achieved by the standard embedding, so that
the second claim follows.

For1/(N+1)<a<1/N wehave cy4+1(E(a,1))=1andcy1(E(1,b)) =
b. By Fact 1 we see that ¢ £ (1.6) > 1 /b on this interval, and this bound is again
achieved by the standard embedding. This completes the proof of (4-3). (]
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CE(l,b) (a)

——
- .
-

wN

K ’ CcEQ,b) (@)

;

T
1
2

WIN

;
T
1
3

Figure 2. The functions cE1-9)(a) and cg(1 py(a) for b = 5.

REMARK. Consider the functions
() = cEOP (), ae(0,1], b>1.
Notice that ¢! = ¢B. By Gromov’s Nonsqueezing Theorem and monotonicity,
a = cpla) = cZ(a) < eb(a) < cB(a), ae(0,1],b>1.

Since e®(a) = (cg@.1(E(, b)))_1 by equation (3—1), we see that for each a €
(0, 1] the function b — eb (a) is monotone decreasing and continuous. By (4-3),
it satisfies e? (¢) = a for a > 1/b. In particular, we see that the family of graphs
{graph(eb )I1<b< oo} fills the whole region between the graphs of cp and
¢B; see Figure 1. O

The normalized Ekeland—Hofer capacities are represented by piecewise linear
functions ¢ (a). Indeed, ¢;(a) = a for all a € (0, 1], and for k& > 2 the following
formula follows straight from the definition.

LEMMA 4. Setting m := [%], the function ¢y (0, 1] — (0, 1] is given by
k4+1—i i—1 i
a for <a=
_ k+1—i = — k+1-i’
G@=1 " I o (4-5)
L _t <ga<t
L o Ly s

Here i takes integer values between 1 and m.

Figure 3 shows the first six of the ¢; and their limit function ¢ according
to Proposition 1.



QUANTITATIVE SYMPLECTIC GEOMETRY 33

1+ ,
-
B 54 , C¢" Coo
c 7
2 /
3 1 // ‘
4 -
5
a4
i
Vv
L] 7
2 ’:FO ,/'
Ay
S
£
1 _
4 T v, €1
7.
.
2
f f f f ]
1 1 3 1
4 2 4

Figure 3. The first six ¢x and ¢o.

In dimension 4, the uniform convergence ¢; — ¢ is very transparent, as can
be seen in Figure 3. One readily checks that ¢; — co > 0 if & is even, in which
case ||Cx — cool| = k%—l’ and that ¢ — coo < 0 if k = 2m — 1 is odd, in which
case ||Cr — cooll = ":n—_kl if &£ > 3. Note that the sequences of the even (resp. odd)
¢y are almost, but not quite, decreasing (resp. increasing). We still have

COROLLARY 1. Forallr,s € N, we have
C_er = EZr-

This will be a consequence of the following characterization of Ekeland—Hofer
capacities.

LEMMA 5. Fix k € N and denote by [a;, bj] the interval on which ¢j has the
value Z/[kzil] Then

(a) ¢x <cforevery capacity ¢ such that ¢ (a;) <c(ay) foralll =1,2,..., [u]

2
- ) - k
(b) ¢ = ¢ for every capacity ¢ such that ¢y (by) > ¢(by) foralll =1,2,..., [5]

and

. c(a) k
e [

PROOF. Formula (4-2) and Lemma 4 show that where a normalized Ekeland—
Hofer capacity grows, it grows with maximal slope. In particular, going left from
the left end point a; of a plateau a normalized Ekeland—Hofer capacity drops



34 K. CIELIEBAK, H. HOFER, J. LATSCHEV, AND E. SCHLENK

with the fastest possible rate until it reaches the level of the next lower plateau
and then stays there, showing the minimality. Similarly, going right from the
right end point b; of some plateau a normalized Ekeland—Hofer capacity grows
with the fastest possible rate until it reaches the next higher level, showing the
maximality. (]

PROOF OF COROLLARY 1. The right end points of plateaus for ¢, are given
by b; = 5,—. Thus we compute

_ i i is _ is _ I
Cap )= T = = C2rs . = C2rs N
2r —1 r rs 2rs —is 2r —1

and the claim follows from the characterization of ¢;, by maximality. (]

Lemma 3 and the piecewise linearity of the ¢; suggest that they may be repre-
sentable as embedding capacities into a disjoint union of finitely many ellipsoids.
This is indeed the case.

PROPOSITION 2. The normalized Ekeland—Hofer capacity ¢ on Ell* is the
capacity ¢k of embeddings into the disjoint union of ellipsoids

where m = [kzll]

PROOF. The proposition clearly holds for £ = 1. We thus fix k£ > 2. Recall from
Lemma 4 that ¢, has [%] plateaus, the j-th of which has height % and starts at
aj:=j/(k+1—j)andends atbj := j/(k—j). The j-th ellipsoid in Proposi-
tion 2 is found as follows: In view of (4-3) we first select an ellipsoid E(1, b) so
that the point % corresponds to b;. This ellipsoid is then rescaled to achieve the
correct height # of the plateau (note that by conformality, ac® (@.ab) — E(1,b)
for o > 0). We obtain the candidate ellipsoid

m m
E = (")
g (k—J J)

The slope of ¢ following its j-th plateau and the slope of ¢£i after its plateau
both equal k% The cylinder is added to achieve the correct behavior near
a = 0. We are thus left with showing that foreach 1 < j < [%],

ex(a) < cFi(a) forall ae(0,1].
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According to Lemma 5 (a) it suffices to show that foreach 1 < j < [%] and
eachl1 </ < [%] we have

< ¢Fia). (4-6)

_ /
cxlay) = m

For/ > j, the estimate (4—6) follows from the fact that ¢; = cEi near b i and from
the argument given in the proof of Lemma 5 (a), and for / = j the estimate (4-6)
follows from (4-3) of Lemma 3 by a direct computation. We will deal with the

other cases
k
1<l<j<|=

by estimating ¢/ (a;) from below, using Fact 1 with ¢ = ¢yo1 and ¢ = ¢5.
Fix j and recall that cyo(E (X, ¥)) = /X, SO

Col(E(a. 1)) ljlk—j) 1 Jk—J)

eFan) = — (£ ()~ V&r = = =00

gives the desired estimate (4—6) if j(k — j) > —I? + (k + 1)]. Computing the
roots /1 of this quadratic inequality in /, we find that this is the case if

lfL:%@+Lwh+%+w—yﬂ)

Computing the normalized second Ekeland—Hofer capacity under the assump-

tion that a; < %, we find that &(E (a7, 1)) = 2a; = 5= and & (Ej) < %,
SO
Fiays 2E@h) A gL 2
Ez(E(k%jvm)) k+1-1 m m k+1-1

J
which gives the required estimate (4-6) if
[>=k+1-2j.
Note that for % <a; <1 we have ¢,(E(a;j, 1)) = 1 and hence
c2(E(ar. 1))
% (£ (7))

trivially, because we only consider / < j.

i
S L
m m
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So combining the results from the two capacities, we find that the desired es-
timate (4-6) holds provided either / </_ =1 (k +1— 142k + (k-2 j)2)
or/>k+1-2j. As we only consider / < j, it suffices to verify that

min(j—l,k+1—2j)§%(k+1—\/1+2k+(k—2j)2)

for all positive integers j and k satisfying 1 < j <[%]. This indeed follows from
another straightforward computation, completing the proof of Proposition 2. [

Using the results above, we find a presentation of the normalized capacity coo =
limg o0 ¢ On Ell* as embedding capacity into a countable disjoint union of
ellipsoids. Indeed, the space X4, appearing in the statement of Proposition 2 is
obtained from X, by adding » more ellipsoids. Combined with Proposition 1
this yields the presentation

Coo = X on EIF,

where X =]]72; X, is a disjoint union of countably many ellipsoids. Together
with Conjecture 1, the following conjecture suggests a much more efficient pre-
sentation of ¢, as an embedding capacity.

CONIJECTURE 2. The restriction of the normalized Lagrangian capacity cy,
to EIl* equals the embedding capacity ¢X, where X is the connected subset
B(1)U Z(3) of R*.

For the embedding capacities from ellipsoids, we have the following analogue
of Proposition 2.

PROPOSITION 3. The normalized Ekeland—Hofer capacity ¢ on Ell? is the
maximum of finitely many capacities cg,.; of embeddings of ellipsoids Ey ;,

k(@) =max{cg, (@ |1=j=m}, ac(0,1],

where m m

B = £ (515 )
with m = [kzi]
PROOF. The ellipsoids Ey_ ; are determined using (4—4) in Lemma 3. According
to Lemma 5 (b), this time it suffices to check that forall 1 < j </ < [%] the values
of the corresponding capacities at the right end points b; = ﬁ of plateaus of
cy satisfy

/

¢E;; (b1) = — = ¢ (by). (4-7)
m
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The case / = j follows from (4-4) in Lemma 3 by a direct computation. For

[he Ienlaining cases
1 < g < l <

we use three different methods, depending on the value of j. If j < k%l, then
Fact 1 with ¢ = ¢y gives (4-7) by a computation similar to the one in the proof
of Proposition 2. If j > %, then a; = ICJFJT > %, so that (4—4) in Lemma 3
shows that cg, ; is constant on [aj, 1], proving (4-7) in this case. Finally, if
j = % and / > j + 1, then ¢ (Ey ;) = kf—lm—/ and ¢,(b;) = 1, so with Fact 1
we get

k+1—j

2m

which is smaller than n% for the values of j and / we consider here. This com-
pletes the proof of Proposition 3. U

gy ; (br) =

Here is the corresponding conjecture for the normalized Lagrangian capacity.

CONIJECTURE 3. The restriction of the normalized Lagrangian capacity ¢y, to

EIP" equals the embedding capacity CP(1/n,...,1/n) Of the cube of radius 1//n.

.....

4.2. Polydiscs.

4.2.1. Arbitrary dimension. Again we first describe the values of the capacities
in Section 2 on polydiscs.
The values of the Gromov radius c¢g on polydiscs are

cg(P(ay,....an)) =minfay,... an}.

As for ellipsoids, this also determines the values of cll:‘H, cyz, e(-, [F\RZ”) and ¢Z.
According to [19], the values of Ekeland—Hofer capacities on polydiscs are

et (P(ay, ... an)) = kwmin{ay, ... a}.

Using Chekanov’s result [11] that Amin(L) < e(L, R?*") for every closed La-
grangian submanifold L C R?”, one finds the values of the Lagrangian capacity
on polydiscs to be

CL(P(al, .. ,an)) = min{ay,...,a}.

Since Vol(P(al, ... ,an)) =a;---ap 7" and vol(B?") = ’;—’;, the values of the
volume capacity on polydiscs are

el (P@y, ... an)) = (ay---an-n))"/".
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12 n

As in the case of ellipsoids, a (generalized) capacity ¢ on Pol“" can be viewed

as a function

clay,...,an—1):=c(P(ay,...,an—1,1))
on the set {0 <a; < ... <ay—; < 1}. Directly from the definitions and the
computations above we obtain the following easy analogue of Proposition 1.

PROPOSITION 4. As k — oo, the normalized Ekeland—Hofer capacities ¢y, con-
verge on Pol’™ uniformly to the normalized Lagrangian capacity ¢y, = ncr /7.

Propositions 4 and 1 (together with Conjecture 1) give rise to

PROBLEM 17. What is the largest subcategory of Op*™ on which the normalized
Lagrangian capacity is the limit of the normalized Ekeland—Hofer capacities?

4.2.2. Polydiscs in dimension 4. Again, a normalized (generalized) capacity
on polydiscs in dimension 4 is represented by a function c(a) := C(P(a, 1)) of
a single real variable 0 < @ < 1, which has the properties (i), (ii), (iii). Con-
trary to ellipsoids, these properties are not the only restrictions on a normalized
capacity on 4-dimensional polydiscs even if one restricts to linear symplectic
embeddings as morphisms. Indeed, the linear symplectomorphism

1
(z1,22) = —= (21 + 22,21 — 22)

/2

of R* yields a symplectic embedding
b b
P(a,b)caP(%Jk\/ab,a—i_ +Vab)

2
for any a, b > 0, which implies
FACT 12. For any normalized capacity ¢ on LinPol?,
1 a
< 4=
c(a) < 3 + 5 + Ja.
Still, we have the following easy analogues of Propositions 2 and 3.

PROPOSITION 5. The normalized Ekeland—Hofer capacity & on Pol* is the
capacity ¢ Y&, where
n
Y. = 7 ,
k k

as well as the capacity cy)s where

[54]
Y,é:B( l’i )
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COROLLARY 2. The identity ¢, = ¢** of Proposition 2 extends to Ell* U Pol?.

PROOF. Note that Y} is the first component of the space X of Proposition 2.
It thus remains to show that for each of the ellipsoid components E; of Xy,

¢ (P(a, 1)) < ¢Bi (P, 1)), ae(0,1].

This follows at once from the observation that for each j we have ¢, (E;) =
[£H- )7, whereas ¢P7 (P(a. 1)) = kar. O

PROBLEM 18. Does the equality ¢j, = c*X* hold on a larger class of open subsets
of R*?
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Local rigidity of group actions:
past, present, future

DAVID FISHER

To Anatole Katok on the occasion of his 60th birthday.

ABSTRACT. This survey aims to cover the motivation for and history of the
study of local rigidity of group actions. There is a particularly detailed dis-
cussion of recent results, including outlines of some proofs. The article ends
with a large number of conjectures and open questions and aims to point to
interesting directions for future research.

1. Prologue

Let I" be a finitely generated group, D a topological group, and 7 : I'—D a
homomorphism. We wish to study the space of deformations or perturbations of
m. Certain trivial perturbations are always possible as soon as D is not discrete,
namely we can take drd ! where d is a small element of D. This motivates
the following definition:

DEFINITION 1.1. Given a homomorphism 7 : I'— D, we say  is locally rigid
if any other homomorphism 7" which is close to 7 is conjugate to 7 by a small
element of D.

We topologize Hom(/", D) with the compact open topology which means that
two homomorphisms are close if and only if they are close on a generating
set for I'. If D is path connected, then we can define deformation rigidity
instead, meaning that any continuous path of representations 7; starting at 7 is
conjugate to the trivial path r; = 7 by a continuous path d; in D with d being

Author partially supported by NSF grant DMS-0226121 and a PSC-CUNY grant.
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the identity in D. If D is an algebraic group over R or C, it is possible to prove
that deformation rigidity and local rigidity are equivalent since Hom(I", D) is
an algebraic variety and the action of D by conjugation is algebraic; see [Mu],
for example. For D infinite dimensional and path-connected, this equivalence
is no longer clear.

The study of local rigidity of lattices in semisimple Lie groups is probably the
beginning of the general study of rigidity in geometry and dynamics, a subject
that is by now far too large for a single survey. See [Sp1] for the last attempt at
a comprehensive survey and [Sp2] for a more narrowly focused updating of that
survey. Here we abuse language slightly by saying a subgroup is locally rigid if
the defining embedding is locally rigid as a homomorphism. See subsection 3.1
for a brief history of local rigidity of lattices and some discussion of subsequent
developments that are of particular interest in the study of rigidity of group
actions.

In this article we will focus on a survey of local rigidity when D = Diff* (M)
or occasionally D = Diff* (M) for some finite k. Here we often refer to a
homomorphism 7 : I'— Diff* (M) as an action, since it can clearly be thought
of as C action w : I'xM—M. We will consistently use the same letter
7 to denote either the action or the homomorphism to Diff*°(M). The title
of this article refers to this interpretation of m as defining a group action. In
this context, one considers rigidity of actions of connected groups as well as
of discrete groups. In cases where I" has any topology, we will always only
study continuous actions, i.e. ones for which the defining homomorphism 7 is
a continuous map.

One can, in this context, develop more refined notions of local rigidity, since
the topology on Diff> (M) is an inverse limit topology. This means that two
C > diffeomorphisms of M are close precisely when they are C k close for some
large value of k. The most exhaustive definition of local rigidity is probably the
following:

DEFINITION 1.2. Let I be a discrete group and w : ['— Diff* (M) a homo-
morphism where k£ is either a positive integer or co. We say that 7 is C k.Li.j.m
locally rigid if any 7" : ' — Diff’ (M) which is close to 7 in the C? topology is
conjugate to 7w by a C/ diffeomorphism ¢ which is C” small. Here /i, j, m
are all either nonnegative integers or oo and the only a priori constraint are
i<min(k,/) and m=<j. When j = 0, we will call the action stable or struc-
turally stable. When j > 0, we will call the action locally rigid or simply rigid.

We will avoid using this cumbersome notation when at all possible. There
is a classical, dynamical notion of structural stability which is equivalent to
C 1:1:1,0.0 16cal rigidity. I.e. a C! action 7 of a group I is structurally stable if
any C! close C'! action of I' is conjugate to = by a small homeomorphism. For
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actions of Z this notion arose in hyperbolic dynamics in the work of Anosov
and Smale [An; Sm]. From a dynamical point of view structural stability is
important since it allows one to control dynamical properties of an open set of
actions in Diff' (M). Local rigidity can be viewed as a strengthening of this
property in that it shows that an open set of actions is exhausted by smooth
conjugates of a single action.

Though actions of Z and free groups on k generators are often structurally
stable, they are never locally rigid, and it is an interesting question as to how
“large” a group needs to be in order to have actions which are locally rigid.
Many of the original questions and theorems concerning local rigidity were for
lattices in higher rank semisimple Lie groups, where here higher rank means that
all simple factors have real rank at least 2. (See subsection 2.1 for a definition
of rank.) Fairly early in the theory it became clear that local rigidity often held,
and was in fact easier to prove, for certain actions of higher rank abelian groups,
i.e. Zk for k>2, see [KL1]. In addition, local rigidity results have been proven
for actions of a wider variety of groups, including

(1) certain non-volume-preserving actions of lattices in SO(1,n) in [Kan1]
(2) all isometric actions of groups with property (7') in [FM2],
(3) certain affine actions of lattices in SP (1, n) in [Hi].

There is extremely interesting related work of Ghys, older than the work just
mentioned, which shows that the space of deformations of certain actions of
surface groups on the circle is finite dimensional [Ghl; Gh2; Gh3]. Ghys also
proved some very early results on local and global rigidity of very particular
actions of connected solvable groups, see [GhS; Ghl] and subsection 4.2.

The study of local rigidity of group actions has had three primary historical
motivations, one from the theory of lattices in Lie groups, one from dynami-
cal systems theory and a third from the theory of foliations. (This statement
is perhaps a bit coarse, and there is heavy overlap between these motivations,
particularly the second and the third.) The first is the general study of rigidity of
actions of large groups, as discussed in [Z3; Z4], see [La; FK] for more up to date
surveys. This area is motivated by the study of rigidity of lattices in semisimple
Lie groups, particularly by Margulis’ superrigidity theorem and it’s nonlinear
generalization by Zimmer to a cocycle superrigidity theorem, see subsection
3.1 and [Z4] for more discussion. This motivation also stems from an analogy
between semisimple Lie groups and diffeomorphism groups. When M is a
compact manifold, not only is Diff> (M) an infinite dimensional Lie group, but
its connected component is simple. Simplicity of the connected component of
Diff>° (M) was proven by Thurston using results of Epstein and Herman [Th2;
Ep; Hr]. Herman had used Epstein’s work to see that the connected component
of Diff*(T") is simple and Thurston’s proof of the general case uses this. See
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also further work on the topic by Banyaga and Mather [Bal; Mtl; Mt2; Mt3],
as well as Banyaga’s book [Ba2].

The dynamical motivation for studying rigidity of group actions comes from
the study of structural stability of diffeomorphisms and flows in hyperbolic dy-
namics, see the introduction of [KS2]. This area provides many of the basic
techniques by which results in the area have been proven, particularly early in the
history of the field. Philosophically, hyperbolic diffeomorphisms are structurally
stable, group actions generated by structurally stable diffeomorphisms are quite
often structurally stable, and the presence of a large group action frequently
allows one to improve the regularity of the conjugacy. See subsection 3.2 for a
brief history of relevant results on structural stability and subsections 4.1, 4.2,
and 5.1 for some applications of these ideas.

The third motivation for studying rigidity of group actions comes from the
theory of foliations. Many techniques and ideas in this area are also related
to work on hyperbolic dynamics, and many of the foliations of interest are
dynamical foliations of hyperbolic dynamical systems. A primary impetus in
this area is the theory of codimension one foliations, and so many of the ideas
here were first developed either for groups acting on the circle or for actions of
connected groups on manifolds only one dimension larger then the acting group.
See particularly [GhS; Gh1] for the early history of these developments.

Some remarks on biases and omissions. Like any survey of this kind, this
work is informed by it’s authors biases and experiences. The most obvious of
these is that my point of view is primarily motivated by the study of rigidity
properties of semisimple Lie groups and their lattices, rather than primarily mo-
tivated by hyperbolic dynamics or foliation theory. This informs the biases of
this article and a very different article would result from different biases.
There are two large omissions in this article. The first omission is that it is
primarily occupied with local rigidity of discrete group actions. When similar
results are known for actions of Lie groups, they are mentioned, though fre-
quently only special cases are stated. This is partially because results in this
context are often complicated by the need to consider time changes, and I did
not want to dwell on that issue here. The second omission is that little to no care
is taken to state optimal results relating the various constants in C k.Lijm Jocal
rigidity. Dwelling on issues of regularity seemed likely to obscure the main line
of the developments, so many results are stated without any explicit mention of
regularity. Usually this is done only when the action can be shown to be locally
rigid in Diff® (M) in the sense of Definition 1.1. This implicitly omits both the
degree of regularity to which the perturbed and unperturbed actions are close and
the degree of regularity with which the size of the conjugacy is small. In other
words local rigidity is C9°:%°+/>% ]ocal rigidity for some unspecified i and m,
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and I always fail to specify i and m even when they are known. Occasionally
a result is stated that only produces a finite regularity conjugacy, with this issue
only remarked on following the statement of the result. It seems quite likely that
most results of this kind can be improved to produce C°° conjugacies using the
techniques of [FM2; FM3], see discussion at the end of Section 5.1.

Lastly we remark that the study of local rigidity of group actions is often
closely intertwined with the study of global rigidity of group actions. The mean-
ing of the phrase global rigidity is not entirely precise, but it is typically used
to cover settings in which one can classify all group actions satisfying certain
hypotheses on a certain manifold or class of manifolds. The study of global
rigidity is too broad and interesting to summarize briefly, but some examples
are mentioned below when they are closely related to work on local rigidity.
See [FK; La] for recent surveys concerning both local and global rigidity.

2. A brief digression: some examples of groups and actions

In this section we briefly describe some of the groups that will play important
roles in the results discussed here. The reader already familiar with semisimple
Lie groups and their lattices may want to skip to the second subsection where
we give descriptions of group actions.

2.1. Semisimple groups and their lattices. By a simple Lie group, we mean
a connected Lie group all of whose normal subgroups are discrete, though we
make the additional convention that R and S! are not simple. By a semisimple
Lie group we mean the quotient of a product of simple Lie groups by some sub-
group of the product of their centers. Note that with our conventions, the center
of a simple Lie group is discrete and is in fact the maximal normal subgroup.
There is an elaborate structure theory of semisimple Lie groups and the groups
are completely classified, see [He] or [Kn] for details. Here we merely describe
some examples, all of which are matrix groups. All connected semisimple Lie
groups are discrete central extensions of matrix groups, so the reader will lose
very little by always thinking of matrix groups.

(1) The groups SL(n,R), SL(n,C) and SL(n,H) of n by n matrices of deter-
minant one over the real numbers, the complex numbers or the quaternions.

(2) The group SP(2n,R) of 2n by 2n matrices of determinant one which pre-
serve a real symplectic form on R?”.

(3) The groups SO(p,q),SU(p,q) and SP(p,q) of matrices which preserve
inner products of signature (p, ) where the inner product is real linear on
RP*4_ hermitian on C?*4 or quaternionic hermitian on H? 4 respectively.

Let G be a semisimple Lie group which is a subgroup of GL (n, R). We say that
G has real rank k if G has a k dimensional abelian subgroup which is conjugate
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to a subgroup of the real diagonal matrices and no k + 1 dimensional abelian
subgroups with the same property. The groups in (1) have rank n— 1, the groups
in (2) have rank » and the groups in (3) have rank min(p, g).

Since this article focuses primarily on finitely generated groups, we are more
interested in discrete subgroups of Lie groups than in the Lie groups themselves.
A discrete subgroup I" in a Lie group G is called a lattice if G/I" has finite
Haar measure. The lattice is called cocompact or uniform if G/I" is compact
and nonuniform or simply not cocompact otherwise. If G = G x---xG, is a
product then we say a lattice I < G is irreducible if it’s projection to each
G; is dense. More generally we make the same definition for an almost direct
product, by which we mean a direct product G modulo some subgroup of the
center Z(G). Lattices in semisimple Lie groups can always be constructed by
arithmetic methods, see [Bo] and also [Mr] for more discussion. In fact, one of
the most important results in the theory of semisimple Lie groups is that if G is
a semisimple Lie group without compact factors, then all irreducible lattices in
G are arithmetic unless G is locally isomorphic to SO(1,r) or SU(1, n). For
G of real rank at least two, this is Margulis’ arithmeticity theorem, which he
deduced from his superrigidity theorems [Ma2; Ma3; Ma4]. For nonuniform
lattices, Margulis had an earlier proof which does not use the superrigidity the-
orems, see [Mal; Ma2]. This earlier proof depends on the study of dynamics of
unipotent elements on the space G/ I", and particularly on what is now known as
the “nondivergence of unipotent flows”. Special cases of the superrigidity theo-
rems were then proven for Sp(1, n) and F4_20 by Corlette and Gromov—Schoen,
which sufficed to imply the statement on arithmeticity given above [Co2; GS].
As we will be almost exclusively concerned with arithmetic lattices, we do not
give examples of nonarithmetic lattices here, but refer the reader to [Ma4] and
[Mr] for more discussion. A formal definition of arithmeticity, at least when G
is algebraic is:

DEFINITION 2.1. Let G be a semisimple algebraic Lie group and I' < G a
lattice. Then I is arithmetic if there exists a semisimple algebraic Lie group H
defined over (@ such that

(1) there is a homomorphism 7 : H°—G with compact kernel,

(2) there is a rational structure on H such that the projection of the integer points
of H to G are commensurable to I, i.e. w(H(Z))NI is of finite index in
both H(Z) and I'.

We now give some examples of arithmetic lattices. The simplest is to take the
integer points in a simple (or semisimple) group G which is a matrix group,
e.g. SL(n,Z) or Sp(n,Z). This exact construction always yields lattices, but
also always yields nonuniform lattices. In fact the lattices one can construct in
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this way have very special properties because they will contain many unipotent
matrices. If a lattice is cocompact, it will necessarily contain no unipotent ma-
trices. The standard trick for understanding the structure of lattices in G which
become integral points after passing to a compact extension is called change of
base. For much more discussion see [Ma4; Mr; Z2]. We give one example to
illustrate the process. Let G = SO(m, n) which we view as the set of matrices
in SL(n + m,R) which preserve the inner product

(v,w) = (—ﬁi viwi) + ( ”i" ini)

i=1 i=m+1

where v; and w; are the ith components of v and w. This form, and therefore
G, are defined over the field @(+/2) which has a Galois conjugation o defined
by 0(+/2) = —+/2. If we looks at the points I" = G(Z[+/2]), we can define
an embedding of I" in SO(m,n)xSO(m + n) by taking y to (y,o(y)). It is
straightforward to check that this embedding is discrete. In fact, this embeds I"
in H = SO(m, n)xSO(m+n) as integral points for the rational structure on H
where the rational points are exactly the points (1, o (m)) where meG(Q(~/2)).
This makes I'" a lattice in H and it is easy to see that I" projects to a lattice in
G, since G is cocompact in H. What is somewhat harder to verify is that I" is
cocompact in H, for which we refer the reader to the list of references above.

Similar constructions are possible with SU(m,n) or SP(m,n) in place of
SO(m,n) and also with more simple factors and fields with more Galois auto-
morphisms. There are also a number of other constructions of arithmetic lattices
using division algebras. See [Mr] for a comprehensive treatment.

We end this section by defining a key property of many semisimple groups
and their lattices. This is property (7°) of Kazhdan, and was introduced by
Kazhdan in [Kal] in order to prove that nonuniform lattices in higher rank
semisimple Lie groups are finitely generated and have finite abelianization. It
has played a fundamental role in many subsequent developments. We do not
give Kazhdan’s original definition, but one which was shown to be equivalent
by work of Delorme and Guichardet [De; Gu].

DEFINITION 2.2. A group I" has property (") of Kazhdan if H!(I", ) = 0
for every continuous unitary representation 7 of I on a Hilbert space. This
is equivalent to saying that any continuous isometric action of I" on a Hilbert
space has a fixed point.

REMARKS. (1) Kazhdan’s definition is that the trivial representation is isolated
in the unitary dual of I".

(2) If a continuous group G has property (7)) so does any lattice in . This
result was proved in [Kal].
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(3) Any semisimple Lie group has property (7') if and only if it has no simple
factors locally isomorphic to SO(1,n) or SU(1,n). For a discussion of this
fact and attributions, see [HV]. For groups with all simple factors of real rank
at least three, this is proven in [Kal].

(4) No noncompact amenable group, and in particular no noncompact abelian
group, has property (7°). An easy averaging argument shows that all compact
groups have property (7).

Groups with property (7') play an important role in many areas of mathematics
and computer science.

2.2. Some actions of groups and lattices. Here we define and give examples of
the general classes of actions for which local rigidity results have been proven.
Let H be a Lie group and L < H a closed subgroup. Then a diffeomorphism f
of H/L is called affine if there is a diffeomorphism f of H such that f([A]) =
f(h) where f = Aoty with A an automorphism of H with A(L) = L and 1y is
left translation by some /4 in H. Two obvious classes of affine diffeomorphisms
are left translations on any homogeneous space and either linear automorphisms
of tori or more generally automorphisms of nilmanifolds. A group action is
called affine if every element of the group acts by an affine diffeomorphism. It is
easy to check that the full group of affine diffeomorphisms Aff(H /L) is a finite
dimensional Lie group and an affine action of a group D is a homomorphism
7w : D— Aff(H/L). The structure of Aff(H /L) is surprisingly complicated in
general, it is a quotient of a subgroup of the group Aut(H)x H where Aut(H)
is a the group of automorphisms of H. For a more detailed discussion of this
relationship, see [FM1, Section 6]. While it is not always the case that any
affine action of a group D on H/L can be described by a homomorphism 7 :
D— Aut(H)x H, this is true for two important special cases:

(1) D is a connected semisimple Lie group and L is a cocompact lattice in H,

(2) D is alattice in a semisimple Lie group G where G has no compact factors
and no simple factors locally isomorphic to SO(1,n) or SU(1,n), and L is
a cocompact lattice in H.

These facts are [FM1, Theorem 6.4 and 6.5] where affine actions as in (1) and
(2) above are classified.

The most obvious examples of affine actions of large groups are of the fol-
lowing forms, which are frequently referred to as standard actions:

(1) Actions of groups by automorphisms of nilmanifolds. L.e. let N be a simply
connected nilpotent group, A < N a lattice (which is necessarily cocompact)
and assume a finitely generated group I acts by automorphisms of N pre-
serving A. The most obvious examples of this are when N = R", A = 7"
and I < SL(n, Z), in which case we have a linear action of I" on T".
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(2) Actions by left translations. L.e. let H be a Lie group and A < H a co-
compact lattice and I" < H some subgroup. Then I" acts on H/A by left
translations. Note that in this case I" need not be discrete.

(3) Actions by isometries. Here K is a compact group which acts by isometries
on some compact manifold M and I" < K is a subgroup. Note that here I"
is either discrete or a discrete extension of a compact group.

We now briefly define a few more general classes of actions, for which local
rigidity results are either known or conjectured. We first fix some notations.
Let A and D be topological groups, and B < A a closed subgroup. Let p :
DxA/B—A/B be a continuous affine action.

DEFINITION 2.3. (1) Let A, B, D and p be as above. Let C be a compact
group of affine diffeomorphisms of A/B that commute with the D action.
We call the action of D on C\ A/ B a generalized affine action.

(2) Let A, B, D and p be as in 1 above. Let M be a compact Riemannian
manifold and « : DxA/B—Isom(M) a C! cocycle. We call the resulting
skew product D action on A/BxM a quasiaffine action. If C and D are
asin 2, and @ : DxC\A/B—Isom(M) is a C! cocycle, then we call the
resulting skew product D action on C\A/BxM a generalized quasiaffine
action.

For many of the actions we consider here, there will be a foliation of particular
importance. If p is an action of a group D on a manifold NV, and p preserves a
foliation § and a Riemannian metric along the leaves of §, we call § a central
foliation for p. For quasiaffine and generalized quasiaffine actions on manifolds
of the form C\A/BxM the foliation by leaves of the {[a]}xM is always a
central foliation. There are also actions with more complicated central foliations.
For example if H is a Lie group, A < H is discrete and a subgroup G < H
acts on H/A by left translations, then the foliation of H/A by orbits of the
centralizer Zg(G) of G in H is a central foliation. It is relatively easy to
construct examples where this foliation has dense leaves. Another example of
an action which has a foliation with dense leaves is to embed the Z[+/2] points
of SO(m,n) into SL(2(m + n),Z) as described in the preceding subsection
and then let this group act on T20n+n) linearly. It is easy to see in this case that
the maximal central foliation for the action is a foliation by densely embedded
leaves none of which are compact.

We end this section by describing briefly the standard construction of an in-
duced or suspended action. This notion can be seen as a generalization of the
construction of a flow under a function or as an analogue of the more algebraic
notion of inducing a representation. Given a group H, a (usually closed) sub-
group L, and an action p of L on a space X, we can form the space (HxX)/L
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where L acts on HxX by h-(l,x) = (Ih~!, p(h)x). This space now has a
natural H action by left multiplication on the first coordinate. Many properties
of the L action on X can be studied more easily in terms of properties of the
H action on (HxX)/L. This construction is particularly useful when L is a
lattice in H.

3. Prehistory

3.1. Local and global rigidity of homomorphisms into finite dimensional
groups. The earliest work on local rigidity in the context of Definition 1.1 was
contained in series of works by Calabi—Vesentini, Selberg, Calabi and Weil,
which resulted in the following:

THEOREM 3.1. Let G be a semisimple Lie group and assume that G is not
locally isomorphic to SL(2,R). Let I' < G be an irreducible cocompact lattice,
then the defining embedding of I' in G is locally rigid.

REMARKS. (1) If G = SL(2, R) the theorem is false and there is a large, well
studied space of deformation of I" in G, known as the Teichmiiller space.
(2) There is an analogue of this theorem for lattices that are not cocompact.

This result was proven later and has a more complicated history which we

omit here. In this case it is also necessary to exclude G locally isomorphic
to SL(2,C).

This theorem was originally proven in special cases by Calabi, Calabi—Vesentini
and Selberg. In particular, Selberg gives a proof for cocompact lattices in
SL(n,R) for n > 3 in [S], Calabi—Vesentini give a proof when the associated
symmetric space X = G/K is Kihler in [CV] and Calabi gives a proof for
G = SO(1,n) where n>3 in [C]. Shortly afterwards, Weil gave a complete
proof of Theorem 3.1 in [Wel; We2].

In all of the original proofs, the first step was to show that any perturbation
of I' was discrete and therefore a cocompact lattice. This is shown in special
cases in [C; CV; S] and proven in a somewhat broader context than Theorem
3.1in [W1].

The different proofs of cases of Theorem 3.1 are also interesting in that there
are two fundamentally different sets of techniques employed and this dichotomy
continues to play a role in the history of rigidity. Selberg’s proof essentially
combines algebraic facts with a study of the dynamics of iterates of matrices.
He makes systematic use of the existence of singular directions, or Weyl cham-
ber walls, in maximal diagonalizable subgroups of SL(n, R). Exploiting these
singular directions is essential to much later work on rigidity, both of lattices
in higher rank groups and of actions of abelian groups. It seems possible to
generalize Selberg’s proof to the case of G an R-split semisimple Lie group with
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rank at least 2. Selberg’s proof, which depended on asymptotics at infinity of
iterates of matrices, inspired Mostow’s explicit use of boundaries in his proof of
strong rigidity [Mo2]. Mostow’s work in turn provided inspiration for the use of
boundaries in later work of Margulis, Zimmer and others on rigidity properties
of higher rank groups.

The proofs of Calabi, Calabi—Vesentini and Weil involve studying variations
of geometric structures on the associated locally symmetric space. The tech-
niques are analytic and use a variational argument to show that all variations of
the geometric structure are trivial. This work is a precursor to much work in
geometric analysis studying variations of geometric structures and also informs
later work on proving rigidity/vanishing of harmonic forms and maps. The di-
chotomy between approaches based on algebra/dynamics and approaches that
are in the spirit of geometric analysis continues through much of the history of
rigidity and the history of local rigidity of group actions in particular.

Shortly after completing this work, Weil discovered a new criterion for local
rigidity [We3]. In the context of Theorem 3.1, this allows one to avoid the step
of showing that a perturbation of I" remains discrete. In addition, this result
opened the way for understanding local rigidity of more general representations
of discrete groups.

THEOREM 3.2. Let I' be a finitely generated group, G a Lie group and m :
I'—G a homomorphism. Then w is locally rigid if H'(I", g) = 0. Here g is the
Lie algebra of G and I" acts on g by Adgor.

Weil’s proof of this result uses only the implicit function theorem and elementary
properties of the Lie group exponential map. The same theorem is true if G is
an algebraic group over any local field of characteristic zero. In [We3], Weil
remarks that if I" < G is a cocompact lattice and G satisfies the hypothesis of
Theorem 3.1, then the vanishing of H'(I", g) can be deduced from the compu-
tations in [We2]. The vanishing of H!(I", g) is proven explicitly by Matsushima
and Murakami in [MM].

Motivated by Weil’s work and other work of Matsushima, conditions for
vanishing of H!(I",g) were then studied by many authors. See particularly
[MM] and [Rg1]. The results in these papers imply local rigidity of many linear
representations of lattices.

To close this section, I will briefly discuss some subsequent developments
concerning rigidity of lattices in Lie groups that motivated the study of both
local and global rigidity of group actions.

The first remarkable result in this direction is Mostow’s rigidity theorem, see
[Mol1] and references there. Given G as in Theorem 3.1, and two irreducible
cocompact lattices I and 1% in G, Mostow proves that any isomorphism from
I'y to I'; extends to an isomorphism of G with itself. Combined with the prin-
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cipal theorem of [Wel] which shows that a perturbation of a lattice is again a
lattice, this gives a remarkable and different proof of Theorem 3.1, and Mostow
was motivated by the desire for a “more geometric understanding” of Theorem
3.1 [Mol]. Mostow’s theorem is in fact a good deal stronger, and controls not
only homomorphisms I'—G near the defining homomorphism, but any ho-
momorphism into any other simple Lie group G’ where the image is lattice.
As mentioned above, Mostow’s approach was partially inspired by Selberg’s
proof of certain cases of Theorem 3.1, [Mo2]. A key step in Mostow’s proof
is the construction of a continuous map between the geometric boundaries of
the symmetric spaces associated to G and G’. Boundary maps continue to play
a key role in many developments in rigidity theory. A new proof of Mostow
rigidity, at least for G; of real rank one, was provided by Besson, Courtois and
Gallot. Their approach is quite different and has had many other applications
concerning rigidity in geometry and dynamics; see [BCG; CF], for example.
The next remarkable result in this direction is Margulis’ superrigidity theo-
rem. Margulis proved this theorem as a tool to prove arithmeticity of irreducible
uniform lattices in groups of real rank at least 2. For irreducible lattices in
semisimple Lie groups of real rank at least 2, the superrigidity theorems clas-
sifies all finite dimensional linear representations. Margulis’ theorem holds for
irreducible lattices in semisimple Lie groups of real rank at least two. Given
a lattice I' < G where G is simply connected, one precise statement of some
of Margulis results is to say that any linear representation o of I" almost ex-
tends to a linear representation of G. By this we mean that there is a linear
representation 6 of G and a bounded image representation ¢ of I" such that
o(y) =o6(y)o(y) for all y in G. Margulis’ theorems also give an essentially
complete description of the representations o, up to some issues concerning
finite image representations. The proof here is partially inspired by Mostow’s
work: a key step is the construction of a measurable “boundary map”. However
the methods for producing the boundary map in this case are very dynamical.
Margulis’ original proof used Oseledec Multiplicative Ergodic Theorem. Later
proofs were given by both Furstenberg and Margulis using the theory of group
boundaries as developed by Furstenberg from his study of random walks on
groups [Ful; Fu2]. Furstenberg’s probabilistic version of boundary theory has
had a profound influence on many subsequent developments in rigidity theory.
For more discussion of Margulis’ superrigidity theorem, see [Ma2; Ma3; Ma4].
A main impetus for studying rigidity of group actions on manifolds came
from Zimmer’s theorem on superrigidity for cocycles. This theorem and it’s
proof were strongly motivated by Margulis’ work. In fact, Margulis’ theorem
is Zimmer’s theorem for a certain cocycle o : GXG/I"—I" and the proof of
Zimmer’s theorem is quite similar to the proof of Margulis’. In order to avoid
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technicalities, we describe only a special case of this result. Let M be a compact
manifold, H a matrix group and P =M x H. Now leta group I" acton M and P
continuously, so that the projection from P to M is equivariant. Further assume
that the action on M is measure preserving and ergodic. If I" is a lattice in a
simply connected, semisimple Lie group G all of whose simple factors have real
rank at least two then there is a measurable map s : M — H, a representation
7 : G—H, a compact subgroup K < H which commutes with 7(G) and a
measurable map I"'xM — K such that

ys(m) =k(m,y)r(y)s(y-m). (3-1)

It is easy to check from this equation that the map K satisfies a certain equation
that makes it into a cocycle over the action of I". One should view s as providing
coordinates on P in which the I" action is almost a product. For more discussion
of this theorem the reader should see any of [Fel; Fe2; FM1; Fu3; Z2]. (The
version stated here is only proven in [FM1], previous proofs all yielded some-
what more complicated statements.) As a sample application, let M = T" and
let P be the frame bundle of M, i.e. the space of frames in the tangent bundle
of M. Since T" is parallelizable, we have P = T"xGL(n,R"). The cocycle
superrigidity theorem then says that “up to compact noise”, the derivative of any
measure preserving I” action on T” looks measurably like a constant linear map.
In fact, the cocycle superrigidity theorems apply more generally to continuous
actions on any principal bundle P over M with fiber H, an algebraic group,
and in this context produces a measurable section s : M — P satisfying equation
(3-1). So in fact, cocycle superrigidity implies that for any action preserving
a finite measure on any manifold the derivative cocycle looks measurably like
a constant cocycle, up to compact noise. That cocycle superrigidity provides
information about actions of groups on manifolds through the derivative cocy-
cle was first observed in [Fu3]. Zimmer originally proved cocycle superrigidity
in order to study orbit equivalence of group actions. For a recent survey of
subsequent developments concerning orbit equivalence rigidity and other forms
of superrigidity for cocycles, see [S12].

3.2. Stability in hyperbolic dynamics. A diffeomorphism f of a manifold
X is said to be Anosov if there exists a continuous f invariant splitting of the
tangent bundle 7X = E J%EBE } and constants ¢ > 1 and C, C’ > 0 such that for
every xeX,

(D) | Df* (™) ||=Ca™||v¥]| for all v”eEj’ﬁ(x) and,
Q) [|Df™"(v%)||<C’a™"||v¥| for all USEE}(X).

We note that the constants C and C’ depend on the choice of metric, and that a
metric can always be chosen so that C = C’ = 1. There is an analogous notion
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for a flow f;, where TX = T@@E;[@E}t where T'0 is the tangent space to
the flow direction and vectors in £ J‘ﬁt (resp. E }t) are uniformly expanded (resp.
uniformly contracted) by the flow. This notion was introduced by Anosov and
named after Anosov by Smale, who popularized the notion in the United States
[An; Sm]. One of the earliest results in the subject is Anosov’s proof that Anosov
diffeomorphisms are structurally stable, or, in our language C1-1-1:9:0 Jocally
rigid. There is an analogous result for flows, though this requires that one intro-
duce a notion of time change that we will not consider here. Since Anosov also
showed that C? Anosov flows and diffeomorphisms are ergodic, structural sta-
bility implies that the existence of an open set of “chaotic”” dynamical systems.

The notion of an Anosov diffeomorphism has had many interesting gener-
alizations, for example: Axiom A diffeomorphisms, nonuniformly hyperbolic
diffeomorphisms, and diffeomorphisms admitting a dominated splitting. The
notion that has been most useful in the study of local rigidity is the notion of a
partially hyperbolic diffeomorphism as introduced by Hirsch, Pugh and Shub.
Under strong enough hypotheses, these diffeomorphisms have a weaker stability
property similar to structural stability. More or less, the diffeomorphisms are
hyperbolic relative to some foliation, and any nearby action is hyperbolic to
some nearby foliation. To describe more precisely the class of diffeomorphisms
we consider and the stability property they enjoy, we require some definitions.

The use of the word foliation varies with context. Here a foliation by C*
leaves will be a continuous foliation whose leaves are C* injectively immersed
submanifolds that vary continuously in the C¥ topology in the transverse direc-
tion. To specify transverse regularity we will say that a foliation is transversely
C”. A foliation by C k Jeaves which is tranversely Ck is called simply a ck
foliation. (Note our language does not agree with that in the reference [HPS].)

Given an automorphism f of a vector bundle £— X and constants a > b>1,
we say f is (a, b)-partially hyperbolic or simply partially hyperbolic if there
is a metric on E, a constant and C>1 and a continuous f invariant, nontrivial
splitting £ = E }QBE}EBE } such that for every x in X:

(D | ) |=Ca™||v¥]| for all v”eEJ‘j(x),
Q) /") |=C™ a="||v¥| for all vSeE}(x) and
3) C7W0| < || /" ()| =Ch"||v°|| for all vOGE}(x) and all integers n.

A C! diffeomorphism f of a manifold X is (a, b)-partially hyperbolic if the
derivative action Df is (a, b)-partially hyperbolic on 7X. We remark that for
any partially hyperbolic diffeomorphism, there always exists an adapted metric
for which C = 1. Note that EJ‘} is called the central distribution of f, E } is
called the unstable distribution of f and E } the stable distribution of f.
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Integrability of various distributions for partially hyperbolic dynamical sys-
tems is the subject of much research. The stable and unstable distributions are
always tangent to invariant foliations which we call the stable and unstable foli-
ations and denote by “W} and W}‘, If the central distribution is tangent to an f
invariant foliation, we call that foliation a central foliation and denote it by Wf,
If there is a unique foliation tangent to the central distribution we call the central
distribution uniquely integrable. For smooth distributions unique integrability is
a consequence of integrability, but the central distribution is usually not smooth.
If the central distribution of an («, b)-partially hyperbolic diffeomorphism f is
tangent to an invariant foliation DW;, then we say f is r-normally hyperbolic
to °WJC, for any r such that @ > b”. This is a special case of the definition of
r-normally hyperbolic given in [HPS].

Before stating a version of one of the main results of [HPS], we need one
more definition. Given a group G, a manifold X, two foliations § and § of X,
and two actions p and p’ of G on X, such that p preserves § and p’ preserves §’,
following [HPS] we call p and p’ leaf conjugate if there is a homeomorphism /
of X such that:

(1) 7(F) =3 and
(2) for every leaf £ of § and every geG, we have h(p(g)L) = p'(g)h(L).

The map £ is then referred to as a leaf conjugacy between (X, T, p) and
(X,F.p'). This essentially means that the actions are conjugate modulo the
central foliations.

We state a special case of some the results of Hirsch—Pugh—Shub on pertur-
bations of partially hyperbolic actions of Z, see [HPS]. There are also analogous
definitions and results for flows. As these are less important in the study of local
rigidity, we do not discuss them here.

THEOREM 3.3. Let f be an (a, b)-partially hyperbolic C¥ diffeomorphism of a
compact manifold M which is k-normally hyperbolic to a C* central foliation

°Wj, Then for any § > 0, if " is a C* diffeomorphism of M which is sufficiently

C! close to f we have the following:

(1) f"is (d’,b’)-partially hyperbolic, where |a —da’'| < § and |b —b'| < 8, and
the splitting TM = E*,®ES,®ES, for " is C° close to the splitting for f;

(2) there exist ' invariant foliations by C* leaves W<, tangent to ES,, which

is close in the natural topology on foliations by C k leaves 1o °W;
(3) there exists a (nonunique) homeomorphism h of M with h(W}) =W, and

h is C* along leaves of W<, furthermore h can be chosen to be C° small and

Ck small along leaves of °W}c,
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(4) the homeomorphism h is a leaf conjugacy between the actions (M, W<., 1)
and (M, WS, f7).

Conclusion (1) is easy and probably older than [HPS]. One motivation for The-
orem 3.3 is to study stability of dynamical properties of partially hyperbolic
diffeomorphisms. See the survey, [BPSW], for more discussion of that and
related issues.

4. History

In this section, we describe the history of the subject roughly to the year
2000. More recent developments will be discussed below. Here we do not treat
the subject entirely chronologically, but break the discussion into four subjects:
first, the study of local rigidity of volume preserving actions, second the study of
local rigidity of certain non-volume-preserving actions called boundary actions,
third the existence of (many) deformations of (many) actions of groups that are
typically quite rigid, and lastly a brief discussion of infinitesimal rigidity. This
is somewhat ahistorical as the first results on smooth conjugacy of perturbations
of group actions appear in [Ghl], which we describe in subsection 4.2. While
those results are not precisely local rigidity results, they are clearly related and
the techniques involved inform some later approaches to local rigidity.

4.1. Volume preserving actions. In this subsection, we discuss local rigidity of
volume preserving actions. The acting groups will usually be lattices in higher
rank semisimple Lie groups or higher rank free abelian groups. Many of the
results discussed here were motivated by conjectures of Zimmer in [Z4; Z5].
The first result we mention, due to Zimmer, does not prove local rigidity, but
did motivate much later work on the subject.

THEOREM 4.1. Let I" be a group with property (T) of Kazhdan and let p be a
Riemannian isometric action of I' on a compact manifold M. Further assume
the action is ergodic. Then any C k- action o which is C k close to 0, volume
preserving and ergodic, preserves a C k=3 Riemannian metric.

REMARKS. (1) Zimmer first proved this theorem in [Z1], but only for I" a
lattice in a semisimple group, all of whose simple factors have real rank at
least two, and only producing a C° invariant metric for p’. In [Z2], he gave
the proof of the regularity stated here and in [Z4] he extended the theorem to
all Kazhdan groups.

(2) In this theorem if p’ is C°, the invariant metric for p’ can also be chosen
Cee,

The first major result that actually produced a conjugacy between the perturbed

and unperturbed actions was due to Hurder, [H1]. Again, this result is not quite a
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local rigidity theorem, but only a deformation rigidity theorem. Hurder’s work
is the first place where hyperbolic dynamics is used in the theory, and is the
beginning of a long development in which hyperbolic dynamics play a key role.

THEOREM 4.2. The standard action of any finite index subgroup of SL(n,Z)
on the n dimensional torus is deformation rigid when n>3.

Hurder actually proves a much more general result. His theorem proves de-
formation rigidity of any group I" acting on the #n dimensional torus by linear
transformations provided:

(1) the set of periodic points for the I" action is dense, and

(2) the first cohomology of any finite index subgroup of I" in any n dimensional
representation vanishes, and

(3) the action contains “enough” Anosov elements.

Here we intentionally leave the meaning of (3) vague, as the precise notion
needed by Hurder is quite involved. To produce a continuous path of continuous
conjugacies, Hurder only need conditions (1) and (2) and the existence of an
Anosov diffeomorphism in the stabilizer of every periodic point for the action.
The additional Anosov elements needed in (3) are used to improve regularity of
the conjugacy, and better techniques for this are now available. Hurder’s work
has some applications to actions of irreducible lattices in products of rank 1 Lie
groups, which we discuss below in subsection 6.2. These applications do not
appear to be accessible by later techniques.

A key element in Hurder’s argument is to use results of Stowe on persistence
of fixed points under perturbations of actions [Stl; St2]. To use Stowe’s result
one requires that the cohomology in the derivative representation at the fixed
point vanishes. This is where (2) above is used. Hurder constructs his conjugacy
by using the theorem of Anosov, mentioned above in subsection 3.2, that any
Anosov diffeomorphism is structurally stable. This produces a conjugacy / for
an Anosov element p(yo) which one then needs to see is a conjugacy for the
entire group action. Hurder uses Stowe’s results to show that /1 is conjugacy for
the I actions at all of the periodic points for the I action, and since periodic
points are dense it is then a conjugacy for the full actions. The precise argument
using Stowe’s theorem is quite delicate and we do not attempt to summarize it
here. This argument applies much more generally, see [H1, Theorem 2.9]. That
the conjugacy depends continuously, and in fact even smoothly, on the original
action is deduced from results on hyperbolic dynamics in [dILMM].

The first major development after Hurder’s theorem was a theorem of Katok
and Lewis [KL1] of which we state a special case:

THEOREM 4.3. Let I' < SL(n, Z) be a finite index subgroup, n > 3. Then the
linear action of I' on T" is locally rigid.
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It is worth noting that this theorem does not cover the case of » = 3. A major
ingredient in the proof is studying conjugacies produced by hyperbolic dynamics
for certain Z actions generated by hyperbolic and partially hyperbolic diffeomor-
phisms in both the original action and the perturbation. The strategy is to find
a hyperbolic generating set and to show that the conjugacies produced by the
stability of those diffeomorphisms agree. A key ingredient idea is to show that
they agree on the set of periodic orbits. Periodic orbits are then studied via The-
orem 3.3 for elements of I" with large centralizers and large central foliations.
Periodic orbits are detected as intersections of central foliations for different
elements, and this allows the authors to show that the structure of the periodic
set persists under deformations. Elements with large centralizers had previously
been exploited by Lewis for studying infinitesimal rigidity of similar actions.
The authors also exploit their methods to prove the following remarkable result:

THEOREM 4.4. Let 7" be a maximal diagonalizable (over R) subgroup of
SL(n+1,7Z) where n>2. The linear action of Z" on T" 1 is locally rigid.

This result is the first in a long series of results showing that many actions of
higher rank abelian groups are locally rigid. See Theorems 4.6 and 5.8 below
for more instances of this remarkable behavior.

The next major development occurs in a paper of Katok, Lewis and Zimmer
where Theorem 4.3 is extended to cover the case of n = 3 as well as some more
general groups acting on tori. Though this does not seem, on the face of it, to
be a very dramatic development, an important idea is introduced in this paper.
The authors proceed by comparing the measurable data coming from cocycle
superrigidity to the continuous data provided by hyperbolic dynamics. In this
context, this essentially allows the authors to show that the map s in equation
(3-1), described in the statement of cocycle superrigidity given in subsection
3.1, is continuous. This idea of comparing the output of cocycle superrigidity
to information provided by hyperbolic dynamics has played a major role in the
development of both local and global rigidity of group actions.

The results in the papers [H1; KL1; KLZ] are all proven for particular actions
of particular groups, and in particular are all proven for actions on tori. The
next sequence of developments was a generalization of the ideas and methods
contained in these papers to fairly general Anosov actions of higher rank lattices
on nilmanifolds. Part of this development takes place in the works [Q1; Q2;
QY]. A key difficulty in generalizing the early approaches to rigidity of groups
of toral automorphims is in adapting the methods from hyperbolic dynamics
which are used to improve the regularity of the conjugacy. In [KS1; KS2], Katok
and Spatzier developed a broadly applicable method for smoothing conjugacies
which depends on the theory of nonstationary normal forms as developed by
Guysinsky and Katok in [GK; G]. Two main consequences of this method are:
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THEOREM 4.5. Let G be a semisimple Lie group with all simple factors of real
rank at least two, I' < G a lattice, N a nilpotent Lie group and A < N a lattice.
Then any affine Anosov action of I' on N/ A is locally rigid.

Here by Anosov action, we mean that some element of I" acts on N/ A as an
Anosov diffeomorphism.

THEOREM 4.6. Let N a nilpotent Lie group and A < N a lattice. Let 74
be a group of affine transformations of N/ A such that the derivative action
(on a subgroup of finite index) is simultaneously diagonalizable over R with no
eigenvalues on the unit circle (i.e. on subgroup of finite index, each element of
7% is an Anosov diffeomorphism which has semisimple derivative). Then the 74
action on N/ A is locally rigid.

Katok and Spatzier also apply their method to show that for certain standard
Anosov R? actions the orbit foliation is locally rigid. L.e. any nearby action
has conjugate orbit foliation. This yields interesting applications to rigidity of
boundary actions, see Theorem 4.16 below. Also, combined with other results
of the same authors on rigidity of cocycles over actions of Abelian groups, this
yields local rigidity of certain algebraic actions of R, [KS3; KS4]. We state a
special case of these results here:

THEOREM 4.7. Let G be an R-split semisimple Lie group of real rank at least
two. Let A < G be a cocompact lattice and let R? < G be a maximal R-split
subgroup. Then the R4 action on G/ A is locally rigid.

REMARKS. (1) Here “local rigidity” has a slightly different meaning than
above. Since the automorphism group of R4 has nontrivial connected com-
ponent, it is possible to perturb the action by taking a small automorphism of
RY. What is proven in this theorem is that any small enough perturbation is
conjugate to one obtained in this way.

(2) Another approach to related cocycle rigidity results is developed in the paper
[KNT].

(3) The actual theorem in [KS2] is much more general.

A key ingredient in the Katok—Spatzier method is to find foliations which are
orbits of transitive, isometric, smooth group actions for both the perturbed and
unperturbed action. To show smoothness of the conjugacy, one constructs such
group actions that

(1) are intertwined by a continuous conjugacy and
(2) exist on enough foliations to span all directions in the space.

This proves that the conjugacy is “smooth along many directions” and one then
uses a variety of analytic methods to prove that the conjugacy is actually globally
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smooth. The fact that the transitive group exists and acts smoothly on the leaves
of some foliation for the unperturbed action is typically obvious. One then
uses the continuous conjugacy to define the group action along leaves for the
perturbed action and the fact that the resulting action is smooth along leaves is
verified using the normal form theory. The foliations along which one builds
transitive group actions are typically central foliations for certain special ele-
ments of the suspension of the action. If the original action is a 7 action by
automorphisms on some nilmanifold N/ A, the suspension of the action is the
left action of R¥ on the solv-manifold M = (R¥ x N) / (ZFx A). A typical one
parameter subgroup of R¥ acts hyperbolically M, but certain special directions
in R¥, those in so-called Weyl chamber walls give rise to one parameter sub-
groups with nontrivial central direction. A key fact used in the argument is that
one can find another subgroup of R¥ for which the central foliation for some
one parameter subgroup p(?) is also a dynamically defined, contracting foliation
for the some other element a€RK.

All results quoted so far have strong assumptions on hyperbolicity of the
action. For actions of semisimple groups and their lattices, the ultimate result
on local rigidity in hyperbolic context was proven by Margulis and Qian in
[MQ]. This result is for so-called weakly hyperbolic actions, which we define
below. This work proceeds by first using a comparison between hyperbolic
data and data from cocycle superrigidity to produce a continuous conjugacy
between C! close actions and then uses an adaptation of the Katok—Spatzier
smoothing method mentioned above. A key technical innovation in this work
is the choice of cocycle to which cocycle superrigidity is applied. In all work
to this point, it was applied to the derivative cocycle. Here it is applied to a
cocycle that measures the difference between the action and the perturbation.
To illustrate the idea, we give the definition of this cocycle, which we refer to
as the Margulis—Qian cocycle, in the special case of actions by left translations.
As this construction is quite general, we will let D be the acting group. Let
the D action p on H/A be defined via a homomorphism 7o : D— H. Let p’
be a perturbation of p. If D is connected it is clear that the action lifts to H
and therefore to H. If D is discrete, this lifting still occurs, since the obstacle to
lifting is a cohomology class in H2(D, 71 (H/ A)) which does not change under
a small perturbation of the action. (A direct justification without reference to
group cohomology can be found in [MQ] section 2.3.) Write the lifted actions
of D on H by /5 and 5’ respectively. We can now define a cocycle o : Dx H—H
by

p(g)x =a(g,x)x

for any g in D and any x in H. It is easy to check that this is a cocycle and that it
is right A invariant, and so defines a cocycle o« : Dx H/ A— H. See [MQ] section
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2 or [FM1] section 6 for more discussion as well as for more general variants
on this definition. We remark that the use of this cocycle allowed Margulis
and Qian to prove the first local rigidity results for volume preserving actions
of lattices that have no global fixed point. The construction of this cocycle is
inspired by a cocycle used by Margulis in his first proof of superrigidity. This
is the cocycle GxG/I"—1I" defined by the choice of a fundamental domain for
I' in G. See Example 4 in subsection 6.2 for a more explicit description.

The work of Margulis and Qian applies to actions which satisfy the following
condition. This condition essentially says that the action is hyperbolic in all
possible directions, at least for some element of the acting group. It is easy to
construct weakly hyperbolic actions of lattices, in particular I" acting on G/ A
where G is a simple Lie group and A < G is a cocompact lattice and I" is any
other lattice in G'. It is important to note that for this example, no element acts as
an Anosov diffeomorphism and, with an appropriate choice of I" and A, there
are no finite I" orbits.

DEFINITION 4.8. An action p of a group D on a manifold M is called weakly
hyperbolic if there exist elements dy, ..., d; and constants a; > b;>1 for i =

., k such that each p(d;) is (a;, b;)-partially hyperbolic in the sense of sub-
sectlon 3.2 and we have TM =) E* o(di)’ Le. there are partially hyperbolic
elements whose stable (or unstable) directions span the tangent space at any
point.

THEOREM 4.9. Let H be a real algebraic Lie group and A < H a cocompact
lattice. Assume G is a semisimple Lie group with all simple factors of real rank
at least two and I' < G is a lattice. Then any weakly hyperbolic, affine algebraic
action of I' or G on H/ A is locally rigid.

REMARK. This is somewhat more general than the result claimed in [MQ)], as
they only work with certain special classes of affine actions, which they call
standard. This result can proven by the methods of [MQ], and a proof in pre-
cisely this generality can be read out of [FM1; FM3], simply by assuming that
the common central direction for the acting group is trivial.

The next major result was a remarkable theorem of Benveniste concerning iso-
metric actions. This is a stronger result than Theorem 4.1 because it actually
produces a conjugacy, but is weaker in that it requires much stronger assump-
tions on the acting group.

THEOREM 4.10. Let I' be a cocompact lattice in a semisimple Lie group with
all simple factors of real rank at least two. Let p be an isometric I' action on a
compact manifold M. Then p is locally rigid.
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The proof of this theorem is inspired by the work of Calabi, Vesentini and Weil
in the original proofs of Theorem 3.1 and is based on showing that certain defor-
mations of foliated geometric structures are trivial. The argument is much more
difficult than the classical case and uses Hamilton’s implicit function theorem.
This is the first occasion on which analytic methods like KAM theory or hard
implicit function theorems appear in work on local rigidity of group actions.
More recently these kinds of methods have been applied more systematically,
see subsection 5.2.

The theorems described so far concern actions that are either isometric or
weakly hyperbolic. There are many affine actions which satisfy neither of these
dynamical hypotheses, but are genuinely partially hyperbolic. Local rigidity
results for actions of this kind first arise in work of Nitica and Torok. We state
special cases of two of their theorems:

THEOREM 4.11. Let I' < SL(n, Z) be a finite index subgroup with n>3. Let p;
be the standard I" action on T" and let p be the diagonal I' action on T"xT™
defined by p1 on the first factor and the trivial action on the second factor. The
action p is deformation rigid.

THEOREM 4.12. Let I', p1, p be as above and further assume that m = 1. The
action p is locally rigid.

REMARKS. (1) Nitica and Torok prove more general theorems in which both
I' and p; can be more general. The exact hypotheses required are different
in the two theorems.

(2) We are being somewhat ahistorical here, Theorem 4.11 predates the work
of Margulis and Qian.

(3) The conjugacy produced in the papers [NT1; NT2; T] is never C°°, but only
C* for some choice of k. The choice of k is essentially free and determines
the size of perturbations or deformations that can be considered. It should be
possible to produce a C* conjugacy by combining the arguments in these
papers with arguments in [FM2; FM3], see the end of subsection 5.1 for some
discussion.

The work of Nitica and Torok is quite complex, using several different ideas.
The most novel is to study rigidity of cocycles over hyperbolic dynamical sys-
tems taking values in diffeomorphism groups. The dynamical system is either
the action p; in Theorem 4.11 or 4.12 or it’s restriction to any sufficiently generic
subgroup containing an Anosov diffeomorphism of T”, and the target group is
the group of diffeomorphisms of T"™. This part of the work is inspired by a
classical theorem of Livsic and the proof his modelled on his proof. To reduce
the rigidity question to the cocycle question is quite difficult and depends on an
adaptation of the work of [HPS] discussed in subsection 3.2 as well as use of
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results of Stowe [Stl; St2]. Regrettably, the technology seems to limit the ap-
plicability of the ideas to diagonal actions o1 x Id on products M x N where the
action on M has many periodic points and the action on N is trivial. Theorem
4.12 also depends on the acting group having property (7') of Kazhdan. The
method of proof of Theorem 4.11 has additional applications, see particularly
subsection 6.2 below.

To close this section, we remark that local rigidity is often considerably easier
in the analytic setting. Not much work has been done in this direction, but there
is an interesting note of Zeghib [Zg]. A sample result is the following:

THEOREM 4.13. Let I’ < SL(n,Z) be a subgroup of finite index and let p be
the standard action of I' on T". Then any analytic action close enough to p is
analytically conjugate to p. Furthermore, if M is a compact analytic manifold
on which I' acts trivially and we let p be the diagonal action of I' on T"x M,
then p is also locally rigid in the analytic category.

Zeghib also proves a number of other interesting results for both volume pre-
serving and non-volume-preserving actions and it is clear that his method has
applications not stated in his note. The key point for all of his arguments is a
theorem of Ghys and Cairns that says that one can linearize an analytic action of
a higher rank lattice in a neighborhood of a fixed point. Zeghib proves his results
by using results of Stowe [St1; St2] to find fixed points for the perturbed action
and then studying the largest possible set to which the linearization around this
point can be extended. We end this section by stating the theorem of Cairns and
Ghys from [CGh] which Zeghib uses.

THEOREM 4.14. Let G be a semisimple Lie group of real rank at least two
with no compact factors and finite center and let I' < G be a lattice. Then
every analytic action of I' with a fixed point p is analytically linearizable in a

neighborhood of p.

REMARKS. (1) By analytically linearizable in a neighborhood of p, we mean
that there exists a neighborhood U of p and an analytic diffeomorphism ¢ of
U into the ambient manifold M such that the action of I", conjugated by ¢
is the restriction of a linear action to ¢ (U).

(2) In the same paper, Ghys and Cairns give an example of a C® action of
SL(3,7) on R? fixing the origin, which is not C° linearizable in any neigh-
borhood of the origin. So the assumption of analyticity in the theorem is
necessary.

4.2. Actions on boundaries. In this subsection we discuss rigidity results for
groups acting on homogeneous spaces known as “boundaries”. In contrast to the
last section, the actions we describe here never preserve a volume form, or even
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a Borel measure. We will not discuss here all the geometric, function theoretic
or probabalistic reasons why these spaces are termed boundaries, but merely
describe examples. For us, if G is a semisimple Lie group, then a boundary of
G is a space of the form G/ P where P is a connected Lie subgroup of G such
that the quotient G/ P is compact. The groups P having this property are often
called parabolic subgroups. The space G/ P is also considered a boundary for
any lattice I" < G. For more precise motivation for this terminology, see [Ful;
Fu2; Mol; Ma4].

The simplest example of a boundary is for the group SL (2, R) in which case
the only choice of P resulting in a nontrivial boundary is the group of upper
(or lower) triangular matrices. The resulting quotient is naturally diffeomorphic
to the circle and SL(2, R) acts on this circle by the action on rays through the
origin in R%. We can restrict this SL(2, R) action to any lattice I" in SL(2, R).
The following remarkable theorem was first proved by Ghys in [Gh1]:

THEOREM 4.15. Let I' < SL(2,R) be a cocompact lattice and let p be the
action of I' on S described above. If p' is any perturbation of p, then p’
is smoothly conjugate to an action defined by another embedding ' of I in
SL(2,R) close to the original embedding. In particular ' (I") is a cocompact
lattice in SL(2, R).

Ghys gives two proofs of this fact, one in [Ghl] and another different one in
[Gh2]. A third and also different proof is in later work of Kononenko and
Yue [KY]. Ghys’ first proof derives from a remarkable global rigidity result for
actions on certain three dimensional manifolds by the affine group of the line,
while his second derives from rigidity results concerning certain Anosov flows
on three dimensional manifolds. We remark that the fact that o’ is continuously
conjugate to an action defined by a nearby embedding into SL(2, R) was known
and so Theorem 4.15 can be viewed as a regularity theorem though this is not
how the proof proceeds.

Both of Ghys’ proofs pass through a statement concerning local rigidity of
foliations. This uses the following variant on the construction of the induced
action. Let I" be a cocompact lattice in SL(2,R), and let p be the I" action
on S! defined by the action of SL(2,R) there. There is also a I" action on
the hyperbolic plane H2. We form the manifold (H?>xS1!)/I,, where I" acts
diagonally. This manifold is diffeomorphic to the unit tangent bundle of H?/I”
which is also diffeomorphic to SL(2,R)/I", and the foliation by planes of the
form H?x{point} is the weak stable foliation for the geodesic flow and also
the orbit foliation for the action of the affine group. Given a C” perturbation p’
of the I' action on S!, we can form the corresponding bundle (H?xS1), /Ty,
and the foliation by planes of the form H2x{point} is C” close to analogous
foliation in (H?>xS ') I . To show that p and p’ are conjugate, it suffices to find a
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diffeomorphism of (H?xS!)/ I, conjugating the two foliations. Both of Ghys’
proofs proceed by constructing such a conjugacy of foliations. This reduction to
studying local rigidity of foliations has further applications in slightly different
settings, see Theorems 4.16 and 4.17 below.

In later work, Ghys proved a remarkable result which characterized an en-
tire connected component of the space of actions of I" on S'. Let X be the
component of Hom(I", Diff(S!)) containing the actions described in Theorem
4.15. In [Gh3], Ghys showed that this component consisted entirely of actions
conjugate to actions defined by embeddings ' of I into SL(2, R) where 7' (I")
is a cocompact lattice. This result builds on earlier work of Ghys where a similar
result was proven concerning Hom(I", Homeo(S!)). A key ingredient is the use
of the Euler class of the action, viewed as a bounded cocycle.

As mentioned above, Ghys’ method of reducing local rigidity of an action to
local rigidity of a foliation has had two more applications. The first of these is
due to Katok and Spatzier [KS2].

THEOREM 4.16. Let G be a semisimple Lie group with no compact factors and
real rank at least two. Let I' < G be a cocompact lattice and B = G/ P a
boundary for I'. Then the I" action on G/ P is locally rigid.

The proof of this result uses an argument similar to Ghys’ to reduce to a need to

study regularity of foliations for perturbations of the action of certain connected

abelian subgroups of G on G/I". The result used in the proof here is the same

as the one used in the proof of Theorem 4.7. For I" a lattice but not cocompact,

some partial results are obtained by Yaskolko in his Ph.D. thesis [ Yk].
Following a similar outline, Kanai proved the following:

THEOREM 4.17. Let G = SO(n, 1) and I' < G be a cocompact lattice. Then
the action of I' on the boundary G/ P is locally rigid.

Partial results in this direction were proven earlier by Chengbo Yue. Yue also
proves partial results in the case where SO(1, n) is replaced by any rank 1 non-
compact simple Lie group.

In somewhat earlier work, Kanai had also proven a special case of Theorem
4.16. More precisely:

THEOREM 4.18. Let I' < SL(n,R) be a cocompact lattice where n>21 and
let p be the I" action on S"~' by acting on the space of rays in R". Then p is
locally rigid.

Kanai’s proof proceeds in two steps. In the first step, he uses Thomas’ notion
of a projective connection to reduce the question to one concerning vanishing
of certain cohomology groups. In the second step, he uses stochastic calculus
to prove a vanishing theorem for the relevant cohomology groups. The first
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step is rather special, and is what restricts Kanai’s attention to spheres, rather
than other boundaries, which are Grassmanians. The method in the second step
seems a good deal more general and should have further applications, perhaps
in the context of Theorem 5.12 below. While the approach here is similar in
spirit to the work of Benveniste in [Bel], it should be noted that Kanai does not
use a hard implicit function theorem.

We end this subsection by recalling a construction due to Stuck, which shows
that much less rigidity should be expected from actions which do not preserve
volume [Sk]. Let G be a semisimple Lie group and P < G a minimal parabolic.
Then there always exists a homomorphism 7 : P—R. Given any manifold M
and any action s of R on M, we can then form the induced G action ps on
(GxM)/P where P acts on G on the left and on M by mos. Varying the
action s varies the action pg. It is easy to see that if pg; and py are two such
actions, then they are conjugate as G actions if and only if s and s’ are conjugate.
If one picks an irreducible lattice I" in GxG, project I" to G and restricts the
actions to I, then it is also easy to see that the restriction of ps and py to I
are conjugate if and only if s and s’ are conjugate. The author does not know a
proof that this is also true if one simply takes a lattice I" in G, but believes that
this is also true and may even be known.

4.3. “Flexible” actions of rigid groups. In this subsection, I discuss a sequence
of results concerning flexible actions of large groups. More or less, the sequence
of examples provides counterexamples to most naive conjectures of the form
“all of actions of some lattice I" are locally rigid.” There are some groups, for
example compact groups and finite groups, all of whose smooth actions are
locally rigid. It seems likely that there should be infinite discrete groups with
this property as well, but the constructions in this subsection show that one must
look beyond lattices in Lie groups for examples.

Essentially all of the examples given here derive from the simple construction
of “blowing up” a point or a closed orbit, which was introduced to this subject
in [KL2]. The further developments after that result are all further elaborations
on one basic construction. The idea is to use the “blow up” construction to
introduce distinguished closed invariant sets which can be varied in some man-
ner to produce deformations of the action. The “blow up” construction is a
classical tool from algebraic geometry which takes a manifold N and a point
p and constructs from it a new manifold N’ by replacing p by the space of
directions at p. Let RP! be the / dimensional projective space. To blow up a
point, we take the product of N xR P4mN) and then find a submanifold where
the projection to N is a diffeomorphism off of p and the fiber of the projection
over p is RPI™N)  For detailed discussion of this construction we refer the
reader to any reasonable book on algebraic geometry.
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The easiest example to consider is to take the action of SL(n, Z), or any sub-
group I' < SL(n, Z) on the torus T” and blow up the fixed point, in this case the
equivalence class of the origin in R”. Call the resulting manifold M . Provided
I' is large enough, e.g. Zariski dense in SL(n, R), this action of I" does not
preserve the measure defined by any volume form on M. A clever construction
introduced in [KL2] shows that one can alter the standard blowing up procedure
in order to produce a one parameter family of SL(n, Z) actions on M, only one
of which preserves a volume form. This immediately shows that this action on
M admits perturbations, since it cannot be conjugate to the nearby, non-volume-
preserving actions. Essentially, one constructs different differentiable structures
on M which are diffeomorphic but not equivariantly diffeomorphic.

After noticing this construction, one can proceed to build more complicated
examples by passing to a subgroup of finite index, and then blowing up several
fixed points. One can also glue together the “blown up” fixed points to obtain
an action on a manifold with more complicated topology. See [KL2; FW] for
discussion of the topological complications one can introduce.

In [Be2] it is observed that a similar construction can be used for the action
of a simple group G by left translations on a homogeneous space H/ A where
H is a Lie group containing G and A < H is a cocompact lattice. Here we
use a slightly more involved construction from algebraic geometry, and “blow
up” the directions normal to a closed submanifold. I.e. we replace some closed
submanifold N in H/A by the projectived normal bundle to N. In all cases
we consider here, this normal bundle is trivial and so is just N xR P! where
[ =dim(H) —dim(N).

Benveniste used his construction to produce more interesting perturbations
of actions of higher rank simple Lie group G or a lattice I" in G. In particular,
he produced volume preserving actions which admit volume preserving pertur-
bations. He does this by choosing G < H such that not only are there closed G
orbits but so that the centralizer Z = Z g (G) of G in H has no-trivial connected
component. If we take a closed G orbit N, then any translate zN for z in Z is
also closed and so we have a continuum of closed G orbits. Benveniste shows
that if we choose two closed orbits N and zN to blow up and glue, and then vary
z in a small open set, the resulting actions can only be conjugate for a countable
set of choices of z.

This construction is further elaborated in [F1]. Benveniste’s construction is
not optimal in several senses, nor is his proof of rigidity. In [F1], I give a
modification of the construction that produces nonconjugate actions for every
choice of z in a small enough neighborhood. By blowing up and gluing more
pairs of closed orbits, this allows me to produce actions where the space of
deformations contains a submanifold of arbitrarily high, finite dimension. Fur-
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ther, Benveniste’s proof that the deformation are nontrivial is quite involved
and applies only to higher rank groups. In [F1], I give a different proof of
nontriviality of the deformations, using consequences of Ratner’s theorem to
due Witte and Shah [R; Sh; W2]. This shows that the construction produces
nontrivial perturbations for any semisimple G and any lattice I" in G.

In [BF] we show that none of these actions preserve any rigid geometric
structure in the sense of Gromov. It is possible that any action of a higher rank
lattice which preserves a rigid geometric structure is locally rigid. It is also
possible that any such action is generalized quasiaffine.

4.4. Infinitesimal rigidity. In [Z4], Zimmer introduced a notion of infinites-
imal rigidity motivated by Weil’s Theorem 3.2 and the analogy between finite
dimensional Lie algebras and vector fields. Let p be a smooth action of a group
I" on a manifold M, then p is infinitesimally rigid if H'(I", Vect®(M)) = 0.
Here the I" action on Vect®™ (M) is given by the derivative of p. The notion
of infinitesimal rigidity was introduced with the hope that one could prove an
analogue of Weil’s Theorem 3.2 and then results concerning infinitesimal rigid-
ity would imply results concerning local rigidity. Many infinitesimal rigidity
results were then proven, see [H2; Ko; L; LZ; Q3; Z6]. For some more results
on infinitesimal rigidity, see Theorems 5.10 and 5.11. Also see subsection 5.2
for a discussion of known results on the relation between infinitesimal and local
rigidity.

5. Recent developments

In this section we discuss the most recent dramatic developments in the field.
The first subsection discusses work of the author and Margulis on rigidity of
actions of higher rank groups and lattices. Our main result is that if H is the
real points of an algebraic group defined over R and A < H is a cocompact
lattice, then any affine action of G or I on H/ A is locally rigid. This work is
quite involved and spans a sequence of three long papers [FM1; FM2; FM3].
One of the main goals of subsection 5.1 is to provide something of a “reader’s
guide” to those papers.

The second subsection discusses some recent developments involving more
geometric and analytic approaches to local rigidity. Till this point, the study of
local rigidity of group actions has been dominated by algebraic ideas and hyper-
bolic dynamics with the exception of [Kal] and [Be2]. The results described in
subsection 5.2 represent (the beginning of) a dramatic development in analytic
and geometric techniques. The first of these is the work of Damjanovich and
Katok on local rigidity of certain partially hyperbolic affine actions of abelian
groups on tori using a KAM approach [DK1; DK2]. The second is the author’s
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proof of a criterion for local rigidity of groups actions modelled on Weil’s Theo-
rem 3.2 and proven using Hamilton’s implicit function theorem [F2]. This result
currently has an unfortunate “side condition” on second cohomology that makes
it difficult to apply.

The final subsection concerns a few other very recent results and develop-
ments that the author feels point towards the future development of the field.

5.1. The work of Margulis and the author. Let G be a (connected) semisimple
Lie group with all simple factors of real rank at least two, and I" < G is a lattice.
The main result of the papers [FM1; FM2; FM3] is:

THEOREM 5.1. Let p be a volume preserving quasiaffine action of G or I' on a
compact manifold X. Then the action locally rigid.

REMARKS. (1) This result subsumes essentially all of the theorems in subsec-
tion 4.1, excepting those concerning actions of abelian groups.

(2) In [FM3] we also achieve some remarkable results for perturbations of very
low regularity. In particular, we prove that any perturbation which is a C3
close C3 action is conjugate back to the original action by a C? diffeomor-
phism.

(3) The statement here is slightly different than that in [FM3]. Here X =
H/LxM with L cocompact, while there X = H/AxM with A discrete and
cocompact. An essentially algebraic argument using results in [W1], shows
that possibly after changing H and M, these hypotheses are equivalent.

Another main result of the research resulting in Theorem 5.1 is the following:

THEOREM 5.2. Let I' be a discrete group with property (T'). Let X be a com-
pact smooth manifold, and let p be a smooth action of I' on X by Riemannian
isometries. Then p is locally rigid.

REMARKS. (1) A key step in the proof of Theorem 5.1 is a foliated version of
Theorem 5.2.

(2) As in Theorem 5.1, there is a finite regularity version of Theorem 5.2 and
it’s foliated generalization, we refer the reader to [FM2] for details.

The remainder of this subsection will consist of a sketch of the proof of Theorem
5.1. The intention is essentially to provide a reader’s guide to the three papers
[FM1; FM2; FM3]. Throughout the remainder of this subsection, to simplify
notation, we will discuss only the case of affine I" actions on H/A with A a
cocompact lattice. The proof for connected groups and quasiaffine action on
X = H/AxM is similar. To further simplify the discussion, we assume that p’
is a C*® perturbation of p.
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Step 1: An invariant “central” foliation for the perturbed action and leaf
conjugacy. To begin the discussion and the proof, we need some knowledge of
the structure of the affine actions considered. By [FM1, Theorem 6.4], there is
a finite index subgroup I’ < I" such that the action of I"" on H/ A is given by a
homomorphism o : I''— Aut(H)x H. We simplify the discussion by assuming
I' = I'’ throughout. Using Margulis superrigidity theorems, which are also
used in the proof of [FM1, Theorem 6.4], it is relatively easy to understand
the maximal central foliation § for p: there is a subgroup Z < H whose orbit
foliation is exactly the central foliation. For example, if G < H acts on H/A
by left translations and p is restriction of that action to I', then Z = Zg(G).
For details on what Z is more generally, see [FM1].

Given a perturbation p’ of p, we begin by finding a o’ invariant foliation §’
and a leaf conjugacy ¢ from (H/ A, p,§) to (H/ A, p',§’). To do this, we apply
a result concerning local rigidity of cocycles over actions of higher rank groups
and lattices to the Margulis—Qian cocycle defined by the perturbation. As the
statements of the local rigidity results for cocycles are somewhat technical, we
refer the reader to [FM1, Theorems 1.1 and 5.1]. Those Theorems are proven in
Section 5 of that paper using results in Section 4 concerning orbits in represen-
tation varieties as well as the cocycle superrigidity theorems. The construction
of the leaf conjugacy is completed in [FM3, Section 2.2] using [FM1, Theorem
1.8]. We remark that we actually construct ¢~ ! rather than ¢. The paper [FM1]
also contains a proof of superrigidity for cocycles that results in many technical
improvements to that result.

Step 2: Smoothness of the central foliation, reduction to a foliated pertur-
bation. The next step in the proof is to show that §’ is a foliation by smooth
leaves. In fact, it is only possible to show at this point that it is a foliation by C k
leaves for some k depending on p and p’ and particularly on the C! size of the
perturbation. This is done using the work of Hirsch, Pugh and Shub described
in subsection 3.2. If the central foliation for p is the central foliation for p(y)
for some single element y in I”, this amounts to showing that the foliation §’
constructed in step one is the same foliation as the central foliation for p’(y)
constructed in the proof of Theorem 3.3. To prove this, one needs to analyze
the proof of Theorem 3.3. More generally, we show, in [FM3, Section 3.2] that
there is a finite collection of elements yq, ...,y in I' such that each leaf of
the foliation § is a transverse intersection of central leaves of p(y1), ..., (V).
One then needs to combine an analysis of the proof of Theorem 3.3 with some
arguments concerning persistence of transversality under certain kinds of per-
turbations. This argument is carried out in [FM3, Section 3.3].

Once we know that § is C, it is easy to see that the leaf conjugacy ¢ is C*
and CK small along leaves of § though all derivatives are only continuous in the
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transverse direction. Conjugating the action p’ by ¢, we obtain a new action p”
on H/A which preserves §. This action is only continuous, but it is C° close
to p and C k and C* close to p along leaves of §. In [FM2; FM3] we refer to
perturbations of this type as foliated perturbations.

Step 3: Conjugacy along the central foliation. The next step is to apply a
foliated generalization of Theorem 5.2 to the actions p and p”. The exact result
we apply is [FM2, Theorem 2.11] which produces a semiconjugacy y between
p and p’. This result is somewhat involved to state and the regularity of ¥ is
hard to describe. The map ¢ is C k=1-e along the leaves of § at almost all points
in H/ A, for ¢ depending on the size of the perturbation, but only transversely
measurable. In addition, the map i satisfies a certain Sobolev estimate, that
implies that it is C k=1=¢ gmall in a small ball in $ at most points, and that the
Ck=1=¢ porm is only large on very small sets. Rather than try to make this
precise here, we include a sketch of the proof of Theorem 5.2. Before doing so
we remark that the map ¢ = ¢o/ is a semiconjugacy from between the I” action
p and the I" action p’. The last step in the argument is to improve the regularity
of ¢ which we will discuss following the sketch of the proof of Theorem 5.2
We recall two definitions and another theorem from [FM2].

DEFINITION 5.3. Let >0 and Z and Y be metric spaces. Thenamap #: Z—Y
is an e-almost isometry if

(I—e)dz(x, y)=dy (h(x), h(y)=(1 +¢&)dz(x, y)
for all x, yeZ.

The reader should note that an e-almost isometry is a bilipschitz map. We prefer
this notation and vocabulary since it emphasizes the relationship to isometries.

DEFINITION 5.4. Given a group I acting on a metric space X, a compact
subset S of I" and a point xeX. The number sup; g d(x, k-x) is called the
S-displacement of x and is denoted disp g (x).

THEOREM 5.5. Let I' be a locally compact, o-compact group with property
(T) and S a compact generating set. There exist positive constants € and D,
depending only on I' and S, such that for any continuous action of I' on a
Hilbert space # where S acts by e-almost isometries there is a fixed point x;
furthermore for any y in X, the distance from y to the fixed set is not more than

D dispg(p).

We now sketch the proof of Theorem 5.2 for Theorem 5.5. Given a compact
Riemannian manifold X, there is a canonical construction of a Sobolev inner
product on C k (X)) such that the Sobolev inner product is invariant under isome-
tries of the Riemannian metric, see [FM2, Section 4]. We call the completion
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of Ck(X) with respect to the metric induced by the Sobolev structure L¥k(X).
Given an isometric I" action p on a manifold M there may be no nonconstant
I" invariant functions in L2 (X). However, if we pass to the diagonal I” action
on X x X, then any function of the distance to the diagonal is I" invariant and,
if C*,isin L2* (X xX).

We choose a smooth function f* of the distance to the diagonal in X xX
which has a unique global minimum at x on {x}xX for each x, and such that
any function C? close to f also has a unique minimum on each {x}x.X. This
is guaranteed by a condition on the Hessian and the function is obtained from
d(x, y)? by renormalizing and smoothing the function away from the diagonal.
This implies f is invariant under the diagonal I" action defined by p. Let p’ be
another action C¥ close to p. We define a I action on X xX by acting on the
first factor by p and on the second factor by p’. For the resulting action p’ of
I' on Lk (X xX) and every y €S, we show that 5 (k) is an e-almost isometry
and that the S-displacement of f is a small number §, where both ¢ and § can be
made arbitrarily small by choosing p’ close enough to p. Theorem 5.5 produces
a ¢/ invariant function f” close to / in the L2* topology. Then f” is Ck—dim(X)
close to f by the Sobolev embedding theorems and if k — dim(X)>2, then f
has a unique minimum on each fiber {x}x X which is close to (x, x). We verify
that the set of minima is a CK=4mX)=1 gubmanifold and, in fact, the graph of
a conjugacy between the I" actions on X defined by p and p’.

Note that this argument yields worse regularity than we discussed in the foli-
ated context or than is stated in Theorem 5.2. There are considerable difficulties
involved in achieving lower loss of regularity or in producing a C°° conjugacy
and we do not dwell on these here, but refer the reader to [FM2] and also to
some discussion in the next step.

Step 4: Regularity of the conjugacy. We improve the regularity of ¢ in three
stages. First we show it is a homeomorphism in [FM3, Section 5.2]. The key to
this argument is proving that there is a finite collection y1, ..., yx of elements
of I' such that ¢ takes stable foliations for p(y;) to stable foliations for p’(y;).
If ¢ were continuous, this is both easy and classical. In our context, we require
a density point argument to prove this, which is given in [FM3, Section 5.1].
Once we have that stable foliations go to stable foliations, we use this to show
that ¢ is actually uniformly continuous along central foliations and then patch
together continuity along various foliations. (In [FM3, Section 5.3], we show
how to remove the assumption, made above, that the I" action lifts from H/A
to H. This cannot be done until we have produced a continuous conjugacy.)
The next stage is to show that ¢ is a finite regularity diffeomorphism. To show
this, we show that ¢ is smooth (with estimates) along certain foliations which
span the tangent space. This step is essentially an implementation of the method
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of Katok and Spatzier described in subsection 4.1. A few technical difficulties
occur as we need to keep careful track of estimates in the method for use at later
steps and because we need to identify ergodic components of the measure for
certain elements in the unperturbed action. After applying the Katok—Spatzier
method, we have that ¢ is smooth along many contracting directions and smooth
along the central foliation, and then use a fairly standard argument involving
elliptic operators to show that it is actually smooth, and even C k" small, for
k'=k—1—¢e— %dim(H ). It would be interesting to see if one could lose less
regularity at this step, for example by a method like Journé’s. A key difficulty
in adapting the method of [Jn] is that we only have a Sobolev estimate along
central leaves and not a uniform one.

The last stage of the argument is to show that ¢ is smooth. There are two
parts to this argument. The first is to show that if p and p’ are C k close, we can
actually show that ¢ is C ! for some />k. The main difficulty here is obtaining
better regularity in the foliated version of Theorem 5.2. This requires the use of
estimates on convexity of derivatives and estimates on compositions of diffeo-
morphisms, as well as an iterative method of constructing the semiconjugacy
Y, for this we refer the reader to [FM2, Sections 6 and 7.3]. Once we know
we can produce a conjugacy of greater regularity, we can then approximate ¢
in the C! topology by a C° map and smoothly conjugate p’ to a very small
c! perturbation of p. The point is to iterate this procedure while obtaining
estimates on the size of the conjugacy produced at each step. We then show that
the iteration converges to produce a smooth conjugacy. We give here a general
theorem whose proof follows from arguments in [FM2; FM3].

It is convenient to fix right invariant metrics d; on the connected compo-
nents of Diffl(X ) with the additional property that if ¢ is in the connected
component of Diff*(X), then d;(¢,1d)<d;+(p,1d). To fix d;, it suffices to
define inner products { , ); on Vect! (X) which satisfy (V, V);<(V, V) +1 for
Ve Vect®(X). As remarked in [FM2, Section 6], after fixing a Riemannian
metric g on X, it is straightforward to introduce such metrics using the methods
of [FM2, Section 4].

DEFINITION 5.6. Let I be a group, M a compact manifold and assume p :
I"— Diff®(M). We say p is strongly C*:17 [ocally rigid if for every & > 0 there
exists § > 0 such that if p’ is an action of I" on M with di (0’ (g)p(g)~',1d) < §
for all ge K then there exists a c! conjugacy ¢ between p and p’ such that
di_n(p,1d) < &.

We are mainly interested in the case where / > k.

THEOREM 5.7. Let I' be a group, M a compact manifold and assume p :
I'— Diff® (M). Assume that there are constants n > 0 and ko>0 and that for
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every k > kg there exists an | > k such that p is strongly C**''" locally rigid.
Then p is C* locally rigid.

The proof of Theorem 5.7 follows [FM3, Corollary 7.2], though the result is not
stated in this generality there.

5.2. KAM, implicit function theorems: work of Damjanovich—Katok and
the author. In this subsection, we discuss some new results that use more
geometric/analytic methods to approach questions of local rigidity. These meth-
ods are entirely independent of methods using hyperbolic dynamics and appear
likely to be robustly applicable.

We begin with a theorem of Katok and Damjanovich concerning abelian
groups of toral automorphisms. Here we consider actions 7 : 7" — Diff>° (T™)
where 7 (Z") lies in GL(m, Z) acting on T™ by linear automorphisms or more
generally where 7(Z") acts affinely on T™. An affine factor =’ of m is an-
other affine action 7’ : Z"—T' and there is an affine map ¢ : T"—T! such that
¢pom(v) = 7’ (v)og for every veZ"™. We say a factor 7’ has rank one if 7’ (Z™)
has a finite index cyclic subgroup.

THEOREM 5.8. Let w : 7"— Aff(T™) have no rank one factors. Then m is
locally rigid.

This theorem is proven by a KAM method. One should note that all the theorems
on actions of abelian groups by toral automorphisms stated in subsection 4.1 are
special cases of this theorem. (This is not quite literally true. Those theorems
apply to perturbations that are only C'! close, while the result currently under
discussion only applies to actions that are close to very high order.) It is also
worthwhile to note that Theorem 5.8 can be proven using no techniques of hy-
perbolic dynamics.

We now briefly describe the KAM method. Let I" be a finitely generated
group and 7 : I'—Diff** (M) a homomorphism. To apply a KAM-type argu-
ment, define L : Diff> (M )¥ x Diff> (M )— Diff> (M )* by taking

L(@1,- ¢k, /) = (wy)ofoprof T ... w(yi)o foprof ™))

where 7 : I'— Diff°® (M) is a homomorphism. If 7’ is another I" action on M
then L(7'(y1),.... 7" (yx), f) = (14, ...,Id) implies f is a conjugacy between
 and 7/, so the problem of finding a conjugacy is the same as finding a dif-
feomorphism f which solves L(z'(y1),...,7'(yx), f) = (Id,...,1d) subject
to the constraint that 7" is a I" action.

The KA M method proceeds by taking the derivative DL of L at (, f) and
solving the resulting linear equation instead subject to a linear constraint that is
the derivative of the condition that 7z’ is a I' action. This produces an “approxi-
mate solution” to the nonlinear problem and one proceeds by an iteration. If the
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original perturbation is of size ¢ then the perturbation obtained after one step in
the iteration is of size €2 at least to whatever order one can control the size of the
solution of DL. This allows one to show that the iteration converges even under
conditions where there is some dramatic “loss of regularity”, i.e. when solutions
of DL are only small to much lower order than the initial data. A standard
technique used to combat this loss of regularity is to alter the equation given by
DL by inserting smoothing operators. That one can solve the linearized equation
modified by smoothing operators in place of the original linearized equation and
still expect to prove convergence of the iterative procedure depends heavily on
the quadratic convergence just described. The main difficulty in applying this
outline is obtaining so-called tame estimates on inverses of linearized operators.
For a definition of a tame estimate, see following Theorem 5.12.

The KAM method is often presented as a method for proving hard implicit
function theorems. The paradigmatic theorem of this kind is due to Hamilton
[Hal; Ha2], and is used by the author in the proof of the following theorem.
For a brief discussion of the relation between this work and that of Katok and
Damjanovich, see the end of this subsection.

THEOREM 5.9. Let I' be a finitely presented group, (M, g) a compact Rie-
mannian manifold and 7 : I’ — Isom(M, g)C Diff*® (M) a homomorphism. If
HY(T, Vect®(M)) = 0 and H?>(I", Vect™ (M) is Hausdorff in the tame topol-
0gy, the homomorphism 7 is locally rigid as a homomorphism into Diff* (M).

I believe the condition on H?(I", Vect™ (M )) should hold automatically under
the other hypotheses of the theorem. If this is true, then one has a new proof of
Theorem 5.2 using a result in [LZ]. There are some other infinitesimal rigidity
results that would then yield more novel applications. For example:

THEOREM 5.10. Let I' be an irreducible lattice in a semisimple Lie group G
with real rank at least two. Then for any Riemannian isometric action of I" on
a compact manifold H'(I", Vect® (M)) = 0.

Theorem 5.10 naturally applies in greater generality, in particular to irreducible
S-arithmetic lattices and to irreducible lattices in products of more general lo-
cally compact groups.

To give another result on infinitesimal rigidity, we require a definition. For
certain cocompact arithmetic lattices I" in a simple group G, the arithmetic
structure of I" comes from a realization of I" as the integer points in G X K where
K is a compact Lie group. In this case it always true that the projection to G is a
lattice and the projection to K is dense. We say a I" action is arithmetic isometric
if it is defined by projecting I" to K, letting K act by C*° diffeomorphisms on
a compact manifold M and restricting the K action to 1.
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THEOREM 5.11. For certain congruence lattices I' < SU(1, n), any arithmetic
isometric action of I' has H'(I", Vect™®(M)) = 0.

For a description of which lattices this applies to, we refer the reader to [F2].
The theorem depends on deep results of Clozel [CI].
Theorem 5.9 actually follows from the following, more general result.

THEOREM 5.12. Let I be a finitely presented group, M a compact manifold,
and 7 : I'— Diff® (M) a homomorphism. If H'(I", Vect® (M) = 0 and the
sequence

d d
CO(I, Vect™® (M) —= C (I, Vect® (M )) —= C2(I", Vect™® (M))

admits a tame splitting then the homomorphism w is locally rigid. le. m is
locally rigid provided there exist tame linear maps

Vi CH(I, Vect™ (M ))—CO (I, Vect™® (M)

and
Vy i C3(I, Vect™ (M ))—C ' (I, Vect™® (M))
such that dyoVy + Vaod, is the identity on C1(I", Vect® (M)).

Here C(I", Vect®) is the group of i-cochains with values in Vect® (M) and
d; are the standard coboundary maps where we have identified the cohomology
of I with the cohomology of a K(I', 1) space with one vertex, one edge for
each generator in our presentation of I" and one 2 cell for each relator in our
presentation of I'. A map L is called tame if there is an estimate of the type
| Lv||x =Ck||v||x+» for a fixed choice of r. Here the ||-||; can be taken to be the
C! norm on cochains with values in Vect® (M). This notion clearly formalizes
the notion of being able to solve an equation with some loss of regularity.

The proof of Theorem 5.12 proceeds by reducing the question to Hamilton’s
implicit function theorem for short exact sequences and is similar in outline to
Weil’s proof of Theorem 3.2.

Fix a finitely presented group I" and a presentation of I". This is a finite col-
lection S of generators y1, ..., y¢ and finite collection R of relators wq, ..., w,
where each wj; is a finite word in the y; and their inverses. More formally, we
can view each w; as a word in an alphabet on k letters. Let 7 : I — Diff> (M)
be a homomorphism, which we can identify with a point in Diff*® (M )k by
taking the images of the generators. We have a complex:

Diffo (M) —= Diff* (M )k —Z~ Dift> (M)" (5-1)

Where P is defined by taking ¥ to (Y (y)¥ ', ..., ¥7(y)¥ 1) and Q is
defined by viewing each w; as a word in k letters and taking (¥, ..., Y%) to
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(w1 (Y1, ¥y, wr (Y1, ..., ¥g)). To this point this is simply Weil’s proof
where Diff>° (M) is replacing a finite dimensional Lie group H. Letting Id be
the identity map on M, it follows that P(Id) = = and Q(xw) = (Id,...,1d).
Also note that Q7 !(Idyy, ..., Idps) is exactly the space of I' actions. Note
that P and Q are Diff> (M) equivariant where Diff°® (M) acts on itself by left
translations and on Diff® (M )* and Diff>(M)” by conjugation. Combining
this equivariance with Hamilton’s implicit function theorem, I show that local
rigidity is equivalent to producing a tame splitting of the sequence

DO,
Veet® (M) 224 Veeroo (M )k 2E5 Vet (M)’ (5-2)

To complete the proof of Theorem 5.12 requires that one compute D Py and
DQ in order to relate the sequence in equation (5-2) to the cohomology se-
quence in Theorem 5.12.

We remark here that the information needed to split the sequence in Theorem
5.12 is quite similar to the information one would need to apply a KAM method.
This is not particularly surprising as Hamilton’s implicit function theorem is a
formalization of the KAM method. In particular, to prove Theorem 5.8, one can
apply Theorem 5.12 using estimates and constructions from [DK2, Section 3]
to produce the required tame splitting. This avoids the use of the explicit KAM
argument in [DK?2, Section 4].

Finally, we remark that there is a theorem of Fleming that is an analogue of
Theorems 5.9 and 5.12 in the setting of finite, or finite Sobolev, regularity [FI].
This is proven using an infinite dimensional variant of Stowe’s fixed point theo-
rems, though it has recently been reproven by An and Neeb using a new implicit
function theorem [AN]. With either proof, this result also has a similar condition
on second cohomology. We remark here that due to the nature of the respective
topologies on spaces of vector fields, the condition on second cohomology in
the work of Fleming or An—Neeb is considerably stronger than what is needed
in Theorems 5.9 and 5.12. As an illustration, no version of Theorem 5.8 can be
proven using these results. This is because a cohomological equation can have
solutions with tame estimates, i.e. with some loss of regularity, without having
solutions with an estimate at any fixed regularity.

5.3. Further results. In this subsection, we describe a few more recent de-
velopments related to the results discussed so far. These results are either very
recent or somewhat removed from the main stream of research.

The first result we discuss concerns actions of lattices in Sp(1, n) or F4_20
and is due to T. J. Hitchman. We state here only a special case of his results. For
this result, we assume that I is an arithmetic subgroup of Sp(1,n) or F4_20 in
the standard Q structures on those groups. This means that I” is a finite index
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subgroup of the integer points in the standard matrix representation of these
groups. This means that in the defining representation of Sp(1,n) or F4_20 on
R™ the action of I" preserves the integer lattice Z™ and therefore defines an
action p of I" on T™,

THEOREM 5.13. The action p defined in the last paragraph is deformation
rigid.

The proof proceeds in two steps. Building a path of C° conjugacies follows
more or less as in [H1], see subsection 4.1 above. The main novelty in [Hi] is
the proof that these conjugacies are in fact smooth. Theorem 5.13 is a special
case of the results obtained in [Hi].

Another recent development should lead to a common generalization of The-
orems 5.8 and 4.7. For example, one can consider actions of an abelian subgroup
R of the full diagonal group R*~! in SL(n,R) on SL(n,R)/A where A is a
cocompact lattice. In this context, Damjanovich and Katok are developing a
more geometric approach in contrast to the analytic method of [DK1; DK2]. In
[DK3], under a natural nondegeneracy condition on the subgroup RF < Rr1,
the authors prove the cocycle rigidity result required to generalize Theorem 4.7
to the natural result for the R¥ action. Here there are “additional trivial pertur-
bations™ of the action arising from Hom(R¥, R"~1). A rigidity theorem in this
context is work in progress, see [DK3] for some discussion.

To close this section, we mention two other recent works. The first is a paper
by Burslem and Wilkinson which investigates local and global rigidity questions
for actions of certain solvable groups on the circle. Particularly striking is their
construction of group actions which admit C” perturbations but no C”+1 pertur-
bations for every integer . The second is a paper by M. Einsiedler and T. Fisher
in which the method of proof of Theorem 4.6 is extended to affine actions of 74
where the matrices generating the group action have nontrivial Jordan blocks.
For perturbations of the group action which are close to very high order, this
result follows from Theorem 5.8, but in [EF] the result only requires that the
perturbation be C! close to the original action.

6. Directions for future research and conjectures

In this section, I mention a few conjectures and point a few directions for
future research. These are particularly informed by my taste.

6.1. Actions of groups with property (7). Lattices in SP(1,n) and F, °
share many of the rigidity properties of higher rank lattices. In light of Theorems
5.1, 5.2 and 5.13, it seems natural to conjecture:
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CONJECTURE 6.1. Let G be a semisimple Lie group with no compact factors
and no simple factors isomorphic to SO(1,n) or SU(1,n), and let I' < G be
a lattice. Then any volume preserving generalized quasiaffine action of G or I’
on a compact manifold is locally rigid.

Note that for G with no rank one factors and quasiaffine actions, this is just
Theorem 5.1. To apply the methods of [FM1; FM2; FM3] in the setting of
Conjecture 6.1 there are essentially three difficulties:

(1) If the action is generalized quasiaffine and not quasiaffine, then one cannot
use the construction of the Margulis—Qian cocycle described above. This is
easiest to see for a generalized affine action p on some K\ H/A. The action
p lifts to H/ A, but a perturbation p’ need not. If K is finite, this difficulty can
be overcome by passing to a subgroup of finite index I’ < I and arguments
in [FM3] can be used prove rigidity of I" from rigidity of I'". If K is compact
and connected, this is a genuine and surprisingly intractable difficulty.

(2) Proving a version of Zimmer’s cocycle superrigidity for groups as in the
assumptions of the conjecture. Partial results in this direction were obtained
by Corlette—Zimmer and Korevaar—Schoen, but their results all require hy-
potheses that are obviously restrictive or simply difficult to verify. Very re-
cently, the author and Hitchman have proven a complete version of cocycle
superrigidity, at least for so-called L2-cocycles. In light of our work, this
difficulty is already overcome.

(3) Replace the method of Katok—Spatzier in the proof that the conjugacy is
actually smooth. The proof of Theorem 5.13 gives some progress in this di-
rection, but there are significant technical difficulties to overcome in applying
Hitchman’s methods at this level of generality. There is some progress on this
question by Gorodnik, Hitchman and Spatzier.

The author and Hitchman have another approach to Conjecture 6.1 based on
Theorem 5.12, some estimates proven in [FH1], and using heat flow and those
estimates to produce a tame splitting of the short exact sequence in Theorem
5.12. It is not yet clear how generally applicable this method will be.

The following question is also interesting in this context:

QUESTION 6.2. Let G and I' be as in Conjecture 6.1. Let p be a non-volume-
preserving affine action of I' on a compact manifold M. When is p locally
rigid?

By the work of Stuck discussed at the end of Section 4.2, it is clear that local
rigidity will not hold in full generality here. In particular for the product of the
action of I" on the boundary G/ P with the trivial action of I" on any manifold,
there is already strong evidence against local rigidity. We give two particularly
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interesting special cases where we expect local rigidity to occur. The first is to
take a lattice I" in SP(1,n) and ask if the I" action on the boundary SP(1,n)/ P
is locally rigid. This is analogous to Theorems 4.16 and 4.18. Another direction
worth pursuing is to see if the action of say SI(n, Z) on RP"* is locally rigid
for n>3 and any £>0. For cocompact lattices instead of SL(n,Z) and k =
—1 it is Theorem 4.16. One can ask a wide variety of similar questions for
both compact and noncocompact lattices acting on homogeneous spaces that are
“larger than” any natural boundary for the group as long as one avoids settings
in which Stuck’s examples can occur. We remark that in some instances, partial
results for analytic perturbations can be obtained by Zeghib’s method [Zg].

We remark here that the action of SL(n,Z) on T" is not locally rigid in
Homeo(T”) by a construction of Weinberger. It would be interesting to under-
stand local rigidity in low regularity for other actions.

6.2. Actions of irreducible lattices in products. In this subsection, we for-
mulate a general conjecture concerning local rigidity of actions of irreducible
lattices in products. We begin by making a few remarks on other rigidity prop-
erties of irreducible lattices and by describing a few examples where rigidity
might hold, as well as some examples where it does not.

Rigidity properties of irreducible lattices have traditionally been studied to-
gether with rigidity of lattices in simple groups, and irreducible lattices enjoy
many of the same rigidity properties. We list a few here to motivate our con-
jectures on rigidity of actions of these lattices. The properties we list also rule
out certain trivial constructions of perturbations and deformations of actions. In
the following, I" is an irreducible lattice in G = (]—[ﬁ‘:1 G;)/Z where each G;
is a noncompact semisimple Lie group and Z is a subgroup of the center of
]_[f‘:1 G;. Many of these results hold more generally, see below.

Properties of irreducible lattices:

(1) There are no nontrivial homomorphisms I'—Z (and therefore no nontrivial
homomorphisms to any abelian or nonabelian free group).

(2) All linear representations of I" are classified. In particular, given any repre-
sentation p of I" into GL(V'), where V is a finite dimensional vector space,
then H'(I'", V) = 0.

(3) All normal subgroups of I" are either finite or finite index.

The first property, for I" cocompact, was originally proven by Bernstein and
Kazhdan [BK]. Some special cases of this result were proven earlier by Mat-
sushima and Shimura [MS]. All other properties are originally due to Margulis,
see [Ma4] and historical references there. The original proofs all go through
with only minor adaptations if some of the G; are replaced with the k-points of
a k-algebraic group over some other local field k. These properties have been
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shown to hold for appropriate classes of lattices in even more general products of
locally compact groups by Bader, Monod and Shalom, [Sm; Md1; Md2; BSh].
Example 1: Let I' = SL(2,Z[+/2]). We embed I' in SL(2, R)xSL(2,R) by
taking y to (y, o (y)) where o is the Galois automorphism of Q(+/2) taking /2
to —+/2. This embedding defines an action of I" on T* where T* = R*/Z* where
we identity Z* with the image in R* of Z[+/2]? via the embedding v— (v, o (v)).
We first note that the list of properties given above imply one can prove defor-
mation rigidity of this action using Hurder’s argument from [H1] to produce a
continuous conjugacy and using the method of Katok—Spatzier [KS1; KS2] to
show that the conjugacy is smooth. Anatole Katok has suggested one might be
able to show local rigidity of this action by using the methods in [KL1]. This
example is just the first in a large class of Anosov actions of irreducible lattices,
all of which should be locally rigid. We leave the general construction to the
interested reader.

Example 2: We take the action of I" = SL(2,Z[+/2] and let I" act on T° =
T*xT! by a diagonal action where the action on T# is as defined in Example
1 and the action on T! is trivial. Once again, this is merely the first example
of a large class of partially hyperbolic actions of irreducible lattices. In this
instance, the central foliation for the I" action consists of compact tori. For this
type of example, many of the argument of [NT1; NT2; T] carry over, but the
fact that I" does not have property (7") prevents one from using those outlines
to prove local rigidity. On the other hand, the methods of [NT1] can be adapted
to prove deformation rigidity again replacing their argument for smoothness of
the conjugacy by the Katok—Spatzier method. We remark that it is also possible
to give many examples of actions of irreducible lattices in products where the
central foliation is by dense leaves, and the methods of Nitica and Torok cannot
be applied. See discussion below for the obstructions to applying the methods
of [FM1; FM2; FM3].

Example 3: We now give an example of a family of actions which extend to an
action of G = G1xG,. Let H be a simple Lie group with G < H, for example,
H=SL#4,R)or H=Sp(4,R) and A < H a cocompact lattice. Then both G
and I" act by left translations on H/ A.

Example 4:We end with a family of examples for which there exists a large
family of deformations. Let I" be as above and let A < SL(2,R) = G be an
irreducible lattice. Then I" acts by left translations on M = SL(2,R)/A. Call
this action p. I do not currently know whether it is possible to deform this action,
but one can use this action to build actions with perturbations on a slightly larger
manifold. Let I" act trivially on any manifold N and take the diagonal action
pon MxN. Itis well-known that there exists a nontrivial homomorphism
0 : A—Z. There is also a standard construction of a cocycle o : G1xG{/A— A
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over the G action on G;/A. The cocycle is defined by taking a fundamental
domain X for A in Gy, identifying G{/A with X and letting a(g, x) be the
element of A such that gxa (g, x)~!, as an element of Gy, is in X . Taking any
vector field ¥V on N and let s be the Z action on N defined by having 1 act by
flowing to time ¢ along V. We then define a I" action on M xN by taking

pe(y)(m.n) = (p(y)m, se(o(a(g.m))(n)).

We leave it to the interested reader to show that the actions p, are not conjugate
to p for essentially any choice of V.

The key point in example 4, which is not present in the first three examples,
is that the action factors through a projection of I" into a simple factor of G.
Motivated by the examples so far, by the results in Theorem 5.10, and by analogy
with results on actions of higher rank abelian groups, we make the following
definition and conjecture:

DEFINITION 6.3. Let G = G x---xGy be a semisimple Lie group where all
the G; are noncompact. Let I < G be an irreducible lattice. Let p be an affine
action of I" on some H/A where H is a Lie group and A < H is a cocompact
lattice. Then we say p has rank one factors if there exists

(1) an action p of I" on a some space X which is a factor of p
(2) and a rank one factor G; of G

such that p is the restriction of a G; action. L.e. I" acts on X by projecting I"
to G; and restricting a G; action.

CONJECTURE 6.4. Let G, I', H, A and p be as in Definition 6.3. Then if p has
no rank one factors p is locally rigid.

REMARK. It is a consequence of Ratner’s measure rigidity theorem, see [R;
Sh; W2], that any rank one factor of an affine action for these groups is in fact
affine. This implies that any rank one factor is a left translation action on some
H’/A’. So a special case of the conjecture is that any affine I" action on a torus
or nilmanifold is locally rigid.

There is a variant of Conjecture 6.4 for G actions. We recall that a measure
preserving action of G = G x---xXG}, action is irreducible if each G; acts er-
godically. We extend this notion to nonergodic G actions by saying that the
action is weakly irreducible if every ergodic component of the volume measure
for the action of any G; is an ergodic component of the volume measure for the
action of G.

CONJECTURE 6.5. Let G, H, A be as in Definition 6.3 and let G < H, so that
we have a left translation action p of G on H/ A. Then if p is weakly irreducible,
p is locally rigid.
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The relation of the two conjectures follows from the following easy lemma.

LEMMA 6.6. Let G,I', H, A and p be as in Definition 6.3, then the I' ac-
tion on H/ A has no rank one factors if and only if the induced G action on
(GxH/A)/T is weakly irreducible.

To prove the lemma requires both some algebraic untangling of induced actions
and a use of Margulis’ superrigidity theorem to describe affine actions of G and
I'" along the lines of [FM1, Theorems 6.4 and 6.5]. We leave this as an exercise
for the interested reader. It is fairly easy to check the lemma for any particular
affine I action.

We end this subsection by pointing out the difficulty in approaching this con-
jecture by means of the methods of [FM1; FM2; FM3]. A central difficulty
is that the lattices in question do not have property (7°) and so the foliated
generalization of Theorem 5.2 does not apply. However, even in the case of
weakly hyperbolic actions, there are significant difficulties. To begin the ar-
gument, one would like to apply cocycle superrigidity to the Margulis—Qian
cocycle. To do this requires the existence of an invariant measure which is
usually established using property (7") by an argument of Seydoux [Sy]. In this
setting, where property (7') does not hold, one might try instead to use the work
of Nevo and Zimmer, [NZ1; NZ2; NZ3], but there are nontrivial difficulties
here as well. One cannot apply their theorems without first showing that the
perturbed action satisfies some irreducibility assumption. Even if one were to
obtain an invariant measure, the precise form of cocycle superrigidity required is
not known for products of rank one groups or their irreducible lattices. And the
strongest possible forms of cocycle superrigidity in this context again require a
kind of irreducibility of the perturbed action. So to proceed by this method one
would need to show that perturbations of the actions in Conjecture 6.4 and 6.5
still satisfied some irreducibility conditions. This seems quite difficult. It may
also be possible to approach these questions by using Theorem 5.12, but even
proving that the relevant cohomology groups vanish seems subtle.

6.3. Other questions and conjectures. We end this article by discussing some
other questions and conjectures.

In the context of Theorem 5.11 it is interesting to ask if isometric actions of
lattices in SU(1, n) are locally rigid. For some choices of lattice, the answer is
trivially no. Namely some cocompact lattices in SU(1, n) have homomorphisms
p to Z [Ka2; BW], and so have arithmetic actions with deformations provided
the centralizer Z of K in Diff>°(M) is nontrivial. Having centralizer allows
one to deform the action along the image of the homomorphism poo; : F—Z
where 0; : Z— Z is any one parameter family of homomorphisms. It seems
reasonable to conjecture:
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CONJECTURE 6.7. Let p be an arithmetic isometric action of a lattice in
SU(1,n). Then any sufficiently small perturbation of p is of the form described
in the previous paragraph.

This conjecture is in a certain sense an infinite dimensional analogue of work
of Goldman—Millson and Corlette [Col; GM]. Another conjecture concerning
complex hyperbolic lattices, for which work of Yue provides significant evi-
dence [Yu], is:

CONJECTURE 6.8. Is the action of any lattice in SU(1,n) on the boundary of
complex hyperbolic space locally rigid?

There are also many interesting questions concerning the failure of local rigidity
for lattices in SO(1, n). The only rigidity theorem we know of in this context is
Kanai’s, Theorem 4.17, and it would be interesting to extend Kanai’s theorem
to nonuniform lattices. In [F1; F3] various deformations of lattices in SO(1, n)
are constructing for affine and isometric actions. These constructions both adapt
the bending construction of Johnson and Millson, [JM]. It seems likely that
in some cases one should be able to prove results concerning the structure of
the representation space and, in particular, to show that it is “singular” in an
appropriate sense. See [F3] for more discussion.

Two other paradigmatic examples of large groups are the outer automorphism
group of the free group, Out(F,), and the mapping class group of a surface
S, MCG(S). These groups do not admit many natural actions on compact
manifolds, but there are some natural interesting actions quite analogous to those
we have already discussed. For M C G(S), the question we raise here is already
raised in [La]. The actions we consider are “nonlinear” analogues of the standard
actions of SL(n,Z) on T" and SP(2n,Z) on T?". The spaces acted upon are
moduli spaces of representations of either the free group or the fundamental
group of a surface S, where the representations take values in compact groups.
More precisely, we have an action of Out(F}) on Hom(F},, K)/K and an action
of MCG(S) on Hom(x(S), K)/ K where K is a compact group. It is natural to
ask whether these actions are locally rigid, though the meaning of the question is
somewhat obscured by the fact that the representation varieties are not smooth.
For K = S, one obtains actions on manifolds, and in fact tori, and one might
begin by considering that case.

We end with a question motivated by the recent work of Damjanovic and
Katok. We only give a special case here. Let G be a real split, simple Lie group
of real rank at least two. Let I" < GxG be an irreducible lattice. Let K < G be
a maximal compact subgroup and view K as a subgroup of GxG by viewing it
as a subgroup of the second factor. The quotient K\ (G xG)/I" has a natural G
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action on the left on the first factor. We can restrict this action to the action of
a maximal split torus 4 in G. Note that A4 is isomorphic to R for some d>2.

QUESTION 6.9. Is the action of R? described in the paragraph above locally
rigid?
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RESUME. Dans cette note on démontre un théoréme de convergence pour les
fonctions sous-additives invariantes définies sur les parties finies d’un groupe
dénombrable moyennable. Ce théoreme peut étre déduit d’un résultat général
di a D. S. Ornstein et B. Weiss. La démonstration que I’on présente ici suit
une preuve esquissée par M. Gromov.

1. Introduction

Soit G un groupe dénombrable. On note % (G) I’ensemble des parties de G.

DEFINITION 1.1. On dit que G est moyennable s’il existe une fonction
nw:P(G)—10,1]

vérifiant les conditions suivantes :

(i) nw(G) =1,

(i) (A U B) = u(A) + pn(B) quelles que soient A, B € P(G) telles que
ANB =g,

(iii) p(gA) = u(A) quels que soient g € G et A € P(G).

Mathematics Subject Classification: 43A07, 20F65, 20F19, 28C10.

Mots clés: Groupe moyennable, fonction sous-additive, lemme d’Ornstein—Weiss, entropie, dimension topo-
logique moyenne.
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Notons #(G) I’ensemble des parties finies non vides de G. D’aprés un théoréme
de Fglner [Fgl], le groupe G est moyennable si et seulement si il existe une suite
(F)ien d’éléments de #(G) telle que
i 1&FD) A Fil
im ——————
i—00 | Fi|
ot A A B= (AU B)\ (4N B) désigne la différence symétrique entre les
ensembles A et B, et |A]| est le cardinal de 4. Une telle suite est appelée une

suite de Fplner de G. Voici quelques résultats concernant la classe des groupes
moyennables (voir par exemple [Gre]) :

=0 quel que soit g € G,

(i) tout sous-groupe d’un groupe moyennable est moyennable ;
(i1) tout quotient d’un groupe moyennable est moyennable ;

(iii) toute extension d’un groupe moyennable par un groupe moyennable est
moyennable ;

(iv) si G = J;en Gi avec Gy C G C ... une suite croissante de sous-groupes
moyennables de G, alors G est moyennable ;

(v) les groupes finis et Z sont moyennables.

Le but de cette note est de démontrer le théoréme suivant :

THEOREME 1.1 (ORNSTEIN-WEISS). Soit G un groupe dénombrable moyen-
nable et h : #(G) — R une fonction vérifiant les propriétés suivantes :

(a) h est sous-additive, c’est-a-dire
h(AU B) < h(A) + h(B) quelles que soient A, B € F(G) ;
(b) h est invariante a droite, ¢’est-a-dire
h(Ag) = h(A) quels que soient g € G et A € F(G).
Alors il existe un réel . = A(G, h) > 0 tel que
Lim PG _

i—oo |Fj

pour toute suite de Fplner (F;)ien de G.

Une démonstration de ce résultat (énoncé avec des hypothéeses plus fortes sur la
fonction /) a partir d’un théoréme dii a Ornstein et Weiss sur les quasi-pavages
[OrW, Section 1.2, Th. 6] se trouve dans [LiW, Th. 6.1]. Dans [Gro, Section
1.3], Gromov esquisse une preuve directe du théoréeme 1.1 en laissant au lecteur
la vérification de certains passages. Il utilise des notions introduites par Ornstein
et Weiss dans [OrW]. La démonstration qui est présentée ici suit 1’approche de
Gromov.
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Le théoreme 1.1 est a la base de la construction d’invariants d’actions de
groupes moyennables comme 1’entropie métrique, I’entropie topologique et la
dimension topologique moyenne (voir [Gro], [LiW], [OrW], [CoK]). On trouve
dans [Mou] un théoréme de convergence de ce type pour des fonctions in-
variantes vérifiant une condition plus forte que la sous-additivité. Le résultat
énoncé dans [Mou] est suffisant pour définir 1’entropie métrique d’actions de
groupes moyennables.

Plan de Particle. Dans la section 2, on introduit la notion de K-fronti¢re qui
permet de donner une autre caractérisation des suites de Fglner. La section 3 est
consacrée a la démonstration d’un lemme de remplissage (lemme 3.5), résultat
qui est a la base de la démonstration du théoreme 1.1. Grice a ce lemme, on
construit dans la section 4 un procédé de recouvrement partiel des parties finies
D C G. Les propriétés de ce recouvrement permettent d’obtenir une bonne
majoration du rapport #(D)/|D]|.

Remerciement. Je tiens a remercier Michel Coornaert qui m’a encouragé a
écrire cet article.

2. Moyennabilité relative

On définit dans cette section les notions de K-intérieur, K-extérieur et K-
frontiere d’une partie d’un groupe (voir [OrW]).

Soient K et A des parties d’'un groupe G. On appelle K-intérieur (resp.
K-extérieur) de A la partie de G notée Intg (A) (resp. Extg (A)) formée des
éléments g € G tels que Kg soit contenu dans A (resp. dans G \ 4). On définit
la K-frontiere de A par :

dk (4) = G\ (Intg (A) UExtg (4)).

La K-frontiecre de A est donc I’ensemble des éléments g € G tels que Kg
rencontre a la fois 4 et G \ A. La proposition suivante est une conséquence
immédiate de la définition de la K-frontiere :

PROPOSITION 2.1. Soient K, A, B des parties d’un groupe G et g € G. Alors
ona

(i) g (A) =0k (G\ 4);

(ii) 0x (AU B) C dg(A)Udg(B);

(iii) dg(A\ B) CIg(A)Udg(B);

(iv) dg(A) C g (A)si KC K' CG;

(V) dgg(4) =g 1ok (4);

(vi) dg(Ag) = 0k (A)g. O
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Soient K et A des parties finies d’un groupe G'. Alors dg (A) est finie. Supposons
A # . On appelle constante de moyennabilité relative de A par rapport a K
le rationnel « (A4, K) défini par :

g (A4
a(A,K):| k (4)]
| 4]
Remarquons que les égalités (v) et (vi) de la proposition 2.1 impliquent
a(A, Kg) =a(Ag, K) = a(A, K) quel que soit g € G. 2-1)

LEMME 2.2. Soient K et A des parties d’un groupe G. Supposons K = K= et
1g € K. Alors on a les inclusions suivantes :

(1) (kA) A A C g (A) quel que soitk € K ;

(ii) dg(A) C K((KA) A A).

DEMONSTRATION. Montrons I’inclusion (i). Soit g € (kA) A A avec k € K.
Alors soitk™!gec Aetge G\ A,soitgec Adetk 'ge G\ A. Ork™etlg
appartiennent & K. Dans les deux cas,onadonc KgNA # et KgN(G\A) #
. On en déduit g € 0g (A).

Montrons I’inclusion (ii). Soit g € dx(A4). Alorsona g € K~'4 = KA
et KgN(G\ A) # . Supposons tout d’abord g € A. Alors g € KA\ 4 =
(KA) A A C K((KA) A A) puisque 1g € K. Supposons maintenant g € A.
Comme KgN(G\ A) # 9, ilexiste k € Ktelque kge KA\ A= (KA) A A.
On en déduit g € K((KA) A A). O

PROPOSITION 2.3. Soit (Fj)ien une suite de parties finies non vides d’un groupe
dénombrable G. Les propriétés suivantes sont équivalentes :

(a) La suite (F;) est une suite de Fplner de G ;

(b) Pour toute partie finie K C G, on a

lim a(F;, K)=0.

1—>00
DEMONSTRATION. Montrons I’implication (a) = (b). Supposons que (F;) est
une suite de Fglner de G. Soit K une partie finie de G et définissons L C G par

L=KUK 'U{lg}.
Alors L est une partie finie de G contenant 1 et vérifiant L = L™ Soiti € N,
La proposition 2.1.(iv) et le lemme 2.2.(ii) impliquent
Ok (Fi) COL(Fi) C L((LFi) A F).

Puisque I’on a

(LF) A F | JWF) A F,
leL
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on en déduit

|K( l)| |Z|(1F1)AF1.

a(F;, K) =
' R | F|

leL

Comme (Fj) est une suite de Fglner de G, le membre de droite de la derniere
inégalité tend vers 0 lorsque i tend vers I’infini. On a donc lim; o0 @ (F;, K) =
0, ce qui démontre (b).

Montrons I’implication (b) = (a). Supposons que la suite (F;) vérifie la pro-
priété (b). Soient g € G et i € N. Posons K = {1, g, g~ '}. D’aprés le lemme
2.2.(),on a

(gFi) A F; C 0k (Fy).

I1 en résulte
((gFi) A Fi| _ [0k (F)| _

< a(Fi, K).
|Fi| |Fl| l
Comme lim;_, o @(F;, K) = 0, on en déduit
i [8FD) A Fil
im ————— =
i»oo | Fj
ce qui montre que (F;) est une suite de Fglner de G. OJ

3. Le lemme de remplissage

DEFINITION 3.1. Soient X un ensemble et € > 0. On dit qu’une famille (A4;);ey
de parties finies de X est e-disjointe s’il existe une famille (B;);cy de parties
disjointes de X telle que B; C A4; et

|Bi| = (1 —¢)|4;]
pour touti € I.

LEMME 3.1. Soient X un ensemble et (A1, Az, ..., Ay) une famille e-disjointe
de parties finies de X. Alors on a

(1—8) ) |4il =

i=1

n

| 4.

i=1

DEMONSTRATION. Comme la famille (41, 45, ..., A,) est e-disjointe, il existe
une famille (B, B, ..., By) de parties disjointes de X vérifiant B; C A; et
|Bi| = (1—¢€) |A;| pour tout 1 <i <n.On adonc

(I-o)) i< |1Bil=|{JB
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LEMME 3.2. Soient K une partie finie d’'un groupe G et 0 < ¢ < 1. Soit
(Ai)1<i<n une famille e-disjointe de parties finies non vides de G vérifiant
a(A;, K) < npourtout 1 <i <n. Alorsona
" n
. <
a(iL=J1 AZ,K) =1

DEMONSTRATION. D’apres la proposition 2.1.(ii), on a

n n

3[(( U A,‘) C U g (4)).

i=1 i=1

Il en résulte

e (4)

i=1

<Y 9k = 3 oA K)|Ai <0 3 144,

Comme la famille (A4;)1<j<p est e-disjointe, on a d’apres le lemme 3.1

n
U 4;

i=1

(1—e) > 4] <

i=1

On en déduit
n
,, o U 4
oz(UAi,K)= =< O
i=1 I—e
U 4
i=1
LEMME 3.3. Soient K, A et §2 des parties finies d’un groupe G telles que A # &
et A C §2. Supposons qu’il existe € > 0 tel que |§2 \ A| > €|$2|. Alors on a
a($2, K) + a(4, K)
. .

a(2\4,K) <
DEMONSTRATION. D’aprés la proposition 2.1.(iii), on a
I (£2\ A) Cox(£2)Udg (A).
Donc
19k (2\ A)] < 105 (2)] + |05 (A)] = (2, K)|2| + (A4, K)|Al.
Puisque |2\ A| > ¢|§2| > | A|, on en déduit
|0k ($2\ 4)| _ (2, K) +a(4, K)
LPAV I € '
LEMME 3.4. Soient A et B des parties finies d’un groupe G. On a

> " lAgn B| =|4]||B].
geG

a(2\4,K) =
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DEMONSTRATION. Pour £ C G, notons xg : G — {0, 1} la fonction caracté-
ristique de E£. On a

D1AgNBI=>" > xagna@) =Y > xa(g'g Hxa(g).
geG geG g’eG geG g’eG

En échangeant 1’ordre de sommation puis par un changement de variable, on
obtient

> l4gnBl= )" xp(g) D xalg's™") =|Bl|4l. O
geG g’eG geG

DEFINITION 3.2 ((¢,K)-REMPLISSAGE). Soient K et §2 des parties d’un groupe
G et ¢ > 0. Une partie R C G est appelée un (e, K)-remplissage de 2 si les
conditions suivantes sont vérifiées :

(Cl) RC Intg(82);

(C2) la famille (Kg)ger est e-disjointe.

Remarquons qu’un (g, K)-remplissage peut étre vide.

La démonstration du théoréeme 1.1 repose sur le lemme suivant :

LEMME 3.5 (LEMME DE REMPLISSAGE). Soient §2 et K des parties finies non

vides d’un groupe G. Soit 0 < ¢ < 1. Alors il existe une partie finie R C G
vérifiant les conditions suivantes :

(@) R estun (e, K)-remplissage de $2 ;
(b) ‘UgeR Kg‘ > e(1 —ag)|82]|, on g = (82, K) désigne la constante de
moyennabilité relative de §2 par rapport a K.
DEMONSTRATION. Puisque K # &, on peut supposer lg € K, quitte a rem-
placer K par Kko_1 ol kg € K et en remarquant que «($2, K) = a(£2, Kko_l)
d’apres les égalités (2—-1).
Comme lg € K, on aIntg (£2) C 2 et Extg (£2) C G\ £2. On en déduit
2\ 0k (£2) = Intg (£2) (3-1)
et donc

(I —a)|£2] = |2\ 0x (£2)| = | Intg (£2)]. (3-2)

Puisque Intg (£2) C 2, tout (&, K)-remplissage de §2 est contenu dans §2 et a
donc un cardinal majoré par |§2|. Choisissons R C G un (&, K)-remplissage de
§2 de cardinal maximal et posons 4 = | J,cg Kg. Dans la suite, nous allons
démontrer que |A| > e(1 —)|S$2], ce qui montrera (b). D’apres le lemme 3.4,
ona

> |KgnA|<|K||Al (3-3)
gEIntK(Q)
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Montrons que
e|K| < |KgnNA| quelquesoit g e Intg(£2). (34

Sige R,alorsona KgN A= Kg et 'inégalité (3—4) est trivialement vérifiée
puisque & < 1. Supposons maintenant que g € Intg (£2) \ R et que |Kg N 4| <
¢|K|. Mais alors

|Kg\ Al > (1—-¢)|Kgl.
ce qui implique que R U {g} est un (g, K)-remplissage de §2 et contredit la
maximalité du cardinal de R. L’inégalité (3—4) est donc satisfaite. On en déduit
elK|[ntg ()| < > |KgnAl|. (3-5)
gelntg (2)

Les inégalités (3-2), (3—-3) et (3—-5) impliquent alors
|4 = e(1 —ao)$2]. o

4. Démonstration du théoréeme

Avant de démontrer le théoreme 1.1, faisons les remarques suivantes :

(i) En choisissant A = B dans I’hypotheése (a) du théoréeme 1.1, on obtient
h(A) > 0 pour toute partic A € F(G).

(ii) Si on montre la convergence de la suite (4#(F;)/|F;|) pour toute suite de
Fglner (Fj), alors on aura prouvé le théoreme. En effet, si (A4;);en et (B;)ien
sont des suites de Fglner, il en est de méme pour la suite

(FI)ZEN = (A()v BO? Al7 Bla .. )
L’existence de lim; 0 2(F;)/| F;| implique alors que

i AD) L 0B
im lim

i—00 |Ai| oo |Bi| )

DEMONSTRATION DU THEOREME 1.1. Soient (F;);en une suite de Fglner de
G et e €0, %]. Posons

% = liminf 1D

i—oo | Fj

et remarquons que A < oo puisque les propriétés de /s impliquent 4(A) <
h(1g)|A| pour tout A € F(G). Fixons n € N*. Alors il existe une suite finie
K, K,,..., K, extraite de la suite (F;) vérifiant les conditions suivantes :

(C1) h(K;)/|Kj| =A+¢e quel quesoit 1 < j <mn,

(C2) a(Kj, K;) = g2n quels que soient 1 <i < j <n.
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En effet, d’apres la définition de A, il existe une sous-suite (F,;)) de (F;) véri-

fiant
h(F,
USTICUSPRN
| Fo@il
pour tout i € N. Comme la suite (Fy;)) est aussi une suite de Fglner de G, la
proposition 2.3 permet alors de construire une sous-suite finie K{, K5, ..., K,

de (Fy(;)) vérifiant la condition (C2).
Soit D une partie finie non vide de G telle que

a(D, Kj) < e2" pourtout 1 < j <n. 4-1)

Nous allons démontrer que pour n assez grand, il existe une famille e-disjointe
dans D formée d’un certain nombre des K;g (ou 1 < j <net g € G) qui rem-
plissent partiellement D, c’est-a-dire telle que la proportion de D recouverte par
ces parties soit supérieure ou égale a 1 —e. On utilisera ensuite ce recouvrement
partiel et les propriétés de la fonction /2 pour montrer que
limsup h(F;)/| Fi| <A,
1—>00

ce qui prouvera le théoreme.

Définissons par récurrence finie un procédé de recouvrement partiel de D en
au plus n étapes :

Etape 1. Rappelons que 'on a(D, Kj) < &2" pour tout 1 < j < n. D’apres
le lemme 3.5 appliqué a 2 = D eta K = Ky, il existe R, C G un (g, K,)-
remplissage fini de D tel que
K
lUgelRT”|m >e(l—a(D, Ky)) = e(l — &),
Posons D; = D\ |/ gcR, Kng. D’apres I'inégalité précédente, on a
|D1] < |D|(1—e(1—e*")). (4-2)

On continue le procédé de recouvrement par une récurrence finie de la ma-
niere suivante. Posons Dy = D. Supposons que le processus de recouvrement
partiel se poursuive jusqu’a I’étape k,ou 1 <k <n—1.

Les hypotheses de récurrence au rang k sont :

(H1) a(Dg_1, Kj) < 2k —1) + De?"* 1 pourtout 1 < j <n—k +1;
(H2) R,—k+1 C G estun (g, K,_g1)-remplissage fini de Dg_1 ;
(H3) en posant
D=0\ | Kikrig
8ER 41
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on a
k—1
1Dk =1DIT] (1 —e(1- Qi + 1)82"—')).
i=0

Remarquons que ces hypothéses sont vérifiées pour k = 1. Construisons 1’étape
k+1:

Etape k + 1. Si | D | < ¢|Dg_;| alors | D | < ¢| D| et on arréte le processus de
recouvrement. Supposons maintenant que |Dy| > &|Dg_q]. Soit 1 < j <n—k.
Le lemme 3.3 implique

O‘(UgeRn_k_H Kn—k+18. Kj) a(Dg—1, Kj)

a(Dy, Kj) < + . (4-3)
& &

D’apres les égalités (2—1) et la condition (C2), on a
o(Kp—k+18. Kj) = ¢ (Ky_g11. Kj) < "

Puisque la famille (K, _x+18)ger est e-disjointe, il résulte du lemme 3.2

que ’on a

n—k—+1

2n

€
06( U  Ki-ksig Kj) =1 s
8ER—k+1
On en déduit en utilisant I’inégalité (4—3) et I’hypothese de récurrence (H1)
8211 20k —=1)+ 1 82n—k+1
) < + (2 )+1)
(1—-¢)e¢ &
pour 1 < j <n—Fk. Cette derniere inégalité est (H1) au rang k + 1. En appliquant
le lemme 3.5a 2 = Di eta K = K,,_4, il existe R,_; C G un (¢, K,,_y)-
remplissage fini de Dy, tel que
| UgeRn_k Kn—kg|
| D

a(Dy. K; < 2k + 1)k

> e (1—a(Dy, Kp_p)) = (1 — 2k + 1)e2"7F).

En particulier (H2) est vérifiée au rang k + 1. Posons
Dk+1 :Dk\ U Kn—kg
8E€Ry—k
Alors on a
| Di41] = |Dk|(1 —8(1 — 2k + 1)82n—k))‘

En utilisant I’hypothese de récurrence (H3) et I’inégalité précédente, on obtient

k
1D < IDIT] (1 —e(1— (20 + 1)82”—")) .
i=0
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Ceci montre 1’inégalité (H3) au rang k + 1 et achéve la construction de 1’étape
k+1.
Supposons que le processus de recouvrement partiel se poursuive jusqu’a
I’étape n et que |Dy—1| > €| Dy—3|. D’aprés (H3) au rang #, on a
n—1 )
Dal < DI ] (1 —e(1- Qi + 1)82”—’)) . (4-4)
i=0
On va montrer que pour n assez grand (ne dépendant que de ¢) on a | Dy,| <¢|D|.
De I’inégalité (4—4), on en déduit la majoration suivante :

| Dyl < |DJ(1—e(1—(2n—1)e"Th))". (4-5)

Comme limj_s00(2i — 1)eft1 =0 et 1im,_,oo(1 g)i = 0, il existe un entier nq
tel que pour i > ng,ona (2i —1)e!T1 <1 et (1- )i <e.Sin > ng, il résulte
de I’inégalité (4-5)

&
| Dn| = |DI(1-3)" = ¢|D].

Supposons a partir de maintenant que I’entier 7 fixé au début de la démonstration
est plus grand que ng. On vient donc de démontrer que pour toute partie finie D
telle que a(D, K;j) <&" pour tout 1 < j <n, il existe un entier ko (ot | <ko <n)
tel que | Dy, | < &|D|. Plus précisément, la proportion de D recouverte par les
parties des familles e-disjointes

(Kng)geRn, (Kn—lg)gERn_l EECIEI] (Kn—k()+1g)g€Rn_k0+l )

est supérieure ou égale a 1 —e.

Passons a la majoration de (D) /| D|. Pour simplifier posons J = {n — kg +
l,...,n} et notons K;R; = UgeRj Kjg pour tout j € J. Dans la suite on
utilisera sans le préciser la sous-additivité et ’invariance a droite de /. Puisque
I’on a

D= K;R;U Dy,
jeJ
et
| Dy | < 1D,
on en déduit
h(D) _ hUjes KiRj) N h(Dy,) - hUjes KjRj)
|D| | D Dl D]

Par ailleurs, on a

+eh(lg). (4-6)

h(UjeJ KjRj) Z Z h(K]g) Z Z h(Kj)|K;g|

|D| |Kj| |ID|
Jj€J g€R; Jj€J gER;
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En utilisant la condition (C1), on en déduit

h(UjeJ KjRj) |Kjg|
— o <(G+e)) Y D

47
Jj€J gER;

Remarquons que la famille formée des Kj g, ou j € J et g € Rj, est e-disjointe
dans D. Il résulte du lemme 3.1

__Ip]
Z Z |K]g|_1——e' (4-8)
Jj€J gER;

Les inégalités (4-7) et (4-8) impliquent alors
hUjes KiR) _ite

. 4-9
| D] T 1-¢ 4-9)
On a donc d’apres les inégalités (4-6) et (4-9)
h(D A
MD) Ate g, (4-10)
| D] l—¢

Comme (F;) est une suite de Fglner, il existe N € N tel que
(i>N) = a(F;,Kj) <e&*" pourtout 1 <j <n.
En appliquant I’inégalité (4-10) a D = F; pouri > N, on en déduit
h(Fi) _A+e

lim su <
i—>oop | Fil l—e¢

+eh(lg).

Puisque cette derniére inégalité est vraie pour tout ¢ €]0, %], on obtient en faisant
tendre ¢ vers 0

h(F; h(F;
lim sup (£1) <A =liminf ( l),
isoo | Fil i—oo | Fj
ce qui démontre le théoréme. O
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Entropy of holomorphic and rational maps:
a survey
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Dedicated to Anatole Katok

ABSTRACT. We give a brief survey on the entropy of holomorphic self maps
f of compact Kéhler manifolds and rational dominating self maps f of smooth
projective varieties. We emphasize the connection between the entropy and the
spectral radii of the induced action of f on the homology of the compact man-
ifold. The main conjecture for the rational maps states that modulo birational
isomorphism all various notions of entropy and the spectral radii are equal.

1. Introduction

The subject of the dynamics of a map f : X — X has been studied by hun-
dreds, or perhaps thousands, of mathematicians, physicists and other scientists
in the last 150 years. One way to classify the complexity of the map f is to
assign to it a number /i ( f) € [0, co], which called the entropy of f. The entropy
of f should be an invariant with respect to certain automorphisms of X. The
complexity of the dynamics of f should be reflected by i( f): the larger i( f)
the more complex is its dynamics.

The subject of this short survey paper is mostly concerned with the entropy
of a holomorphic f : X — X, where X is a compact Kihler manifold, and
the entropy of a rational map of f :Y --» Y, where Y is a smooth projective
variety. In the holomorphic case the author [12; 13; 14] showed that entropy of
f is equal to the logarithm of the spectral radius of the finite dimensional f on
the total homology group H. (X)) over R.

Mathematics Subject Classification: 28D20, 30D05, 37F, 54H20.

Keywords: holomorphic self maps, rational dominating self maps, dynamic spectral radius, entropy.
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Most of the paper is devoted to the rational map f : Y --» Y which can be
assumed dominating. In this case we have some partial results and inequalities.
We recall three possible definition of the entropy hp(f), h(f), hr(f) which
are related as follows: hg(f) < h(f) = hp(f). The analog of the dynamical
homological spectral radius are given by payn( /%), 1OV and e H(S ), where the
three quantities can be viewed as the volume growth. It is known that A ( f) <
lov(f) < H(f). H(f) is abirational invariant. Le. let Y be a smooth projective
variety such that there exists ¢ : ¥ --» Y which is a birational map. Then f :
Y --» Y can be lifted to dominating f =uf Y --»Y,and H(f)= H(f).
However i r(f) does not have to be equal to /g ( f ). The main conjecture of
this paper are the equalities

hp(f) =h(f)=hr(f) =lov(f) = H(f) = pan(fs),  (1-1)

for some f birationally equivalent to f. For polynomial automorphisms of C2,
which are birational maps of P2, the results of the papers [16; 36; 8] prove the
above conjecture for f = f. Some other examples where this conjecture holds
are given in [21; 22].

The pioneering inequality of Gromov A g (/) <lov(f) [20] uses basic results
in entropy theory, Riemannian geometry and complex manifolds. Author’s re-
sults are using basic results in entropy theory, algebraic geometry and the results
of Gromov, Yomdin [38] and Newhouse [31]. From the beginning of 90’s the
notion of currents were introduced in the study of the dynamics of holomorphic
and rational maps in several complex variables. See the survey paper [35]. In
fact the inequality lov( /) < H(f) proved in [8; 9; 10] and [23], as well as most
of the results in are derived [21; 22], are using the theory of currents.

The author believes that in dealing with the notion of the entropy solely, one
can cleverly substitute the theory of currents with the right notions of algebraic
geometry. All the section of this paper except the last one are not using currents.
It seems to the author that to prove the conjecture (1-1) one needs to prove a
correct analog of Yomdin’s inequality [38].

We now survey briefly the contents of this paper. §2 deals with the entropy
of f: X — X, where first X is a compact metric space and f is continuous,
and second X is compact Kihler and f is holomorphic. §3 is devoted to the
study of three definitions of entropy of a continuous map f : X — X, where
X is an arbitrary subset of a compact metric space Y. In §4 we discuss rational
dominating maps f : Y --» Y, where Y is a smooth projective variety. §5
discusses various notions and results on the entropy of rational dominating maps.
In § 6 we discuss briefly the recent results, in particular the inequality lov( ) <
H(f) which uses currents.
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It is impossible to mention all the relevant existing literature, and I apologize
to authors of papers not mentioned. It is my pleasure to thank S. Cantat, V.
Guedj, J. Propp, N. Sibony and C.-M. Viallet for pointing out related papers.

2. Entropy of continuous and holomorphic maps

The first rigorous definition of the entropy was introduced by Kolmogorov
[27]. It assumes that X is a probability space (X, %, i), where f preserves the
probability measure p. It is denoted by /1, ( f), and is usually referred under the
following names: metric entropy, Kolmogorov—Sinai entropy, or measure en-
tropy. hy (f) is an invariant under measure preserving invertible automorphism
A:X > X: hy(f)=hu(Ado fodl).

Assume that X is a compact metric space and f : X — X a continuous map.
Then Adler, Konheim and McAndrew defined the topological entropy h( f) [1].
h( f) has a maximal characterization in terms of measure entropies f. Let %
be the Borel sigma algebra generated by open set in X. Denote by IT(X) the
compact space of probability measures on (X, ). Let IT1(f) € I1(X) be the
compact set of all f-invariant probability measures. (Krylov—Bogolyubov the-
orem implies that IT( /') # @.) Then the variational principle due to Goodwyn,
Dinaburg and Goodman [18; 7; 17] states /() = max,e(r) hu(f). Hence
h(f) depends only to the topology induced by the metric on X. In particular,
h(f) is invariant under any homeomorphism 4 : X — X.

The next step is to consider the case where X is a compact smooth manifold
and f : X — X is a differentiable map, say f € C"(X), where r is usually
at least 1. The most remarkable subclasses of f are strongly hyperbolic maps,
and in particular axiom A diffeomorphisms [34]. The dynamics of an Axiom A
diffeomorphism on the nonwandering set can be coded as a subshift of a finite
type (SOFT), hence its entropy is given by the exponential growth of the periodic
points of f, i.e., A(f) = limsupy_, M
periodic points of f of period k.

It is well known in topology that Fix f k can be estimated below by the Lef-
schetz number of f¥. Let Hy(X) denote the total homology group of X over
R, i.e.,

, where Fix f* the number of

dimp X

H:(X) = P Hi(X).

i=0

the direct sum of the homology groups of X of all dimensions with coefficients
in R. Then f induces the linear operator fi : H(X) — H(X), where fy; :
H;(X) —» H;(X),i =0,...,dimg X. The Lefschetz number of fk is defined
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as
dimR X

A(fk) = Z (—l)iTraceff,i.
i=0
Intuitively, A( f¥) is the algebraic sum of k-periodic points of f, counted with
their multiplicities.
Denote by p( f«) and p( f«,;) the spectral radius of fx and fx ; respectively.

Recall that

p(f,i) =limsup |Tracef>|ffl. | 1/k

k—o0

and p(fx) = max;—o,... dims X P(f+,i). Hence

log |A(/%)]
k

lim sup <log p( f).

k—o0
The arguments in [34] yield that for any f in the subset H of an Axiom A
diffeomorphism, (H is defined in [34]), one has the inequality |Trace ]’fl| <
Fixfk foreach =1,...,dimg X. (H is C° dense in Diff” (X) [34, Thm 3.1].)
Hence for any f € H one has the inequality [34, Prop 3.3]

h(f) = log p(fx). (2-1)

It was conjectured in [34] that the above inequality holds for any differentiable

f.
Let deg f be the fopological degree of f : X — X. Then

|deg f| = p(fs,dimg X)-

Hence p( f%x) > | deg f|. It was shown by Misiurewicz and Przytycki [30] that if
feCl(X)thenh(f)>|deg f|. However this inequality may fail if  €C%(X).
The entropy conjecture (2—-1) for a smooth f,i.e., f € C*°(X), was proved by
Yomdin [38]. Conversely, Newhouse [31] showed that for ' € C'*#(X) the
volume growth of smooth submanifolds of f is an upper bound for 4( f). See
also a related upper bound in [32].

This paper is devoted to study the entropy of f where X is a complex Kihler
manifold and f is either holomorphic map, or X is a projective variety and f isa
rational map dominating map. We first discuss the case where f is holomorphic.

Let [® be the complex projective space. Then f : [P — P is holomorphic if and
only if f|C is a rational map. Hence deg f is the cardinality of the set f~1(z)
for all but a finite number of z € C. So deg f = p( f%) in this case. Lyubich [28]
showed that (/) =logdeg f. Gromov in preprint dated 1977, which appeared
as [20], showed that if / : P4 — P4 is holomorphic then (/) = logdeg f. It
is well known in this case p( fix) = deg f.



ENTROPY OF HOLOMORPHIC AND RATIONAL MAPS: A SURVEY 117

In [12] the author showed that if X is a complex projective variety and
f X — X is holomorphic, then 4(f) = log p( fx). Note that one can view
J+ a linear operator on Hy (X, Z), i.e., the total homology group with integer
coefficients. Hence fi can be represented by matrix with integer coefficients.
In particular, p( f) is an algebraic integer, i.e., the entropy is the logarithm of
an algebraic integer. (This fact was observed in [3] for certain rational maps.)
In [14] the author extended this result to a compact Kihler manifold.

Examples of the dynamics of biholomorphic maps f : X — X, where X is a
compact K3 surface which is Kéhler but not necessary a projective variety, are
given in [6; 29]. See also [9] for higher dimensional examples. In summary, the
entropy of a holomorphic self map f of a compact Kihler manifold is deter-
mined by the spectral radius of the induced action of f on the total homology
of X.

3. Definitions of entropy

In this paper Y will be always a compact matrix space with the metric
dist(-,"): Y XY —> R.

Let X C Y be a nonempty set, and assume that f : X — X is a continuous map
with respect the topology induced by the metric dist on X. For x,y € X and
neN let

disty(v, ) = _max _dist(/*(x), f* ().

So dist; (x, y) =dist(x, y) and the sequence dist,(x, ), n € N is nondecreasing.
Hence for each n € N dist,, is a distance on X . Furthermore, each metric dist;
induces the same topology X as the metric dist. For ¢ > 0 aset S € X is called
(n, &) separated if dist,(x, y) > ¢ forany x,y € S, x # y. Forany set K C X
denote by N(n, ¢, K) € N U {oo} the maximal cardinality of (n, e) separated
set S € K. Clearly, N(n,¢&, K) > N(njy,¢e, K) it ny > ny, N(n,e1, K) >
N(n, ey, K)if 0 <y <e&y,and N(n,e,Ky) > N(n, e, Ky) if K; 2 K.

We now discuss a few possible definitions of the entropy of f. Let K € X.
Then

log N(n, e, K
A(f. K) = Jim lim sup log N(n. &, X). G-1)

n—00 n
We call h( f, K) the topological entropy of f|K. (Note that h( f, K) = oo if
N(n,e, K) = oo for some n € N and ¢ > 0.) Equivalently, 2(f, K) can be
viewed as the exponential growth of the maximal number of (7, &) separated
sets (in n).
Clearly h(f, K1) = h(f, K3)if X D2 K1 2 K;. Then h(f) :=h(f, X) is the
topological entropy of f.
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Bowen’s definition of the entropy of f, denoted here as hg(f), is given as
follows [37, §7.2]. Let K € X be a compact set. Then K is a compact set with
respect to dist,. Hence N(n,e, K) € N. Then hg(f, X) is the supremum of
h( f, K) for all compact subsets K of X. Le.

hp(f. X) =I?u13‘,h(f, K).
€

When no ambiguity arises we let ig(f) := hp(f, X). Clearly, if X is compact
then Zg(f) =h(f). (Itis known that (/) €[0, oo] for a compact X'; see [37].)

Since N(n,e, K) < N(n,e, X) for any K € X it follows that (/) > hp(f).
The following example, pointed out to me by Jim Propp, shows that it is possible
that A(f) > hp(f). LetY :={z€C, |z| <1}, X :={z €C, |z| < 1} be the
closed and the open unit disk respectively in the complex plane. Let 2 < p e N
and assume that f(z) := z?. It is well known that 4#(f,Y) = log p. It is
straightforward to show that 4(f, X) = h(f,Y). Let K C X be a compact
set. Let D(0, r) be the closed disk or radius r < 1, centered at 0, such that K C
D(0, 7). Since f(D(0,r)) < D(0,r) it follows that g ( f, X) <h(f, D(0,r)) =
0.

Our last definition of the entropy of /1, denoted by 2 g ( f, X), or simply hp( f)
is based on the notion of the orbit space. Let ¥ := YN be the space of the
sequences y = (i)ien, Where each y; € Y. We introduce a metric on %:

oo

d({xih {pih) =)

i=1

7(11“2(?_11%)’ {Xitien, {Vilien €Y.
Then % is a compact metric space, whose diameter is twice the diameter of Y.
The shift transformation o : Y — Y is given by o ({¥i }ien) = {Vi+1}ien. Then
d(o(x),0(y)) < 2d(x,y), that is, o is a Lipschitz map. Given x € X then the
f-orbit of x, or simply the orbit of x, is the point orb x := { fi=1(x)}ien €
%Y. Denote by orb X C %Y, the orbit space, the set of all f-orbits. Note that
o(orb x) =orb f(x). Hence o(orb X) Corb X. o|orb X, the restriction of ¢ to
the orbit space, is “equivalent” tothemap f: X — X. Le. letw: X — orb X be
given by w(x) := orb x. Clearly w is a homeomorphism. Let & be the closure
of orb X with respect to the metric d defined above. Since ¥ is compact, & is
compact. Clearly o (¥) € %. Then the following diagram is commutative:

f

X — X

oL el

xr — 5 ¥
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Following [12, §4] we define 2 g ( f, X) to be equal to the topological entropy
of o|%:
he(f. X) :=h(o|%) = h(o,%).

When no ambiguity arises we let 4r(f) := hp(f, X). Since the closure of
orb X is &, it is not difficult to show that 4 () = h(o, orb X).

Observe first that if X is a compact subset of Y then /i g ( f') is the topological
entropy A( f) of f. Indeed, since f is continuous and X is compact ¥ = orb X.
Since w is a homeomorphism, the variational principle implies that i(f) =

he(f).
We observe next that 4(f) < hp(f). Let

du(x,y)i= _max _ d(o*(x),0"(¥)).

.....

Then dist,(x, y) < d,(orb x,orb y). Hence N(n,e, X) < N(n,e,%). Hence
h(f) <hfp(f). The arguments of the proof [22, Lemma 1.1] show that 2(f) =
hr(f). (In [22] hE)‘;)W(f) is our A( f), and hg;(f) is the topological entropy
with respect to the metric

dist(x;, y;
(b Ly o= sup T,
ieN

Since d and d’ induce the Tychonoff topology on YV it follows that h%( f)=
he(f).)

Our discussion of various topological entropies for f : X — X is very close
to the discussion in [25]. The notion of the entropy /4 f(f) can be naturally
extended to the definition of the entropy of a semigroup acting on X [15]. See
[5] for other definition of the entropy of a free semigroup and [11] for an analog
of Misiurewicz—Przytycki theorem [30].

4. Rational maps

In this section we use notions and results from algebraic geometry most of
which can be found in [19]. Let z = (z¢, z1,...,z,), sometimes denotes as
(zo :z1:...:zpn), be the homogeneous coordinates the #-dimensional complex
projective space P". Recall that a map f : [P" --» P" is called a rational map if
there exists # + 1 nonzero coprime homogeneous polynomials fy(z), ..., f4(z)
of degree d € N such that z — f(z) := (fo(2), ..., fn(z)). Equivalently f
lifts to a homogeneous map f; : C"T1 — C"*!. The set of singular points of
f, denoted by Sing f* C P", sometimes called the indeterminacy locus of f, is
given by the system fo(z) =...= f(z) =0. Sing f is closed subvariety of P”
of codimension 2 at least. The map f is holomorphic if and only if Sing f = &,
i.e., the above system of polynomial equations has only the solution z = 0.
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Let Y be an irreducible algebraic variety. It is well known that Y can be
embedded as an irreducible subvariety of P”. For simplicity of notation we will
assume that Y is an irreducible variety of P”. So Y can be viewed as a homo-
geneous irreducible variety ¥, C C"1, given as the zero set of homogeneous
polynomials py(z) =...= pyu(z) =0. y €Y is called smooth if Y is a complex
compact manifold in the neighborhood of y. A nonsmooth y € Y is called a
singular point. The set of singular points of Y, denoted by Sing Y, is a strict
subvariety of Y. Y is called smooth if Sing Y = @&. Otherwise Y is called
singular.

Let f: Y --» Y be a rational map. Then one can extend f to f : P" --»
P" such that Sing f N'Y is a strict subvariety of ¥ and f|(Y\Sing f) =
F1(Y'\Sing f). f is not unique, but the f canbe viewed as f|Y. Sing f C Y is
the set of the points where f is not holomorphic. Sing f is strict projective vari-
ety of X, (Sing f CSing fNY), and each irreducible component of Sing f is at
least of codimension 2. The assumption f :Y --» Y means that w:= f},(z) € Y},
for each z € Y},. It is known that Y7 := Cl f;,(Y}3), the closure of f;(Y}), is a
homogeneous irreducible subvariety of Y. Furthermore either Y7 = Y (= Yy),
in this case f is called a dominating map, or dim Y7 < dim Yy. In the second
case the dynamics of fy := f is reduced to the dynamics of the rational map
f1: Yy --» Y;. Continuing in the same manner we deduce that there exists a
finite number of strictly descending irreducible subvarieties Yy : =Y 2 e 2 Yi
such that f; : Y --» Y} is a rational dominating map. (Note that Y; may be
a singular variety.) Thus one needs only to study the dynamics of a rational
dominating map f :Y --+ Y, where Y may be a singular variety.

The next notion is the resolution of singularities of ¥ and f. An irreducible
projective variety Z birationally equivalent to Y if the exists a birational map
t:Z --»Y. Ziscalled a blow up of Y if there exists a birational mapw : Z - Y
such 7 is holomorphic. Y is called a blow down of Z. Hironaka’s result claims
that any irreducible singular variety Y has a smooth blowup Z. Let f:Y --» Y
be a rational dominating map. Let ¥ be a birationally equivalent to Z. Then f
lifts to a rationally dominating map f : Z --» Z. Hence to study the dynamics
of f one can assume that f : ¥ --» Y is rational dominating map and Y is
smooth. Hironaka’s theorem implies that there exists a smooth blow up Z of Y’
such that f lifts to a holomorphic map f : Z — Y. Then one has the induced
dual linear maps on the homologies and the cohomologies of ¥ and Z:

fe Hye(Z) > Ho(Y), f*:H*(Y)—>H*(Z).

We view the homologies H«(Y ), H«(Z) as homologies with coefficients in R,
and hence the cohomologies H*(Y'), H*(Z), which are dual to Hx(Y), H«(Z),
as de Rham cohomologies of differential forms. (It is possible to consider
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these homologies and cohomologies with coefficients in Z [12].) Recall that
the Poincaré duality isomorphism ny : H«(Y) — H*(Y"), which maps a k-cycle
to closed dim Y — k form. (7} = ny.) Then one defines /™ : H*(Y) — H*(Y)
and its dual fi : Hx(Y) — Hi(Y) as

Sr=nymanZ ¥ fei= fanZ' w0y
It can be shown that fi, /™ do not depend on the resolution of f, i.e., on Z.
Let p( fx) = p(f™) be the spectral radii of fi, /™ respectively. (As noted above

Jfx, [ can be represented by matrix with integer entries. Hence p( f) is an
algebraic integer.) Then the dynamical spectral radius of f is defined as

Payn(f3) = lgnjgop(p((fm)*))l/ m, (4-1)

(Note that pgyn ( f+) is a limit of algebraic integers, so it may not be an algebraic
integer.)

Assume that f/ : Y — Y is holomorphic. Then f, fx are the standard linear
maps on homology and cohomology of Y. So ( /™)« = (fx)", (f™)* = (f™)"
and pgyn(f¥) = p(f%). It was shown by the author that log p( fx) = h(f) [12].
This equality followed from the observation that /( f) is the volume growth
induced by f. View Y as a submanifold of P”, is endowed the induced Fubini—
Study Riemannian metric and with the induced Kahler (1, 1) closed form «. Let
V C Y be any irreducible variety of complex dimension dim V' > 1. Then the
volume of V is given by the Wirtinger formula

1 dimV
vol(V) = @m ) /VK V).
Let Ly C P" be a linear space of codimension k. (Lo := P".) Assume that
Ly is in general position. Then Ly NV is a variety of dimension dim V' — k.
For k < dim V' the variety Ly NV is irreducible. For k = dim V' the variety
Li NV consists of a fixed number of points, independent of a generic Ly,
which is called the degree of V', and denoted by deg V. It is well known that
deg V = vol(V). The homology class of L; NV, denoted by [Lj; N V], is
independent of L. Since vol(L; N V) can be expressed in terms of the cup
product ([Lx N V], [k4™Y=K]), or equivalently as deg Ly N V, this volume is
an integer, which is independent of the choice of a generic Lj. Thus the j-th
volume growth, of the subvariety Lgimy—; MY of dimension j, induced by f
is given by
log{((/"™)«[Ldaimy—;j N Y], [/])

;.= lim sup , j=1,...,dimY,
m—o00 m

H(f) :zj: ma()icimyﬂj. (4-2)
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(See [12, (2)] and [13, (2.8)].) From the equality p( f«) = lim;—co || f1" ||1/m,
for any norm | - || on H«(Y), it follows that H(f) < p(f%). Newhouse’s re-
sult [31] claims that 4( /) < H(f). Combining this inequality with Yomdin’s
inequality [38] 2( f) > log p( fx) we deduced in [12]:

H(f)=logp(f)=nh(f), (4-3)

which is a logarithm of an algebraic integer.

Let K C H«(Y) be the cone generated by the homology classes [V'] corre-
sponding to all irreducible projective varieties V' € Y. Note that f,(K) € K.
Let Hy 4(Y) := K— K C H«(Y) be the subspace generated by the homology
classes of projective varieties in Y. Then fi : Hy 4(Y) — Hy 4(Y) and de-
note fx 4 := f¥|Hx4(Y). Using the theory of nonnegative operators on finite
dimensional cones K, e.g. [4], it follows that H( f) =log p( f+,a)-

Assume again that /' : Y --» Y is rational dominant. Then f«(K) C K so
Jx 1Hy a(Y) = Hy 4(Y) and denote fi 4 := fix|Hx o *(Y). Hence we can define
H(f), the volume growth induced by f, as in (4-2) [12; 13]. Similar quantities
were considered in [33; 3]. It is plausible to assume that H( /') = log payn(f%)
and we conjecture a more general set of equalities in the next section.

It was shown in [12] that the results of Friedland and Milnor [16] imply the
inequalities

(™) ea < (fxa)™ forallmeN, (4—4)

for certain polynomial biholomorphisms of €2, (which are birational maps of
P2.)

Itis claimed in [12, p. 367] that if (4—4) holds, the sequence (o((f™)x.4)) "/,
m €N converges. (This is probably wrong. One can show that under the assump-
tion (4—4) for all rational dominant maps f :Y --» Y one has p((f?)«,4)? =
P((fP9)4,q) forany p,q € N.) It was also claimed in [12, Lemma 3] that (4—4)
holds in general. Unfortunately this result is false, and a counterexample is
given in [23, Remark 1.4]. Note that if f/ : ¥ — Y holomorphic then equality
in (4—4) holds. Hence all the results of [12] hold for holomorphic maps.

5. Entropy of rational maps

Let f:Y --» Y be a rational dominating map. (We will assume that f is
not holomorphic unless stated otherwise.) In order to define the entropy of f
we need to find the largest subset X' € Y'\Sing f such that /' : X — X. Let X
is the collection of all x € Y such that f/(x) € Y\Sing f for j =0,1,...,k.
Then Xj is open and Zj := Y\ Y is a strict subvariety of Y. Clearly X; 2
X1, Yk © Yy for k €N. Then X := N2 | Xj is G set. Let k be the closed
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(1, 1)-Kihler form on Y. Then «%™Y is a canonical volume form on Y. Hence
kdmY (x) = ,dimY (y) je., X has the full volume.

Since Y is a compact Riemannian manifold, Y is a compact metric space.
Thus we can define the three entropies A( /), hp(f),hrp(f) in§3. So

hp(f) =h(f) =hr()).

Assume that f/ : C" — C" is a polynomial dominating map. Then f lifts to a
rational dominating map f :P" --» P", which may be holomorphic. Hence X 2
C". Assume that f is a proper map of C". Recall that one point compactification
of C", denoted by C" U {oc}, is homeomorphic to the 21 sphere S?”*. Then f
lifts to a continuous map f; : S*” — S2”. Thus we can define the entropy 4( f;).
It is not hard to show that (/) < hp(f).

Let orb X C YN be the orbit space of £, and let ¥ be its closure. ¥ is closely
related to the graph construction discussed in [20; 12; 13; 14; 15] and elsewhere.
Denote by I'(f) C Y ? the closure of the set {(x, f(x)), x € Y\Sing X} in Y 2.
Then I'(f) is an irreducible variety of dimension dimY in Y2. Note that the
projection of I' on the first or second factor of Y in Y2 is Y. Without a loss of
generality we may assume that I"( /) is smooth.

Otherwise let 7 : Z — Y be a blow up of Y such that f : Y --» Y lifts to
a holomorphic map f Z =Y. Let I (f) = {(z,f(z)) rzeZyCZxY.
Then I'y (/) is smooth variety of dimension dim Y. Note that 7 : Z? - Z x Y
given by (z,w) — (z,w(w)) is a blow up of Z x Y. Lift f to f Z - Z.
Then F(f) C Z? is a blow up I'j (f), hence F(f) is smooth.

Let I" C Y2 be a closed irreducible smooth variety of dimension dim Y such
that the projection of I" on the first or second component is Y. Define

YD) = {(x1. ... xp) € Y*, (xisxig) e M fori=1,... k—1},
YN = {(xq, .o xk, .. ) € YN, (v, xj41) € T fori € N},

(here k =2, ...). Note that Y* (I") is an irreducible variety of dimension dim ¥
in Y* for k = 2,.... Note that YN(I") is a o invariant compact subset of
YN ie, oYN(r) € YN, Let i(I') = h(o|YN(IM)). Y, viewed as a
submanifold of P”, is endowed the induced Fubini—-Study Riemannian metric
and with the Kihler (1,1) form . Then Y* has the corresponding induced
product Riemannian metric, and Yk is Kihler, with the (1,1) form «j . Let
vol(Y*(IM)) = K]‘iimY(Yk (I")) be volume of the variety Y*(I"). Then the vol-
ume growth of I" is given by

1 (Y*(r
lov(I") = lim sup &+ ()

(5-1)
k—o00 k
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The fundamental inequality due to Gromov [20]
h(I) <lov(I'). (5-2)

Since the paper of Gromov was not available to the general public until the
appearance of [20], the author reproduced Gromov’s proof of (5-2) in [13;
14]. Using the above inequality Gromov showed that 4(f) < logdeg f for
any holomorphic f : P* — P”.

Let f:Y --» Y be rational dominating. Then ¥ = YN (I"(f)). Hence

hp(f) = hT'(f)). (5-3)
If I"(f) is smooth then Gromov’s inequality yields that
hp(f) =lov(f) :=lov(I"(f)). (5-4)

CONJECTURE 5.1. Let Y be a smooth projective variety and f :Y --» Y be a
rational dominating map. Then there exists a smooth prO]CCthC variety Y and a
birational map ¢t : ¥ --» Y, such that the lifting f Y --» Y satisfies (1-1).

We now review briefly certain notions, results and conjectures in [14, S3]. Let
I’ C Y? be as above, and denote by ; (') — Y the projection of I" on the i-th
component of Y in ¥ x Y fori = 1,2. Since dimI" = dimY and =;(I") =
ma(I") =Y, then deg n; is finite and 7, 1(y) consists of exactly deg 7; distinct
points for a generic y € Y fori =1, 2. One can define a linear map I'y : Hy (Y) —
H,(Y) given by Iy : 7 n;l 75Ny . (This is an analogous definition of f, where
f Y --»Y is dominating.) One can show that Ix(Hx 4(Y)) € Hx 4(Y). Let
Ty g :=Tx|Hs q(Y).

I" C Y?is called a proper if each 7; is finite to one. Assume that I is proper.
Then

log p(Ik,q) = lov(I"). (5-5)
It is conjectured that for a proper I"
log p(Is.a) = lov(I") = h(I"). (5-6)

Note that if /' : Y — Y is dominating and holomorphic then I"( /) is proper,
Iv,q = f«|Hx (Y and the above conjecture holds.

We close this section with observations and remarks which are not in [14].
Assume that f:Y --» Y be arational dominating and Z := I'( /) C Y2 smooth.
Then ry : I'(f) — Y isablowup of Y, and 7, : I’ — Y can be identified with
f : Z — Y. Itis straightforward to show that fx = I'(f)«.

It seems to the author that the arguments given in [14, Proof Thm 3.5] imply
that (5-5) holds for any smooth variety I" C Y2 of dimension dim Y such that
m1(Y)=mp(Y) =Y. Suppose that this result is true. Let f:Y --+ Y be rational
and dominating. Assume that I'( /) C Y2 is smooth. Then (5-5) would imply
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that lov( /) <log p( f«). Applying the same inequality to ( /*)4 and combining
it with (5—4) one would able to deduce:

hp(f) =lov(f) = log payn(fs). (5-7)

6. Currents

Many recent advances in complex dynamics in several complex variables
were achieved using the notion of a current. See for example the survey article
[35]. Recall that on an m-dimensional manifold M a current of degree m—p >0
is a linear functional on all smooth p-differential forms %2 (M) with a compact
support, where p is a nonnegative integer.

Let f:Y --+ Y be a meromorphic dominating self map of a compact Kéhler
manifold of complex dimension dim Y, with the (1, 1) Kédhler form k. Let f*k
be a pullback of k. Then f*k is a current on Y \Sing f. Define the p-dynamic
degree of f by

‘ 1/k

Ap(f) = limsup (/ N /\Kdle_p) . p=1....dimY.
k—o00 Y'\Sing f¥

It is shown in [8] that the dynamical degrees are invariant with respect to a

bimeromorphic map ¢ : Y --+ Z, where Z is a compact Kéhler manifold. (See

also [23] for the case where Y, Z are projective varieties.) Moreover

lov(f)< max logAi,(f). (6-1)
p=1,...dimY
Assume that Y is a projective variety. It can be shown that the dynamic degree
Ap(f) is equal to ePimy—p for p = 1,...,dim Y, which are defined in (4-2),
where B¢ := Baimy. Hence

H(f)= max _ logA,(f), (6-2)
= dimY

where H( f) is defined in (4-2). Thus H(f) can be viewed as the algebraic
entropy of f [3]. [24, Lemma 4.3] computes H( /) for a large class of auto-
morphisms of ck , and see also [10; 23]. Combine (5—4) with (6—1) and (6-2) to
deduce the inequality & g ( /) < H(f), which was conjectured in [13, Conjecture
2.9].

Consider the following example f : C? — C2,(z,w) — (22, w + 1) [22,
Example 1.4]. Since f is proper we have f; : S* — S*. Clearly S* is the
domain of attraction of the fixed point fs(0o0) = co. Hence h( f;) = 0. Lift
fto f:P? --> P2, Then f has a singular point a := (0, 1,0) and any other
point at the line at infinity (1, w,0) is mapped to a fixed point b := (1,0, 0).
So X = P2\{a}, and I'(f) = {(z, f(z)) : z € P>\{a}} U {(a,(z : w : 0)) :
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(z : w) € P}, which is equal to the blow up of P2 at a. On (P2)N(I'(f))
o has two fixed points: (a,a,...),(b,b,...). The set ¥y := ((x, f(X),...,):
x € Ag := {(z,w, 1), |z] < 1}} is in the domain of the attraction of (a,a,...).
The set (PH)N(I"(f))\ (%o U {(a,a,...)} is in the domain of the attraction of
(b,b,...). Hence n(f) = 0. Observe that f (P xP) — (P x P), given as
((z:s5),(w:1) > ((z2:52),(w+1:1)), is the lift of f to (PxP). f is
holomorphic and /() = H(f) = log?2. Since PP x P is birational to P? it
follows that H( ) =1log2 > hp(f) =0. In particular & g ( f) is not a birational
invariant [22]. Note that Conjecture 5.1 is valid for this example. Additional
examples in [21; 22] support the Conjecture 5.1.

Assume now that f : C? — C2isa polynomial automorphism, hence f is
proper. It is shown in [16] that 4( f;) = h(f, K) for some compact subset of C?.
Furthermore the results of [16] and [36] imply that 2( f, K) = H(f). One easily
deduce that H( /) = payn( f+). Clearly hg(f) = h(f, K). Then the inequalities
hr(f) <lov(f) < H(f) yield Conjecture 5.1. See [2; 9; 26] for additional
results on entropy of certain rational maps.

The inequality (6—1) and its suggested variant (5-7) can be viewed as New-
house type upper bounds [31] which shows that the volume growth bounds from
above the entropy of a rational dominating map. In order to prove Conjecture
5.1 one needs to prove a suitable Yomdin type lower bound for the entropy of f.
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mixing in flows on surfaces

ANDREY KOCHERGIN

On the Anniversary of Anatole Katok, my Friend and Teacher.

ABSTRACT. We study causes of stretching of Birkhoff sums and study their
action in the mixing of various surface flows. In so doing, we succeed in am-
plifying the result of Khanin and Sinai about mixing in the Arnold’s example
of flow with nonsingular fixed points on a two-dimensional torus.

1. Introduction

There are three known kinds of mixing flows on two-dimensional surfaces:
continuous flows without fixed points on a torus, smooth flows with singular
fixed points, and smooth flows with nonsingular fixed points (Arnold’s example).
However, in the last case mixing arises not on the whole torus but only on an
ergodic component.

We suggest a special flow S, constructed over a circle rotation or an inter-
val exchange transformation (which we denote by 7') and under some positive
“roof” function, as an ergodic relative of a Borel measure-preserving flow on
a two-dimensional surface. In such special flows the only possible cause of
mixing is the difference in the times that various points take to get from the
“floor” to the “roof”. This can cause, as time passes, a small rectangle to be
strongly stretched and almost uniformly distributed along trajectories and hence
over the phase space.

129
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The divergence of adjacent points is described via Birkhoff sums of the “roof™
function

r—1
ST =) f(TE).
k=0
This is obvious from the relation S (x, y) =S¥ =/ ) (77 x 0), where (x, )
denotes a point in phase space. Strong and almost uniform distribution of a little
rectangle over the phase space is ensured by strong almost uniform stretching
of Birkhoff sums for r ~ t.

Formally this is described by the next theorem. In order to state it, we intro-
duce, for x € T! and ¢ > 0, the notation R(¢, x) for the number of jumps that the
point (x; 0) undergoes under the action of S’ over a time 7. For any measurable
X cT! we set

R(t. X) = | R(t. x).
xeX
THEOREM 1 (SUFFICIENT CONDITION FOR MIXING). Let T be an ergodic
circle rotation and suppose ty > 0. Assume that the following objects are fixed
foreacht > ty:

— a finite partial partition & of the circle T' into closed intervals: & = {C}
with

li C|=0, li =1,
A, B i1 =0 lim_ s

where [&;] denotes the union of elements of &;; and
— positive functions € and H such that (t) — 0 and H(t) — +o0 for t — +o0.

If for each t > ty for any C € & and any r € R(t,[&;]), the Birkhoff sum f"|C
is (e(t), H(t))-uniformly distributed, then the special flow constructed over T
and under the function [ is mixing.

That f7|C is (&, H)-uniformly distributed means that the function f7|C is,
in some sense, e-uniformly distributed in an interval of length no less then
H. The exact definition of an ¢-uniform distribution varies slightly with the
circumstances.

We identify three causes of stretching of Birkhoff sums which we may ten-
tatively call ergodic, resonant and individual. They exert various influences on
point divergence in various kinds of mixing flows.

2. Flows without fixed points

It is shown in my paper [5] that if /" is of bounded variation, the special flow
over the circle rotation with roof function f cannot be mixing. A. Katok [3]
generalized this result to special flows over interval exchange transformations.

It is obvious — This is obvious
(is this what you mean?)
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In this situation one can say that the absence of mixing is a corollary of an
ergodic effect, the effect of averaging, which results in the Birkhoff sums f7,
for certain values of r, having relatively small variation on sufficiently large
sets.

It is possible to gain mixing for a special flow over a circle rotation and under
continuous functions at the expense of a resonance condition on 7" and f.

The main idea is the following. Let p, /g, be the sequence of convergents of
the rotation angle p of the circle T! = R/Z. Choose p and positive sequences
ay and t, such that for n — +o00

[4)
anty /" +00,  dpt1ln 0, _ Cnfn — 0, ty/qn—0.
Ap+19n+1
Set

uo(x) =min({x},{1—x}) — %,  un(x) = antio(gnx), (2-1)

o0
S=F+) un (2-2)

=1

where F is a positive Lipschitz function on T! with unit integral.

THEOREM 2. The special flow over the rotation of the circle by p and under the
function f constructed above is mixing.

For instance, uq could be the functions sin 27 x or cos 2w x.

The stretching and almost uniform distribution of Birkhoff sums f” for r €
(tn/2,2t,+1) is ensured by the term u,, because it “almost resonates” with the
rotation through the angle p: the period of u, is 1/¢q,, and thus u,(x + p) &~
un(x), and

un(x) ~ ruy(x)  forr <241 < gn+1),

which yields vertical stretching of u), in each segment of length 1/¢y, the re-
quirement a,t, /' 400 guaranteeing strong stretching for r € (¢,/2, 2t,+1) and
n sufficiently large, since the amplitude of u}, is approximately equal to ra,/4.
One can call this effect ergodic.

However, the growth of f” cannot be ensured indefinitely by a single term.
In further iterations, due to the accumulation of errors in the shifts the growth of
uy, breaks down. For example, if r ~ ¢,+1/2, the shifted function u, (7" x) is
almost exactly half a period out of phase with 1, (x). Hence the next term u,4
must be charged with the stretching in the next interval r € (f,41/2,2t,+2);
moreover, for r & t,, | the term u), 1 has to grow enough, and therefore it must
be also be taken into account in the estimates.

do you mean “at the cost of”’?
(That is, provided with we
assume...)?
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This fact and the requirement that the function (uy, + u;_ ;)|C (where C is

an element of the partition) be stretched and almost uniformly distributed for
r € (ty/2, 2t,41) impose the additional constraints on a, and g, given above.

Due to the rapid change of a, and ¢, all other terms can, in effect, be dis-
carded: the preceding ones because their derivatives are relatively small and the
following ones because their amplitudes are not yet sufficiently large.

The construction of a mixing special flow over an arbitrary ergodic automor-
phism and under a continuous function [6] is also based on this two-term model,
and the terms in this case are related to the Rokhlin towers.

Using the model above we can construct mixing flows over circle rotations
and under the roof functions with additional regularity [9].

THEOREM 3. For any sufficiently regular modulus of continuity weaker than the
Lipschitz condition, there exists a mixing special flow over some circle rotation
and under a roof function with this modulus of continuity.

THEOREM 4. For any y € (0, 1) and 6 > 0, and any circle rotation through the
angle p satisfying qn41 =< q,l'*‘e, there exists a positive function f € CY(T1)
such that the special flow S* over this circle rotation and under f is mixing with
power-rate behavior, that is, there exist an exponent 8 > 0, a constant M and a

time moment t* such that

12(S" Q1 N Q2) = p2(01) - 2 (Q2)] < M1 ~F.
for any rectangles Q1, Q, and any t > t*.

For example we’ll construct the flow satisfying this theorem.
Let 6 > 0and 0 < y < 1 be given. Choose p such that the sequence ¢, of
denominators of convergents to p satisfies

o 146
dn+1 X4y -

Choose a sequence a; satisfying

ap X q,,_ Y,
and then construct f by (2—1) and (2-2). The times for switching from one term
to another are given by #, = g/, where » and the exponent f of the mixing rate
are found from some system of inequalities; moreover  depends on 6 and y.
For example, if 6 = 1 and y = 1/2, we may set § = 1/9, and for 8 = 0.754,
y = 0.57 one may set § &~ 0.118.

Bassam Fayad cleverly implemented this two-term model in the construction
of an analytical mixing special flow over a translation on T2 [2]. He represents
each term in (2-2) as u, (x, y) = X,(x) 4+ Y, (») and thus arranges the shifts in
each direction on T2 so that two successive terms do not interfere: the terms
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Xn(x), Yn(»), Xpt1(x), Yu41(») consequently charge with stretching, and
functions of different variables change one another; as a result u,4; can be
substantially smaller than u,, and f can be made analytical.

To summarize this section we can say that the mixing in the model above
is obtained with a resonant effect which is in a certain sense stronger than the
ergodic one. In this case rapid growth is needed for ¢,.

The natural question is for which moduli of continuity is it possible to obtain
a mixing special flow over a circle rotation by a typical angle. Perhaps it is
necessary to construct another model realizing the resonant effect, if possible.

3. Singular fixed points

Another variant of mixing flow on a surface is a smooth flow with singular
fixed points. Such a flow is isomorphic to a special flow over an interval ex-
change with a roof function which is smooth everywhere except the break point
of T', which are power singularities of the function.

To describe precisely the effects arising from singular points, we introduce
after [7] (with some simplifications) a class of functions, denoted by F(«, b).

Let M : (0,1] — R4 be a nondecreasing function with M (1) > 1, let and
w : (0, 1) > R4 be a nondecreasing function such that lim,_, 1o w(x) = 0. We
say that ¢ € Fas (a, D) if

(1) ¢ € C*(a,b),
(2) forany x,y € (a,b) and any 6 € (0, 1), if O(x —a) < y—a <

e <) < MO )

X—a
then

and
(3) for any x € (a, b),
1

(x—a)lw(x—a)

¢"(x) >

Then we set

F(a.b) = | ) Fmola.b).
M,w

THEOREM 5. Let T be an ergodic interval exchange of the circle T!, and let

X1,..., XK be a finite set of points containing all the break points of T. Assume
that for x € T'\ U; X; we have f(x) > ¢ > 0 and

K
FX) = fo)+ Y (fillx—%:}) + gi (X —x}) .

i=1

point—>points (is this what you
mean?)
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where f;, gi € F(0,1), and fo € C*(T'). Then the special flow over T with
roof function f is mixing.

(Functions of type x*(A 4 o(1)) for @ € (0, 1) and A > 0 belong to F(0, 1), so
flows with singular fixed points are mixing.)

In this case, for large r, the strong and almost uniform stretching of Birkhoff
sums f” in the interval of continuity (a, b) is provided by two terms having
singularities at the points a and b; the other terms do not oppose it. One can say
that the mixing in the flow is provided by the individual effect of fixed points.

This statement is supported by two following facts (for simplicity we suppose
that ¢ = 0).

LEMMA 1. Suppose ¢ € Tpr,(0,1), 0 <b <1, and 0 < hj < 1—>b for
j=0,....,N. Then

N
D (x + hj) € Farw(0.b).
j=0

LEMMA 2. Suppose ¢, € Fp1.,(0, D). If b is small enough then ¢(x)+ ¥ (b—
x)|(0, b) is almost uniformly distributed in a long enough interval.

(For exact statements see [7].)

This fact is interesting since it implies that the presence of nonsingular fixed
points in the flow on surfaces (or logarithmic singularities of roof function) isn’t
sufficient for mixing.

4. Functions with logarithmic singularities

We say that a roof function has logarithmic singularities if it suffices the next
conditions:

(1) f has K singular points X, ..., Xg.
K
) feCHT'\ U ;) and f(x) >c¢>0.

i=1

(3) Foranyi =1,..., K

()=

1
- }(—A,' +o0(1)) for x — x; +0,
—Aq

J(x) =

1
- (B; +0(1)) for x - x; — 0,
{Xi —x}

where A;, B; > 0.

I’m put this in parentheses
since I think “In this case”
below doesn’t not refer only to
the specific example of this
paragraph

is this what you mean?
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We set
K K

A=Y 4;, B=)_ B

i=1 i=1
The function f is called symmetric if A = B # 0, asymmetric if A # B, and
strongly asymmetric if

sign(4; — B;) = sign(A— B) #0 forany i.
For symmetric functions there is the following theorem [8].

THEOREM 6. If

K
f(x) = fo(x)+ Z (Ai log {X_IT} + Bjlog {)_lex})
i=1 ! '

where fo has a bounded variation, A = B, and p allows approximation by ra-
tionals with rate const /(q*1og q), then the special flow over the circle rotation
by p with roof function f is not mixing.

So, the deceleration of points and the stretching of a little rectangle in the neigh-
borhood of a regular fixed point are not sufficient for mixing: the stretching
produced by moving on one side of a fixed point is compensated while moving
on the other side.

Examples of smooth flows on the two-dimensional torus with nonsingular
fixed points appear naturally in Arnold’s paper [1]. The phase space of such
a flow decomposes into cells bounded by closed separatrices of regular fixed
points and filled with periodic orbits, and an ergodic component in which orbits
move on one side of a fixed point frequently then on the other. The ergodic
component of such a flow is isomorphic to a special flow over a circle rotation
and under a roof function with an asymmetric logarithmic singular point. A
conjecture about the possibility of mixing in such flows was proposed in [8].
Khanin and Sinai proved it with a certain restriction on the rotation angle.

Due to estimates of the ergodic and resonant effects on the stretching of
Birkhoff sums, it is possible to weaken this restriction in the case of an asym-
metric function and to prove mixing for any irrational angle in the case of a
strongly asymmetric function.

Let p=J[kq,...,ks,...]bethe expansion p in a continued fraction. Let pg/¢;s
be the s-th convergent to p.

THEOREM 7. [10] Let f be an asymmetric function with logarithmic singulari-
ties and p an irrational satisfying

logkpt1 =0 (loggn) . ()

“and an... the other” is garbled
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Then the special flow over the circle rotation through the angle p under the roof
function [ is mixing.

In [4], the restriction on p is stronger: k41 < const n'TY, where 0 < y<l.1It
is easy to show that, if for some y > 0, perhaps great than 1, we have k,4+1 <
const 7' 77 for all n, then p satisfies ().

THEOREM 8. [10] If f is a strongly asymmetric function with logarithmic sin-
gularities and p is an arbitrary irrational angle then the special flow over a
circle rotation through p with roof function f is mixing.

In a special flow with an asymmetric roof function, a new relationship between
the ergodic and resonant effects is detected. To illustrate this we’ll describe the
main ideas of the proof of the previous two theorems. The full presentation
takes about fifty pages.

To estimate the stretching of Birkhoff sums f7, we estimate their derivatives
(f"). The idea is that, since

V.p./ f(x) d x = 400 or — o0,
T!

it would be very nice if “according to the ergodic theorem” almost everywhere
(f") = 4ocor (f") — —o0, and this would ensure the stretching of Birkhoff
sums. Moreover, one would want to give this “proof” for the interval exchange.
As we’ll see, the ergodic component in the expansion of ( f7)’ is really present.
But the additional term arising from the frequent return of the orbit to a neigh-
borhood of the singularity can essentially violate the “ergodic theorem for non-
summable functions”. This additional term is large when p is well approximable
by rationals, and we call this term “resonant”.

For such a flow over a circle rotation one can estimate ergodic, resonant and
other terms and prove mixing in the cases stated in the theorems.

Let u, v : R — R be the functions with period 1 defined thus:

ulx)=1/x if x € (0,1],
v(x)=1/(1—-x) if x€]0,1).

The point xo = 0 in T! is a singular point of both. One can show, that for every
X, except singular points of f7,

K
ST = 3 (0 (x = %) (= Ai + o (1 x)) + 0" (x — %) (B + 0 (1.x))).
= (4-1)
where |ozlrJE(r, x)| <a(r), a(r) — 0 for r - +o0.

Is this what you mean?



STRETCHING OF BIRKHOFF SUMS AND MIXING IN SURFACE FLOWS 137

Let
ds ST <{gs+1, r=Ilyqs+...+1loqo

be the expansion of » by denominators g, with integer nonnegative coefficients,
such that

1<y <kst1, 0<[,<kysq for n=0,1,...,5s—1,
Liiqn—1+...+1logo <qn for n=1,...,s.
Then
u (x) = ub B (x) + ...+ ulr (T4 x) 4 ulodo (T y),

where r, = lsqs + ... + lugn.
We set

Ap= _min |T'xo—T'x0|, n=qnp— pn-
0<i<j<qn

Let us expand u in two terms:
Uy(x) =u(x), uy(x)=0forxe(0,A,)),
Un(x) =0, 1,(x)=u(x) forx &0, Ay).
Then u!ndn (T'n+1x) = ﬁf,”q" (TTn+1x) + Lvti,"q" (TTn+1x).
One can show that for any x

ﬁinq" (x) = Ingnlog gn + L (T x), |Pl;qn(Tr"+lx)| <4lngn.

The term /,,q, log g, is called the ergodic component of ulndn This component
does not depend on x and for a given ¢, is proportional to /.

N

We’ll present the term ;""" as a sum
flnan (T4 x) = I (x) + Z (%)

by the following way. We denote by x, (x) the singular point of the function
{ilndn (TTn+1x) nearest to x on its left hand side, if such exists, and set

Ly (x) = u(x —x; (x)),  Zy (x) =" (T4 x) = [ ().

If x,, (x) does not exist, then we set I, (x) =0, Z, (x) = 0. Thus, we obtain
the expansion

ulnCIn (Trn-‘rlx) — ann log qn + [n_(x) + Zn_(x) + Pn_(TrnJrlX).

We conditionally call the term Z, (x) resonant. Its value essentially depends

on arrangement of the point x and the singular points of ﬁi,"q" (T"n+1x). Its
maximal value is approximately ¢,+1 log k;,+1, which depends on the precision



138 ANDREY KOCHERGIN

of the approximation of p by p,/gq,. We take the sum over n of the expansion
above and denote

e(r) =Y lngnloggn. Z~(x)=Y_ Z;(x) P (x)=) P, (T'"*'x).

n=1 n=0 n=0

It is not difficult to show that

DL ) =T"(x) + Irem(x),

n=0

where 0 < 77 (x) <2/{x7(x) —x}, 0 < Lrem(x) < 2¢s(logs + 1).
Similar estimates are valid for v”. Thus we get

u"(x)=e(r)+ Z7(x)+ 1 (x)+ole(r)),
V' (x)=e(r)+ZT(x)+ I (x)+o(e(r)),

where
N N
Zr) =) 25w, 270 =) Z; ().
For | P%(x)| and 1% (x) we have the estimates

|IPE(X)| <4r, 0<TF(x) < —F——,
|x % (x) — x|

where x~(x) and x ™ (x) are the nearest singular points of #” and v” respectively
to x on its left and right hand sides respectively.

In the expansion given, all three components are present: ergodic e(r), res-
onant Z* and individual /*. The last becomes inessential after a slight re-
striction of the set on which it is considered. The ergodic component would be
enough for stretching of Birkhoff sums if the resonant terms “wouldn’t oppose”
or “would help” it. It turns out that in the case log k1 = o(log ¢,) the resonant
terms are small in comparison with the ergodic term, and in the case of a strongly
asymmetric function they go with the ergodic term on a large set.

We consider this assertion more explicitly. Choose a sequence 0y, n € Z 4,
depending on p and satisfying the conditions

1/4

on \\0; o, > (loggy)~ (for n>1), cr,f loggn /' +o0.

If log k41 = o(loggp), it is easy to show that o;, can satisfy an additional
condition log k41 < 02 log qp.
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Fix ¢ large enough and choose m such that v/2¢,; <t < ~/2¢n+1. Define
Vin ={x: |x =T/ x0| > 30m/qm for j =0,1,...,2g, — 1},
vy ={x: Ix =TI x0| = 30m/qms1  for j=0,1,....2¢u41— 1}

Also set
m' =m, V({t) = Vi, for V2qm <t < vV 20mGme1.
m' =m+1, V(1) = V), for V20mgm1 <t < V2qmi1.

The set V(¢) consists of disjoint closed intervals (or isolated points); the number
of these intervals is no more than 2¢,,; 1 (V(¢)) > 1 —120,,; the length of each
interval is no more 2 /¢y, .
It is not difficult to show that for any x € V(¢) and any r € (¢ /~/2, ~/2t) the set
X (r) of singular points of #” and v" together with their g, /¢n-neighborhoods
does not intersect V(¢), and thus
It (x) <

e(r).

0}%1 log gm

(Note that 0,%, log g — +oo for m — +00.)

One more object is necessary to describe the properties of the resonant terms.
We decompose the set X ™ = X (1) of singular points of u»n (T7n+1x) into
subsets

XM = {rrmemisian g0, L, =1}, i=0,...,qn—1,

which we call clusters of rank n. Each cluster consists of /,, points, producing
an arithmetic progression with the step §,. By [X. l.(")] we denote the minimal
segment containing Xl.("), [X™M] = Ul-[Xl.(")], A[X ™7 is the bound of [X ™.
The length of each segment is

\ o \
X = (= DI8a] & 2L (0O by .

n

The Segments [ X l.(")] are disjoint, so d[X ?] is the union of the ends of [X l-(n)].
For the set W, we define U(e, W) = |J, e U(e, x), where Ul(e, x) is e-
neighborhood of x.

THEOREM 9 (ABOUT THE MAIN RESONANT TERM). For m sufficiently large,
there are the following possible situations.

(1) The main resonant term is absent: for any s <m

gs+1logksi1 <omtlogqm
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and additionally 10g k41 < 02102 qm or N2qm <t < N20mqm+1. Then
forany r € (t/~2,\/2t) and x € V(1)

0< Z Z,:,t(x) < 200,,e(r).
n

(2) The main resonant term is of rank m: for any s <m  qs41logks+1 <
omt log qm, and

log k1 > a,f, log gm, \/Eamqmﬂ <t < «/Eqmﬂ.

Then for any x
Z Z,f(x) < 160,e(r),
n#m
and for an;(x) = Z,:,'f(r, x), when r € (t/~/2,~/2t) and

X € V) \U(om/qm, X "™ (1)),
there is an alternative:
—if x ¢ [ X ()], then ZE(x) < ome(r);
—ifx €[X(r)], then g1 Inkpny1—0me(r) < ZE(X) <@mi1 Inkpy1+
ome(r).
(3) The main resonant term is of rank s < m: there exists s < m such that
Gs+110g kg1 > 0mt 108 gm. Then for any r € (t/~/2,~/2t) and x € V(1)

Y Z7(x) < ome(r);
n#s
for ZE(x) = ZE(r, x), when r € (t/~/2, v/2t) and
X € V() \U(0s/qs, XS (1)),

there is an alternative:
—ifx ¢[XO ()], then Zsi(x) < ome(r);
—ifx €[XO(r)], then gs+1logksi1—ome(r) < Z;t(x) <{gs+1logksy1+
ome(r).
Now we may define the functions e(z) — 0, H(¢) — 400 for t — +o00, for the
sufficient condition of mixing (Theorem 1). Let

o = max a(r),
re(t/~2,7/21)
0 21(A+ B) 4K ) 2
e.(t) = o a, € = max ——y,
‘ (B—al " IB—al " P T gk [4i—Bil

where K is the number of singular points of f, a(r) is the infinitesimal sequence
defined in (4-1).
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Next set

|B—A|O’,%l log gm
1 .

For each of the situations (1)—(3) we’ll define a partial partition &; such that each
element is a segment and for 1 — 400 they satisfies the following conditions:

(1) w([&:) — 1.

(2) maxceg, |C|— 0.

(3) For any element C € &; there exists a constant L(C) > 0, such that for any
r € R(t,[&]) and x € C,

(f7)(x)=(B=A) () + LICHA+y(,x)), |y(rx)]<e)/2. (4-2)
(4) For any element C € & and r € (1/+/2, v/21),

e(t) = 2max(ee (1), eL (1)), H(1) =

2
]
ICle(r) > Zm O84m

Thus we’ll verify the sufficient condition for mixing.

In situation 1 we set

K
V()= (V) +3). L(C)=0.

i=1

Then forany x € V(¢)andanyi x—X; € V(¢), and substituting the expansions
of u"(x — X;) and v"(x — X;) to (4-1) it is easy to make sure that for any
r € (t/~/2, v/2t) the relation (4-2) is satisfied.

As elements of the partition & we take those connected components of V (t)
whose length is at least 0 | Q-

If log k1 = o(log gy), then for each ¢ situation 1 is realized.

In situations 2 and 3, the principle of construction of &; is the same, but it is
necessary to slightly narrow the set ¥ (¢). We show how to do it in the situation
3, for situation 2 it is necessary to replace the index s by the index m everywhere.

Let 7 = min R(¢, V (¢)). Set

V() = (V) \ U(om/qs, XD D) N (Vs —7p),

_= K ~
V)= NV@) +x).

i=1

As elements of the partition & we take those connected components of V (t)
whose length is at least 0/ qm’ -

There was a comment: “the
next equation is corrected”
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For C € &; set

£0) = (1 540 e ogkia
i=1

where x; is the indicator function of the set [X )] + %;, x € C. This definition
does not depend on the choice of representative x € C, as it follows the con-
struction of &;. Also the inequality L(C) > 0 follows from the construction and
the condition that sign(B; — A;) = sign(B — A) # 0.

Note, that the partition &; depends on some fixed 7 in the situations 2 and 3,
and thus (4-2) is valid only for r closed to r, whereas the sufficient condition of
mixing requires it for any r € R(¢,[&/]). By estimating the oscillation of /7 in
the set V(¢) it is possible to prove that the range R(z, [£;]) is not too large, and
(4-2) is valid for the whole range.

5. Some problems

(1) It is not known whether the restriction (%) on the angle in the theorem 7
is appreciable. For angles which don’t satisfy (), it is possible to construct
an asymmetric function f with logarithmic singularities, such that for an
unbounded set of moments ¢ and corresponding r, the oscillation of 7 on
each element C € &, : C C ([ X "])+%; is small since e(r)+L(C) = o(qm+1)
in the expansion (4-2), but the oscillation of f” on each set

X1\ U(om, 1X™]) N[

is large enough; also the distribution of /7 [([X, i(m)] \ U(om, I[X l.(m)])) is not
almost uniform, it is almost discrete. Thus we cannot use the sufficient con-
dition for mixing given above, and yet cannot prove the absence of mixing.

(2) It is not known whether the theorem 6 for symmetric function with logarith-
mic singularities is right for angles satisfying k,41 = o(log ¢,) (or the same
log kn41 = o(loglog gp)).

Using techniques from Fourier analysis, M. Lemanczyk has slightly ex-
tended the class of functions considered but not the class of angles.

(3) It would be interesting to clarify how for mixing special flows the modulus of
continuity of the roof function relates to the speed of rational approximation
of the angle of the rotation in the base. Maybe there exist models other
than the model of “two terms” described above, in which more terms are
simultaneously involved in the stretching of Birkhoff sums.

(4) It is also not known what the maximum rate of mixing is for special flows
over ergodic rotations and under continuous roof functions. This question

achievable?
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is interesting in connection with the existence of such flows with Lebesgue
spectrum.

(5) Is the presence of only one singular fixed point, even in the presence of other
nonsingular fixed points, sufficient for mixing of an ergodic flow on a surface
? It seems the answer should be positive but it has not yet been proved.

(6) Is the mixing in the above flows mixing of all orders ?
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ABSTRACT. We describe a construction of a moduli space of solenoid func-
tions for the C'*-conjugacy classes of hyperbolic dynamical systems f on
surfaces with hyperbolic basic sets Ay. We explain that if the holonomies
are sufficiently smooth then the diffeomorphism f is rigid in the sense that it
is C'* conjugate to a hyperbolic affine model. We present a moduli space
of measure solenoid functions for all Lipschitz conjugacy classes of C!*-
hyperbolic dynamical systems f which have a invariant measure that is ab-
solutely continuous with respect to Hausdorff measure. We extend Livsic and
Sinai’s eigenvalue formula for Anosov diffeomorphisms which preserve an ab-
solutely continuous measure to hyperbolic basic sets on surfaces which possess
an invariant measure absolutely continuous with respect to Hausdorff measure.
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1. Introduction

We say that (f, A) is a C'" hyperbolic diffeomorphism if it has the following
properties:

() f:M — M isa C'T¥ diffeomorphism of a compact surface M with respect
to a C1T¢ gtructure %y on M, for some o > 0.

145
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(i) A is a hyperbolic invariant subset of M such that f|A is topologically
transitive and A has a local product structure.

We allow both the case where A = M and the case where A is a proper subset
of M. If A= M then f is Anosov and M is a torus [16; 33]. Examples where
A is a proper subset of M include the Smale horseshoes and the codimension
one attractors such as the Plykin and derived-Anosov attractors.

THEOREM 1.1 (EXPLOSION OF SMOOTHNESS). Let f and g be any two C1*
hyperbolic diffeomorphisms with basic sets Ay and Ayg, respectively. If [ and
g are topologically conjugate and the conjugacy has a derivative at a point with
nonzero determinant, then f and g are C'% conjugate.

See definitions of topological and C!* conjugacies in Section 2.3. A weaker
version of this theorem was first proved by D. Sullivan [47] and E. de Faria
[8] for expanding circle maps. Theorem 1.1 follows from [13] using the results
presented in [1] and in [13] which apply to Markov maps on train tracks and to
nonuniformly hyperbolic diffeomorphisms.

For every C ! T hyperbolic diffeomorphism f we denote by § . the Hausdorff
dimension of the stable-local leaves of f intersected with A, and we denote by
7,4 the Hausdorff dimension of the unstable-local leaves of f intersected with
A. Let P be the set of all periodic points of A under f. For every x € P,
let us denote by Af(x) and Af,(x) the stable and unstable eigenvalues of the
periodic orbit containing x. A. LivSic and Ya. Sinai [25] proved that an Anosov
diffeomorphism f admits an f-invariant measure that is absolutely continuous
with respect to the Lebesgue measure on M if, and only if, Az (x)Af,(x) =1
for every periodic point x € . In Theorem 1.1 of [42], it is proved the following
extension of Livsic and Sinai’s Theorem to C!* hyperbolic diffeomorphisms
with hyperbolic sets on surfaces such as Smale horseshoes and codimension one
attractors.

THEOREM 1.2 (LIVSIC AND SINAI’S EXTENDED FORMULA). A C'T hy-
perbolic diffeomorphism [ admits an f-invariant measure that is absolutely
continuous with respect to the Hausdorff measure on A if, and only if, for every
periodic point x € P,

)‘f,s(x)éf's)‘f,u(x)sf’u =1.

By the flexibility of a given topological model of hyperbolic dynamics we mean
the extent of different smooth realizations of this model. Thus a typical result
provides a moduli space to parameterise these realizations. To be effective it is
important that these moduli spaces should be easily characterised. For example,
for C2 Anosov diffeomorphisms of the torus that preserve a smooth invariant
measure, the eigenvalue spectrum is a complete invariant of smooth conjugacies
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as shown by De la Llave, Marco and Moriyon [26; 27; 30; 31]. However, for
hyperbolic systems on surface other than Anosov systems the eigenvalue spectra
are only a complete invariant of Lipschitz conjugacy (see [42]). In [39], the
notions of a HR-structure and of a solenoid function are used to construct the
moduli space.

Consider affine structures on the stable and unstable lamination in A. These
are defined in terms of a pair of ratio functions 5 and r* (see Section 3.1).
If ¥ and r* are Holder continuous and invariant under f then we call the as-
sociated structure a HR-structure (HR for Holder-ratios). Theorem 5.1 in [39]
gives a one-to-one correspondence between HR-structures and C !+ conjugacy
classes of f|A (see Theorem 3.1). The main step in the proof of this and related
results is to show that, given a HR-structure, there is a canonical construction
of a representative in the corresponding conjugacy class. By Theorem 5.3 in
[39], this representative has the following maximum smoothness property: the
holonomies for the representative are as smooth as those of any diffeomorphism
that is C!T conjugate to it. In particular, if there is an affine diffeomorphism
with this HR-structure, then this representative is the affine diffeomorphism. In
Section 3.9, we present the definition of stable and unstable solenoid functions
and we introduce the set F( f') of all pairs of solenoid functions. To each HR-
structure one can associate a pair (0%, 0%) of solenoid functions corresponding
to the stable and unstable laminations of A, where the solenoid functions o*
and o* are the restrictions of the ratio functions r* and r*, respectively, to a set
determined by a Markov partition of f. Theorem 6.1 in [39] says that there is
a one-to-one correspondence between Holder solenoid function pairs and HR-
structures (see Theorem 3.4). Since these solenoid function pairs form a nice
space with a simply characterised completion they provide a good moduli space.
For example, in the classical case of Smale horseshoes the moduli space is the
set of all pairs of positive Holder continuous functions with domain {0, 1}".

Let J(f, A) be the set of all C'* hyperbolic diffeomorphisms (g, Ag) such
that (g, Ag) and ( f, A) are topologically conjugate (See definitions of topolog-
ical and C!™T conjugacies in Section 2.3).

THEOREM 1.3 (FLEXIBILITY). The natural map c : T(f, A) — PL(f) which
associates a pair of solenoid functions to each C'F conjugacy class is a bijec-
tion.

The solenoid functions were first introduced in [36; 39] inspired by the scaling
functions introduced by M. Feigenbaum [10; 11] and D. Sullivan [48]. The
completion of the image of ¢ is the set of pairs of continuous solenoid functions
which is a closed subset of a Banach space. They correspond to f-invariant
affine structures on the stable and unstable laminations for which the holonomies
are uniformly asymptotically affine (uaa) as defined in [47].
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In [41], the moduli space of solenoid functions is used to study the existence
of rigidity for diffeomorphisms on surfaces. In dynamics, rigidity occurs when
simple topological and analytical conditions on the model system imply that
there is no flexibility and so a unique smooth realization. One can paraphrase
this by saying that the moduli space for such systems is a singleton. For example,
a famous result of this type due to Arnol’d, Herman and Yoccoz [3; 20; 51] is
that a sufficiently smooth diffeomorphism of the circle with an irrational rotation
number satisfying the usual Diophantine condition is C'* conjugate to a rigid
rotation. The rigidity depends upon both the analytical hypothesis concerning
the smoothness and the topological condition given by the rotation number and
if either are relaxed then it fails. The analytical part of the rigidity hypotheses
for hyperbolic surface dynamics will be a condition on the smoothness of the
holonomies along stable and unstable manifolds.

THEOREM 1.4 (RIGIDITY). If f is a C" diffeomorphism with a hyperbolic
basic set A and the holonomies of f are C" with uniformly bounded C" norm
and with r — 1 greater than the Hausdorff dimension along the stable and unsta-
ble leaves intersected with A then f is C'F conjugated to a hyperbolic affine
model.

See the definition of a hyperbolic affine model in Section 4.2. Theorem 4.1
contains a slightly stronger version of Theorem 1.4 using the notion of a HD*
complete set of holonomies. Both theorems are proved in [41]. In these theorems
we allow both the case where A = M (so that f is Anosov and M = T2 [16;
33]) and the case where A is a proper subset. In the case of the Smale horseshoe
f, as presented in Figure 8, the hyperbolic affine maps f topologically conju-
gate to f, up to affine conjugacy, form a two-dimension set homeomorphic to
R* xR™. In the case of hyperbolic attractors with HD*® < 1, there are no affine
maps as proved in [14]. Hence, Theorem 1.4 implies that the stable holonomies
can never be smoother than C !¢ with « greater than the Hausdorff dimension
along the stable leaves intersected with A (see [14]). This result is linked with
J. Harrison’s conjecture of the nonexistence of C!T% diffeomorphisms of the
circle with « > HD, where HD is the Hausdorff dimension of its nonwandering
domain. A weaker version of this conjecture was proved by A. Norton [35]
using box dimension instead of Hausdorff dimension. In the case of Anosov
diffeomorphisms of the torus, the hyperbolic affine model is a hyperbolic toral
automorphism and is unique up to affine conjugacy [15; 16; 29; 33]. In general,
the topological conjugacy between such a diffeomorphism and the correspond-
ing hyperbolic affine model is only Holder continuous and need not be any
smoother. This is the case if there is a periodic orbit of f whose eigenvalues
differ from those of the hyperbolic affine model. For Anosov diffeomorphisms
[ of the torus there are the following results, all of the form that if a C k f has
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C” foliations then f is C*-rigid, i.e. f is C’-conjugate to the corresponding
hyperbolic affine model:

(i) Area-preserving Anosov maps f with r = oo are C*°-rigid (Avez [4]).

(ii) C¥ area-preserving Anosov maps f with r = 1+o(z|logt|) are C*¥3-rigid
(Hurder and Katok [22]).

(iii) C! area-preserving Anosov maps f with r > 2 are C”-rigid (Flaminio and
Katok [17]).

(Gv) Ck Anosov maps f (k >2) with » > 14 Lipshitz are Ck—rigid (Ghys [18]).

The moduli space of solenoid functions is used in [42] to construct classes
of smooth hyperbolic diffeomorphisms with an invariant measure p absolutely
continuous with respect to the Hausdorff measure. It is interesting to note that
when we consider the C'* hyperbolic diffeomorphisms realising a particular
topological model then the stable and unstable ratio functions are indendent in
the following sense. If r* is a stable ratio function for some hyperbolic dif-
feomorphism and 7 is the unstable ratio function for some other hyperbolic
diffeomorphism then there is a hyperbolic diffeomorphism that has the pair
(r,r") as its HR structure. The same is no longer true if we ask the C!*
hyperbolic realizations to have an invariant measure p absolutely continuous
with respect to the Hausdorff measure. For ¢ € {s,u}, let us denote by (' the
element of {s, u} which is not ¢.

THEOREM 1.5 (MEASURE RIGIDITY FOR ANOSOV DIFFEOMORPHISMS). For
L € {s,u}, given an t-solenoid function o, there is a unique '-solenoid function
such that the C'T Anosov diffeomorphisms determined by the pair (o5, 0;,) sat-
isfy the property of having an invariant measure | absolutely continuous with
respect to Lebesgue measure of their hyperbolic sets.

In the case of Smale horseshoes, the ¢’-solenoid function is not anymore unique
but belongs to a well-characterized set which is the §-solenoid equivalence class
of the Gibbs measure determined by the (-solenoid function (see Section 5.6).

THEOREM 1.6 (MEASURE FLEXIBILITY FOR SMALE HORSESHOES). For
L € {s,u}, given an t-solenoid function o, there is an infinite dimensional space
of solenoid functions o, (but not all) such that the C'* hyperbolic Smale horse-
shoes determined by the pairs (o, 0y,) have the property of having an invariant
measure |4 absolutely continuous with respect to the Hausdorff measure of their
hyperbolic sets.

Codimension one attractors partly inherit the properties of Anosov diffeomor-
phisms and partly those of Smale horseshoes because locally they are a product
of lines with Cantor sets embedded in lines.
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THEOREM 1.7. (i) (MEASURE FLEXIBILITY FOR CODIMENSION ONE AT-
TRACTORS) Given an u-solenoid function o, there is an infinite dimensional
space of s-solenoid functions oy (but not all) such that the C'T hyperbolic
codimension one attractors determined by the pairs (og, 0y,) have the prop-
erty of having an invariant measure [L absolutely continuous with respect to
the Hausdorff measure of their hyperbolic sets.

(il)) (MEASURE RIGIDITY FOR CODIMENSION ONE ATTRACTORS) Given an
s-solenoid function o there is a unique u-solenoid function o, such that the
C '™ hyperbolic codimension one attractors determined by the pair (o5, 0y)
have the property of having an invariant measure | absolutely continuous
with respect to the Hausdorff measure of their hyperbolic sets.

Theorem 5.9 contains a stronger version of Theorems 1.5, 1.6 and 1.7, and it is
proved in Lemmas 8.17 and 8.18 in [42].

Since (f, A) is a C'* hyperbolic diffeomorphism it admits a Markov parti-
tion R = {Ry,..., Ri}. This implies the existence of a two-sided subshift of
finite type @ in the symbol space {1, ...,k}?, and an inclusion i : ©® — A such
that (a) foi =io7 and (b) i(®;) = R; forevery j =1,...,k. For every
g € J(f, A), the inclusion ig = hfgo0i:® — Ag is such that goiz =igor.
We call such a map iy : ®@ — Ag a marking of (g, Ag).

DEFINITION 1.1. If (g, Ag) € T(f, A) is a C!* hyperbolic diffeomorphism as
above and v is a Gibbs measure on ® then we say that (g, Ag, v) is a Hausdorff
realisation if (ig)«V is absolutely continuous with respect to the Hausdorff mea-
sure on Ag. If this is the case then we will often just say that v is a Hausdorff
realisation for (g, Ag).

We note that the Hausdorff measure on A, exists and is unique, and if a Haus-
dorff realisation exists then it is unique. However, a Hausdorff realisation need
not exist.

DEFINITION 1.2. Let I, 4 (85, dy) be the set of all C 't hyperbolic diffeomor-
phisms (g, Ag) in T(f, A) such that (i) §g 5 = &5 and 8¢, = 8,; (ii) there is a
g-invariant measure (tg on Ag which is absolutely continuous with respect to
the Hausdorff measure on Ag. We denote by [v] C T, 4(8s.d,) the subset of
all C!'*-realisations of a Gibbs measure v in T 1,485, 0u).

De la Llave, Marco and Moriyon [26; 27; 30; 31] have shown that the set of
stable and unstable eigenvalues of all periodic points is a complete invariant of
the C'* conjugacy classes of Anosov diffeomorphisms. We extend their result
to the sets [v] C T, 4 (85, 8u).

THEOREM 1.8 (EIGENVALUE SPECTRA). (i) Any two elements of the set [v] C
T £,4(8s, 6u) have the same set of stable and unstable eigenvalues and these
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sets are a complete invariant of [v] in the sense that if g1,g2 € T 7, (85, 6u)
have the same eigenvalues if, and only if, they are in the same subset [v].

(i) The map v — [v] C T, 4(8s.84) gives a 1 — 1 correspondence between
C ' -Hausdorff realisable Gibbs measures v and Lipschitz conjugacy classes
inJ A0, 6u).

Theorem 1.8 is proved in [42], where it is also proved that the set of stable and
unstable eigenvalues of all periodic orbits of a C!T hyperbolic diffeomorphism
g €J(f, A)is acomplete invariant of each Lipschitz conjugacy class. Further-
more, for Anosov diffeomorphisms every Lipschitz conjugacy class is a C'*
conjugacy class.

REMARK 1.9. We have restricted our discussion to Gibbs measures because it
follows from Theorem 1.8 that, if g € J7,4(8s.d,) has a g-invariant measure
fg Which is absolutely continuous with respect to the Hausdorff measure then
ngisaC 1+ _Hausdorff realisation of a Gibbs measure v so that tg = (ig)sv.

If f is a Smale horseshoe then every Gibbs measure v is C!*-Hausdorff re-
alisable by a hyperbolic diffeomorphism contained in J ¢, 4 (85, 6,) (see [42]).
However, this is not the case for Anosov diffeomorphisms and codimension
one attractors. E. Cawley [6] characterised all C 1+ _Hausdorff realisable Gibbs
measures as Anosov diffeomorphisms using cohomology classes on the torus.
In [42], it is used measure solenoid functions to classify all C 1t _-Hausdorff
realisable Gibbs measures, in an integrated way, of all C'* hyperbolic diffeo-
morphisms on surfaces. In Section 5.3, the stable and unstable measure solenoid
functions are easily built from the Gibbs measures, and, in Section 5.6, we define
the infinite dimensional metric space Y0&".

THEOREM 1.10 (MEASURE SOLENOID FUNCTIONS). Let f be an Anosov
diffeomorphism or a codimension one attractor. The following statements are
equivalent:

(i) The Gibbs measure v is C'T-Hausdorff realisable by a hyperbolic diffeo-
morphism contained in J 7, 5 (85, 8y).

(ii) The t-measure solenoid function oy, : msol® — RT has a nonvanishing
Hélder continuous extension to the closure of msol® belonging to $O£".

We present a more detailed version of this theorem in Theorems 5.5 and 5.8.
These theorems are proved in [42].

By Theorems 1.8 and 1.10, for ¢ equal to s and u, we obtain that the map
Vv — 0y, gives a one-to-one correspondence between the sets [v] contained in
T f,4(8s, 6,) and the space of measure solenoid functions oz, whose continuous
extension is contained in YOL".
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COROLLARY 1.11 (MODULI SPACE). The set ¥O£' is a moduli space parame-
terizing all Lipschitz conjugacy classes [v] of C'F hyperbolic diffeomorphisms
contained in J g, o (85, 0u).

2. Hyperbolic diffeomorphisms

In this section, we present some basic facts on hyperbolic dynamics, that we
include for clarity of the exposition.

2.1. Stable and unstable superscripts. Throughout the paper we will use the
following notation: we use ¢ to denote an element of the set {s, u} of the stable
and unstable superscripts and ¢’ to denote the element of {s,u} that is not ¢.
In the main discussion we will often refer to objects which are qualified by ¢
such as, for example, an t-leaf: This means a leaf which is a leaf of the stable
lamination if ¢ = s, or a leaf of the unstable lamination if ¢ = u. In general the
meaning should be quite clear.
We define themap f, = fift=uor f,= flifi=s.

2.2. Leaf segments. Let ¢ be a metric on M. For ¢ € {s, u}, if x € A we denote
the local (-manifolds through x by

Wi(x,e)={yeM:d(f"(x). [7"(y)) <e foralln>0}.

By the Stable Manifold Theorem (see [21]), these sets are respectively contained
in the stable and unstable immersed manifolds

W) = [J £ (W (/7" (), £0))

n=0

which are the image of a C 1+Y immersion kix : R = M. An open (resp.
closed) full i-leaf segment I is defined as a subset of W*(x) of the form «, x(/;)
where [; is an open (resp. closed) subinterval (nonempty) in R. An open (resp.
closed) t-leaf segment is the intersection with A of an open (resp. closed) full
t-leaf segment such that the intersection contains at least two distinct points.
If the intersection is exactly two points we call this closed t-leaf segment an
t-leaf gap. A full i-leaf segment is either an open or closed full (-leaf segment.
An (-leaf segment is either an open or closed (-leaf segment. The endpoints
of a full i-leaf segment are the points , x(#) and k, x(v) where u and v are
the endpoints of I;. The endpoints of an i-leaf segment I are the points of
the minimal closed full (-leaf segment containing /. The interior of an t-leaf
segment [ is the complement of its boundary. In particular, an ¢-leaf segment /
has empty interior if, and only if, it is an (-leaf gap. A map c¢: I — R is an t-leaf
chart of an (-leaf segment [ if has an extension cg : [g — R to a full (-leaf
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segment I g with the following properties: I C I g and cg is a homeomorphism
onto its image.

2.3. Topological and smooth conjugacies. Let (f, A) be a C'T hyperbolic
diffeomorphism. Somewhat unusually we also desire to highlight the C' T struc-
ture on M in which £ is a diffeomorphism. By a C'T structure on M we mean
a maximal set of charts with open domains in M such that the union of their
domains cover M and whenever U is an open subset contained in the domains
of any two of these charts i and j then the overlap map j oi~!:i(U) — j(U)
is C!1*% where o > 0 depends on i, j and U. We note that by compactness
of M, given such a C'* structure on M, there is an atlas consisting of a finite
set of these charts which cover M and for which the overlap maps are C !+
compatible and uniformly bounded in the C'T® norm, where « > 0 just de-
pends upon the atlas. We denote by €¢ the C I+ structure on M in which f
is a diffeomorphism. Usually one is not concerned with this as, given two such
structures, there is a homeomorphism of M sending one onto the other and thus,
from this point of view, all such structures can be identified. For our discussion
it will be important to maintain the identity of the different smooth structures
on M.

We say that a map /1 : Ay — Ag is a topological conjugacy between two C 1+
hyperbolic diffeomorphisms (f, As) and (g, Ag) if there is a homeomorphism
h: Ay — Ag with the following properties:

(i) goh(x)=ho f(x) forevery x € Ay.
(i1) The pull-back of the i-leaf segments of g by & are (-leaf segments of f.

We say that a topological conjugacy / : Ay — Ag is a Lipschitz conjugacy if h
has a bi-Lipschitz homeomorphic extension to an open neighborhood of A in
the surface M (with respect to the C !t structures €  and €, respectively).

Similarly, we say that a topological conjugacy /1: Ay — Agisa C I conju-
gacy if h has a C'*¥ diffeomorphic extension to an open neighborhood of A f
in the surface M, for some a > 0.

Our approach is to fix a C'* hyperbolic diffeomorphism ( f, A) and consider
C'* hyperbolic diffeomorphism (g7, Ag,) topologically conjugate to (f, A).
The topological conjugacy /1 : A — Ag, between f and g; extends to a home-
omorphism H defined on a neighborhood of A. Then, we obtain the new C!-
realization (g,, Ag,) of f defined as follows: (i) the map g, = H ! o gj o H;
(i) the basic set is Ag, = H!|Ag,; (iii) the C'* structure 6, is given by
the pull-back (H), g, of the C!* structure €,,. From (i) and (ii), we get
that Ag, = A and g,|A = f. From (iii), we get that g5 is C'T conjugated to
g1. Hence, to study the conjugacy classes of C!* hyperbolic diffeomorphisms
(f, A) of f, we can just consider the C!* hyperbolic diffeomorphisms (g, Ag)
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with Ag = A and g|Ag = f|A, which we will do from now on for simplicity
of our exposition.

2.4. Rectangles. Since A is a hyperbolic invariant set of a diffeomorphism
f:M — M, for 0 < & < g there is § = 6(¢) > 0 such that, for all points
w,z € A with d(w, z) < §, W¥(w, ¢) and W*(z, ¢) intersect in a unique point
that we denote by [w, z]. Since we assume that the hyperbolic set has a local
product structure, we have that [w, z] € A. Furthermore, the following properties
are satisfied: (i) [w, z| varies continuously with w, z € A; (ii) the bracket map
is continuous on a §-uniform neighborhood of the diagonal in A x A; and (iii)
whenever both sides are defined f'((w, z]) =[f(w), f(z)]. Note that the bracket
map does not really depend on § provided it is sufficiently small.

Let us underline that it is a standing hypothesis that all the hyperbolic sets
considered here have such a local product structure.

A rectangle R is a subset of A which is (i) closed under the bracket i.e.
X,y € R =[x, y] € R, and (ii) proper i.e. is the closure of its interior in A.
This definition imposes that a rectangle has always to be proper which is more
restrictive than the usual one which only insists on the closure condition.

If £5 and £* are respectively stable and unstable leaf segments intersecting
in a single point then we denote by [£%, £%] the set consisting of all points of
the form [w, z] with w € £° and z € £%. We note that if the stable and unsta-
ble leaf segments £ and ¢’ are closed then the set [¢,{'] is a rectangle. Con-
versely in this 2-dimensional situations, any rectangle R has a product struc-
ture in the following sense: for each x € R there are closed stable and unsta-
ble leaf segments of A, £5(x, R) C W¥(x) and £*(x, R) C W¥(x) such that
R =[{*(x, R),£%(x, R)]. The leaf segments £*(x, R) and £¥(x, R) are called
stable and unstable spanning leaf segments for R (see Figure 1). For ¢ € {s, u},
we denote by d¢'(x, R) the set consisting of the endpoints of £'(x, R), and
we denote by int£‘(x, R) the set £'(x, R) \ 0¢'(x, R). The interior of R is
given by int R = [int £*(x, R), int £*(x, R)], and the boundary of R is given by
OR = [0€%(x, R), £*(x, R)]U[£*(x, R), 0¢*(x, R)].

R
| = #(x,R) J=1(z,R)

Figure 1. A rectangle.
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2.5. Markov partitions. By a Markov partition of f we understand a collection
R ={Ry,..., Ry} of rectangles such that (i) A C Uf;l R;; (i) R, N R; =
dR; NAR; for all i and j; (iii) if x € [[ R; and fx € [[ R; then

@ f((x,R) C(fx,Rj)and [~ (“(fx.R;)) CL*(x, R;)
(b) S (x, R))NR; =L%(fx,R;)and f~1(5(fx, Rj))NR; = L5(x, R;).

The last condition means that f(R;) goes across R; just once. In fact, it follows
from condition (a) providing the rectangles R; are chosen sufficiently small
(see [28]). The rectangles making up the Markov partition are called Markov
rectangles.

We note that there is a Markov partition % of f with the following disjoint-
ness property (see [5; 34; 46]):

(i) if 0 <875 <1and 0 <&y, <1 then the stable and unstable leaf boundaries
of any two Markov rectangles do not intersect.

(ii) if 0 < 87, < 1 and 87, = 1 then the (-leaf boundaries of any two Markov
rectangles do not intersect except, possibly, at their endpoints.

If 67,y = 8, = 1, the disjointness property does not apply and so we consider
that it is trivially satisfied for every Markov partition. For simplicity of our
exposition, we will just consider Markov partitions satisfying the disjointness

property.

2.6. Leaf n-cylinders and leaf n-gaps. For(=s or u, an t-leaf primary cylinder
of a Markov rectangle R is a spanning (-leaf segment of R. For n > 1, an (-leaf
n-cylinder of R is an (-leaf segment I such that

(i) f"I is an (-leaf primary cylinder of a Markov rectangle M ;
@i f" (K‘/(x, R)) C M forevery x € I.

For n > 2, an t-leaf n-gap G of R is an t-leaf gap {x, y} in a Markov rectangle
R such that 7 is the smallest integer such that both leaves fL”_lﬁ‘/ (x, R) and
fL”_lé‘/ (y, R) are contained in /-boundaries of Markov rectangles; An (-leaf
primary gap G is the image f,G’ by f, of an t-leaf 2-gap G’.

We note that an (-leaf segment / of a Markov rectangle R can be simul-
taneously an nj-cylinder, (n; + 1)-cylinder, ..., ny-cylinder of R if f™1([),
ML, .., f™(I) are all spanning (-leaf segments. Furthermore, if  is an
t-leaf segment contained in the common boundary of two Markov rectangles R;
and R; then I can be an nj-cylinder of R; and an nj-cylinder of R; with n
distinct of n,. If G = {x, y} is an (-gap of R contained in the interior of R then
there is a unique # such that G is an n-gap. However, if G = {x, y} is contained
in the common boundary of two Markov rectangles R; and R; then G can be
an n-gap of R; and an n,-gap of R; with n; distinct of n,. Since the number
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Figure 2. A basic stable holonomy from I to J.

of Markov rectangles Ry, ..., Ry is finite, there is C > 1 such that, in all the
above cases for cylinders and gaps we have |ny, —nq| < C.

We say that a leaf segment K is the i-th mother of an n-cylinder or an n-gap
J of Rif J C K and K is a leaf (n —i)-cylinder of R. We denote K by m'J.

By the properties of a Markov partition, the smallest full ¢-leaf K containing
a leaf n-cylinder K of a Markov rectangle R is equal to the union of all smallest
full ¢-leaves containing either a leaf (n + j)-cylinder or a leaf (n + i)-gap of R,
withi € {l,..., j}, contained in K.

2.7. Metric on A. We say that a rectangle R is an (ng, ny)-rectangle if there
is x € R such that, for : = s and u, the spanning leaf segments £‘(x, R) are
either an (-leaf n,-cylinder or the union of two such cylinders with a common
endpoint.

The reason for allowing the possibility of the spanning leaf segments being
inside two touching cylinders is to allow us to regard geometrically very small
rectangles intersecting a common boundary of two Markov rectangles to be
small in the sense of having ng and n,, large.

If x,y € A and x # y then d4(x, y) = 27" where n is the biggest integer
such that both x and y are contained in an (ng, n,)-rectangle with ng > n and
n, > n. Similarly if 7 and J are (-leaf segments then d 4 (1, J) = 27"V where
n, = 1 and ny is the biggest integer such that both / and J are contained in an
(ng, ny)-rectangle.

2.8. Basic holonomies. Suppose that x and y are two points inside any rectan-
gle R of A. Let £(x, R) and £(y, R) be two stable leaf segments respectively
containing x and y and inside R. Then we define 6 : £(x, R) — £(y, R) by
0(w) = [w, y]. Such maps are called the basic stable holonomies (see Figure 2).
They generate the pseudo-group of all stable holonomies. Similarly we define
the basic unstable holonomies.

By Theorem 2.1 in [40], the holonomy @ : £(x, R) — £‘(y, R) has a C11¢
extension to the leaves containing £‘(x, R) and £*(y, R), for some « > 0.
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2.9. Foliated lamination atlas. In this section when we refer to a C” object r is
allowed to take the values k +« where k is a positive integer and 0 <« < 1. Two
t-leaf charts i and j are C" compatible if whenever U is an open subset of an
i-leaf segment contained in the domains of i and j then joi~!:i(U) — j(U)
extends to a C” diffeomorphism of the real line. Such maps are called chart
overlap maps. A bounded C" (-lamination atlas $* is a set of such charts which
(a) cover A, (b) are pairwise C” compatible, and (c) the chart overlap maps are
uniformly bounded in the C” norm.

Let «{* be a bounded C11¢ ;-lamination atlas, with 0 <o < 1. If i : T —> R
is a chart in #{* defined on the leaf segment / and K is a leaf segment in / then
we define | K|; to be the length of the minimal closed interval containing i (K).
Since the atlas is bounded, if j : J — R is another chart in s{* defined on the
leaf segment J which contains K then the ratio between the lengths |K|; and
|K|; is universally bounded away from 0 and oco. If K’ C I N J is another such
segment then we can define the ratio r;(K : K') = |K|;/|K'|;. Although this
ratio depends upon i, the ratio is exponentially determined in the sense that if
T is the smallest segment containing both K and K’ then

ri(K:K')e(1+0(T|¥)ri (K:K') .

This follows from the C'** smoothness of the overlap maps and Taylor’s The-
orem.

A C’ lamination atlas 4* has bounded geometry (i) if f is a C" diffeomor-
phism with C” norm uniformly bounded in this atlas; (ii) if for all pairs /1, I, of
t-leaf n-cylinders or ¢-leaf n-gaps with a common point, we have that r; (I : I5)
is uniformly bounded away from 0 and oo with the bounds being independent
of i, Iy, I, and n; and (iii) for all endpoints x and y of an -leaf n- cylinder or

-leaf n-gap I, we have that ||; <0((da(x, y))?) and d 4 (x, y) < @(|I| ), for
some 0 < 8 < 1, independent of i, I and n.

A C" bounded lamination atlas s§* is C” foliated (i) if #4* has bounded ge-
ometry; and (ii) if the basic holonomies are C” and have a C” norm uniformly
bounded in this atlas, except possibly for the dependence upon the rectangles
defining the basic holonomy. A bounded lamination atlas * is C' T foliated if

A is CTfoliated for some r > 1.

2.10. Foliated atlas s4'(g, p). Let g € T(f, A) and p = pg be a C'T Rie-
mannian metric in the manifold containing A. The t-lamination atlas A*(g, ,o)
determined by p is the set of all maps e : I — R where I/ = AN I with T
a full (-leaf segment, such that e extends to an isometry between the induced
Riemannian metric on / and the Euclidean metric on the reals. We call the
maps ¢ € A'(p) the t-lamination charts. If I is an (-leaf segment (or a full ¢-leaf
segment) then by |/|, we mean the length in the Riemannian metric p of the
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minimal full ¢-leaf containing /. By Theorem 2.2 in [40], the lamination atlas
sA'(g, p) is C'*foliated for ¢ = {s, u}.

3. Flexibility

In this section, we construct the stable and unstable solenoid functions, and
we show an equivalence between C ! T hyperbolic diffeomorphisms and pairs of
stable and unstable solenoid functions.

3.1. HR-Holder ratios. A HR-structure associates an affine structure to each
stable and unstable leaf segment in such a way that these vary Holder continu-
ously with the leaf and are invariant under f.

An affine structure on a stable or unstable leaf is equivalent to a ratio function
r({ : J) which can be thought of as prescribing the ratio of the size of two leaf
segments / and J in the same stable or unstable leaf. A ratio function r(I : J)
is positive (we recall that each leaf segment has at least two distinct points) and
continuous in the endpoints of / and J. Moreover,

r(I:N)=r(J: D Vandr(LhUL:K)=r(I;: K)+r(l,: K) (3-1)

provided 7 and I, intersect at most in one of their endpoints.

We say that r is an t-ratio function if (i) for all (-leaf segments K, r({ : J)
defines a ratio function on K, where I and J are (-leaf segments contained in
K; (ii) r is invariant under f,i.e. r({ : J)=r(f1: fJ) for all (-leaf segments;
and (iii) for every basic (-holonomy 6 : I — J between the leaf segment 7 and
the leaf segment J defined with respect to a rectangle R and for every t-leaf
segment [y C I and every t-leaf segment or gap Iy C I,

I”(QI() . 9[1)
r({o: 1)

where ¢ € (0, 1) depends upon r and the constant of proportionality also depends
upon R, but not on the segments considered.

A HR-structure on A invariant by f is a pair (rg, 1) consisting of a stable
and an unstable ratio function.

3.2. Realised ratio functions. Let (g, A) € I(f, A) and let (g, p) be an -
lamination atlas which is C!* foliated. Let |I| = |I|, for every t-leaf segment
1. By hyperbolicity of g on A, there are 0 < v < 1 and C > 0 such that for all
t-leaf segments [ and all m > 0 we get |g)' I| < Cv™|I|. Thus, using the mean
value theorem and the fact that g, is C”, for all short leaf segments K and all
leaf segments / and J contained in it, the (-realised ratio function r, g given by

<0((da(1. 7)) (3-2)
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Figure 3. The embedding e¢: I — R.

is well-defined, where @ = min{l,r — 1}. This construction gives the HR-
structure on A determined by g, and so also invariant by f. By [39], we get the
following equivalence:

THEOREM 3.1. The map g — (rs,g,u,g) determines a one-to-one correspon-
dence between C'F conjugacy classes in T( f, A) and HR-structures on A in-
variant by f.

3.3. Foliated atlas (7). Given an (-ratio function r, we define the embeddings
e: I > Rby

e(x) =r((E x). L. R)) (3-3)

where & is an endpoint of the i-leaf segment / and R is a Markov rectangle
containing & (see Figure 3). For this definition it is not necessary that R contains
1. We denote the set of all these embeddings e by (7).

The embeddings e of () have overlap maps with affine extensions. There-
fore, the atlas s4(r) extends to a C !+ lamination structure £(r). By Proposition
4.2 in [40], we obtain that {(r) is a C ! Tfoliated atlas.

Let g € J(f, A) and sd(g, p) a C'T foliated (-lamination atlas determined by
a Riemmanian metric p. Combining Proposition 2.5 and Proposition 3.5 of [39],
we get that the overlap map e oe ! between a chart e; € si(g, p) and a chart
e, € A(r,g) hasa C I+ diffeomorphic extension to the reals. Therefore, the
atlasses s4(g, p) and s(r, ¢) determine the same C!* foliated t-lamination. In
particular, for all short leaf segments K and all leaf segments I and J contained
in it, we obtain that

nI "1i
VL’g(I:J) — 11m |gt |,0 1 |g[ |ln

= 11m
n—oo |ghJ|, n—oo|glJ];,

where iy, is any chart in s4(r,,¢) containing the segment g} K in its domain.

3.4. Realised solenoid functions. For ¢ = s and u, let sol* denote the set of all
ordered pairs (1, J) of t-leaf segments with the following properties:

(i) The intersection of I and J consists of a single endpoint.
(i) If 6, y = 1 then I and J are primary (-leaf cylinders.
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Figure 4. The f-matching condition for (-leaf segments.

(iii) If 0 <8, r < 1 then fyI is an t-leaf 2-cylinder of a Markov rectangle R
and fyJ is an t-leaf 2-gap also of the same Markov rectangle R.

(See section 2.4 for the definitions of leaf cylinders and gaps). Pairs (1, J)
where both are primary cylinders are called leaf-leaf pairs. Pairs (I, J) where
J is a gap are called leaf-gap pairs and in this case we refer to J as a primary
gap. The set sol* has a very nice topological structure. If §,/ =1 then the set
sol' is isomorphic to a finite union of intervals, and if §,/ r < 1 then the set sol’
is isomorphic to an embedded Cantor set on the real line.

We define a pseudo-metric dyp : sol* x sol' — R™ on the set sol* by

dui (1. 7) (I ")) = max {d g (I.1') .d 5 (J.J')} .

Let g € T(f, A). For t = s and u, we call the restriction of an (-ratio function
ri,g to sol' a realised solenoid function o, 4. By construction, for ¢t = s and u,
the restriction of an (-ratio function to sol* gives an Holder continuous function
satisfying the matching condition, the boundary condition and the cylinder-gap
condition as we pass to describe.

3.5. Holder continuity of solenoid functions. This means that for r = (1, J)
and /" = (I, J') in sol, |o,(t) —0.(t")| < O ((dsope (¢,1"))*) . The Holder conti-
nuity of g, and the compactness of its domain imply that o , is bounded away
from zero and infinity.

3.6. Matching condition. Let (, J) € sol‘ be a pair of primary cylinders and
suppose that we have pairs

(lo, 1), (I1, 13), ..., (In—2, I—1) €sol'

of primary cylinders such that f,1 = Uj-:(l) Ij and f,J = U;’;,lc I;. Then

k—1 k—1 i
T2 =) TR S .t § rANY AV Y
- -1 - -1 11J :
MRS A T /| i |
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Figure 5. The boundary condition for (-leaf segments.

Hence, noting that g|A = f'|A, the realised solenoid function o, ; must satisfy
the matching condition (see Figure 4) for all such leaf segments:

k—1
j=1 _IUL,g(Iz- i—l)

Zf;llc i=1 on,g(Ii - Ii—1)
3.7. Boundary condition. If the stable and unstable leaf segments have Haus-
dorff dimension equal to 1, then leaf segments / in the boundaries of Markov
rectangles can sometimes be written as the union of primary cylinders in more
than one way. This gives rise to the existence of a boundary condition that the
realised solenoid functions have to satisfy.

If J is another leaf segment adjacent to the leaf segment / then the value
of |I]/|J| must be the same whichever decomposition we use. If we write
J=1y=Kopand I as | Jj~, I; and U};l K where the /; and K are primary
cylinders with /; # K for all i and j, then the above two ratios are

o,g(I:J)= 34

|4;]

LRI o o 0S|
il U Kl

Thus, noting that g|A = f| A, a realised solenoid function o, ¢ must satisfy the
following boundary condition (see Figure 5) for all such leaf segments:

Zl_[m,g I 1) Zl_[m,g Kj1) . (3-5)

i=1j=1 i=1j=1

3.8. Cylinder-gap condition. If the (-leaf segments have Hausdorff dimension
less than one and the ¢’-leaf segments have Hausdorff dimension equal to 1, then
a primary cylinder [ in the (-boundary of a Markov rectangle can also be written
as the union of gaps and cylinders of other Markov rectangles. This gives rise to
the existence of a cylinder-gap condition that the (-realised solenoid functions
have to satisfy.
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Before defining the cylinder-gap condition, we will introduce the scaling
function that will be useful to express the cylinder-gap condition, and also, in
Definition 3.2, the bounded equivalence classes of solenoid functions and, in
Definition 5.3, the §-bounded solenoid equivalence classes of a Gibbs measure.

Let scl’ be the set of all pairs (K, J) of t-leaf segments with the following
properties:

(i) K is aleaf ny-cylinder or an n{-gap segment for some ny > 1;
(i1) J is a leaf ny-cylinder or an n,-gap segment for some n, > 1;
(iii) m™~!'K and m"2~1J are the same primary cylinder.

LEMMA 3.2. Every function o, : sol' = R™ has a canonical extension s, to scl'.
Furthermore, if 0, is the restriction of a ratio function r,|sol* to sol* then

s, = r,|scl’.

The above map s, : scl* — R is the scaling function determined by the solenoid
function o, : sol* — RT. Lemma 3.2 is proved in Section 3.8 in [42].

Let (1, K) be aleaf-gap pair such that the primary cylinder / is the (-boundary
of a Markov rectangle R;. Then the primary cylinder I intersects another
Markov rectangle R, giving rise to the existence of a cylinder-gap condition
that the realised solenoid functions have to satisfy as we pass to explain. Take
the smallest / > 0 such that f/l U foK is contained in the intersection of the
boundaries of two Markov rectangles M, and M,. Let M be the Markov rec-
tangle with the property that M; N f/ R is a rectangle with nonempty interior
(and so M, N fL{Rz also has nonempty interior). Then, for some positive n,
there are distinct n-cylinder and gap leaf segments Jq, ..., J, contained in a
primary cylinder of M, such that flf K = J;, and the smallest full (-leaf segment

containing f} I is equal to the union U;":_ll Ji, where J; is the smallest full t-leaf
segment containing J;. Hence,

P2

If’KI ,2:|

Hence, noting that g|A = f|A, a realised solenoid function og,, must satisfy
the cylinder-gap condition for all such leaf segments:

m—1

og. (I, K) = Z S (Jis Im),

i=1

where s5¢, is the scaling function determined by the solenoid function oy ,. See
Figure 6.
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M, gty T

Figure 6. The cylinder-gap condition for t-leaf segments.

3.9. Solenoid functions. Now, we are ready to present the definition of an
t-solenoid function.

DEFINITION 3.1. A Hélder continuous function o, : sol* — R ™ is an (-solenoid
function if it satisfies the matching condition, the boundary condition and the
cylinder-gap condition.

We denote by PF(f) the set of pairs (o5, 0,) of stable and unstable solenoid
functions.

REMARK 3.3. Let 0, : sol'* = RT be an (-solenoid function. The matching,
the boundary and the cylinder-gap conditions are trivially satisfied except in the
following cases:

(i) The matching condition if §, y = 1.
(ii) The boundary condition if 5 r =6, r = 1.
(iii) The cylinder-gap condition if §, y < 1 and 6, r = 1.

THEOREM 3.4. The map r, — r,|sol* gives a one-to-one correspondence be-
tween (-ratio functions and t-solenoid functions.

PROOF. Every (-ratio function restricted to the set sol* determines an t-solenoid
function r,|sol'. Now we prove the converse. Since the solenoid functions
are continuous and their domains are compact they are bounded away from
0 and oco. By this boundedness and the f-matching condition of the solenoid
functions and by iterating the domains sol® and sol* of the solenoid functions
backward and forward by f', we determine the ratio functions r* and r* at very
small (and large) scales, such that f leaves the ratios invariant. Then, using the
boundedness again, we extend the ratio functions to all pairs of small adjacent
leaf segments by continuity. By the boundary condition and the cylinder-gap
condition of the solenoid functions, the ratio functions are well determined at
the boundaries of the Markov rectangles. Using the Holder continuity of the
solenoid function, we deduce inequality (3-2). U

The set PF(f) of all pairs (os, 0y,) has a natural metric. Combining Theorem
3.1 with Theorem 3.4, we obtain that the set S ( ) forms a moduli space for
the C!'™ conjugacy classes of C'™ hyperbolic diffeomorphisms g € T( f, A):
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COROLLARY 3.5. The map g — (rs,g|sol’, ry g|sol") determines a one-to-one

correspondence between C'V conjugacy classes of g € T(f, A) and pairs of
solenoid functions in PS(f).

DEFINITION 3.2. We say that any two (-solenoid functions o : sol' = R™ and
05 :sol' = R are in the same bounded equivalence class if the corresponding
scaling functions sq : scl* = R™ and s, : scl* - R™ satisfy the following
property: There is C > 0 such that

[logs1(J,m' J) —logsy(J.m' J)| < C (3-6)
for every t-leaf (i 4+ 1)-cylinder or (i + 1)-gap J.

In Lemma 8.8 in [42], it is proved that two C!'T hyperbolic diffeomorphisms
g1 and g; are Lipschitz conjugate if, and only if, the solenoid functions oy, ,
and oy, ,, are in the same bounded equivalence class for ¢ equal to s and u.

4. Rigidity

If the holonomies are sufficiently smooth then the system is essentially affine.
To see that, rather than consider all holonomies, it is enough to consider a
CLHD' complete set of holonomies.

4.1. Complete sets of holonomies. Before introducing the notion of a C1¢'
complete set of holonomies, we define the C1** regularities, with 0 <« < 1, for
diffeomorphisms.

DEFINITION 4.1. Let 8 : I CR — J C R be a diffeomorphism. For 0 <« < 1,
the diffeomorphism @ is C ¢ if, for all points x, y € I,

10'(») = 0"(0)| = xg.a(ly —xI) (4-1)

where the positive function xg o(?) is 0(%) i.e. lim; ¢ xg,4(t)/t% = 0.
The map 6 : I — J is C 1 if, for all points x, y € I,

+
log 6'(x) +1og 6'(y) —2log 6’ (%) ‘ < x0,1(ly —x]) (4-2)

where the positive function xg ;(¢) is o(¢), i.e. lim; ¢ xg,1(z)/t = 0. For 0 <
a = 1, the functions yg , are called the a-modulus of continuity of 6.

In particular, for every § >« > 0, a C 1+p diffeomorphism is C Le and, for
every y > 0, a C2T7 diffeomorphism is C1>!. We note that the regularity
CU! (also denoted by C!T#emund) of 3 diffeomorphism 6 used in this paper
is stronger than the regularity C!'+2ygmund (see [32]). The importance of these
C 1% smoothness classes for a diffeomorphism 6 : I — J follows from the fact
that if 0 < o < 1 then the map 6 will distort ratios of lengths of short intervals
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Figure 7. The complete set of holonomies % = {1, ha, h3, hy' hy', hy'}
for the Anosov map g : R?\ (Zv x Zw) — R?\ (Zv x Zw) defined by
g(x,y) = (x+y,y) and with Markov partition M = {4, B}.

in an interval K C I by an amount that is o(|/|%*), and if « = 1 the map 6
will distort the cross-ratios of quadruples of points in an interval K C I by an
amount that is o(|/]) (see Appendix in [41]).

Suppose that R; and R; are Markov rectangles, x € R; and y € R;j. We say
that x and y are (-holonomically related if there is an ('-leaf segment ¢ (x,y)
such that 8¢¢ (x, y) = {x, y}, and there are two distinct spanning ¢’-leaf segments
¢“(x, R;) and ¢ (y, R ) such that their union contains 2 (x, p).

For every Markov rectangle R; € R, let x; be a chosen point in R;. Let
It ={I; =" (xi, Ri) : Ri € R}. A complete set of i-holonomies ¥' = {hg} with
respect to $* consists of a minimal set of basic holonomies with the following
property: if x € I; is holonomically related to y € I;, where I;, I; € $*, then for
some f either /1g or hEl is the holonomy from a neighborhood of x in I; to /;
which sends x to y (see Figure 7). We call $* the domain of the complete set of
1-holonomies %*. For each Ei-leaf segment I; in the domain $* of the complete
set of holonomies ¥, let I i be a full t-leaf segment such that I; = I, ;N A, and let
ui - I; = R be a C” (-leaf chart of the submanifold structure of /; given by the
Stable Manifold Theorem (for instance, we can consider the charts u; € «(p)
as defined in Section 2.10).

DEFINITION 4.2. A complete set of holonomies #* is C Let if for every ho-
lonomy hg : I — J in 3, the map u; o hgo ui_l and its inverse have C 1
diffeomorphic extensions to R such that the modulus of continuity does not
depend upon /g € ¥.
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hy

N
N

AN
h, h,

Figure 8. The cardinality of the complete set of holonomies # =
{h1,hy, hs3,...} is not necessarily finite.

For many systems such as Anosov diffeomorphisms and codimension one at-
tractors there is only a finite number of holonomies in a complete set. In this
case the uniformity hypothesis in the modulus of continuity of Definition 4.2 is
redundant. However, for Smale horseshoes this is not the case (see Figure 8).

4.2. Hyperbolic affine models. A hyperbolic affine model for f on A is an
atlas s with the following properties (see Figure 9):

unstable
leaves

stable
leaves

|4

affineextension
of
stable CR? /1—N Cc R?
leaves X
unstable
leaves

Figure 9. Affine model for f.
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(i) the union of the domains of the charts of &l cover an open set of M containing
A;

(ii) any two charts i : U — R? and j : V — R? in s have overlap maps
joi~l:i(UNV)— R? with affine extensions to R?;

(iii) f is affine with respect to the charts in 4;

(iv) A is a basic hyperbolic set;

(v) the images of the stable and unstable local leaves under the charts in o are
contained in horizontal and vertical lines; and

(vi) the basic holonomies have affine extensions to the stable and unstable leaves
with respect to the charts in .

THEOREM 4.1. Let HD® and HD" be respectively the Hausdorff dimension
of the intersection with A of the stable and unstable leaves of f. If f is C”
with r — 1 > max{ HD’, HD"}, and there is a complete set of holonomies for f
in which the stable holonomies are C-HD S, and the unstable holonomies are
CLHD  ihen the map f on A is C'F conjugate to a hyperbolic affine model.

Theorem 4.1 follows from Theorem 1 in [41]. In assuming that f is C” with
r—1>max{HD’, HD"} in the previous theorem, we actually only use the fact
that f is C1-#P* along i-leaves for ¢ € {s, u}.

5. Hausdorff measures

We now introduce the notion of stable and unstable measure solenoid func-
tions. We will use the measure solenoid functions to determine which Gibbs
measures are C ! *-realisable by C!* hyperbolic diffeomorphisms. We define
the 6-bounded solenoid equivalence classes of Gibbs measures which allow us
to construct all hyperbolic diffeomorphisms with an f-invariant measure abso-
lutely continuous with respect to the Hausdorff measure.

5.1. Gibbs measures. Let us give the definition of an infinite two-sided subshift
of finite type ® = @(A). The elements of @ are all infinite two-sided words
W =...w_1Wowi ... in the symbols 1, ...,k such that Aw;w; ., = 1, for all

i €Z. Here A= (A,-j) is any matrix with entries 0 and 1 such that A" has

. .. . ni.np .
all entries positive for some n > 1. We write w = <~ w’ if w; = wJ’ for every

Jj = —ny,...,ny. The metric d on O is given by d(w,w’) =27"ifn > 0
is the largest such that w ' Together with this metric ® is a compact
metric space. The two-sided shift map 7 : ® — @ is the mapping which sends
W=...W_qWoWj...t0V=...V_1VoVp ... Where v; = w; 4 forevery j €Z.

An (ny,ny)-cylinder @w_nl___wnz, where w € ©, consists of all those words

w’ in @ such that w "' w'. Let @ be the set of all words wowy ... which
extend to words ... wow; ... in ®, and, similarly, let ®° be the set of all words
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... W_qwq which extend to words ... w_jwq...in ®. Then 7, : ® — O% and
75 1 ©® — ©° are the natural projection given, respectively, by

(oo Woqwowq ...) = wowq ... and 7wg(. .. W_jWoW; ...) =...W_qWy .
Ann-cylinder @y, ., isequal to 7y (Ouwy...w,_, ), and likewise an n-cylinder
) 1 o ey U . QS S
Ow,(n,l)...wo is equal to 5 (Oy_,_;,..w)- Let 7 : O — O and 75 : ©° — O

be the corresponding one-sided shifts.

DEFINITION 5.1. For ¢ = s and u, we say that s, : ®" — Rt is an (-measure
scaling function if s, is a Holder continuous function, and for every & € ©®*

> sy=1,
n=£§
where the sum is upon all £ € ®* such that t,n = &.

For ¢ € {s,u}, a t-invariant measure v on @ determines a unique 7,-invariant
measure v, = (7,)xv on @'. We note that a ,-invariant measure v, on ®* has
a unique t-invariant natural extension to an invariant measure v on ® such that

— L
V(@wnl "'w'lz) = UL(@wnl ...wnz)'
DEFINITION 5.2. A t-invariant measure v on ® is a Gibbs measure:

(i) if the function s, , : ®% — R* given by

is well-defined and it is an #-measure scaling function; and
(i) if the function sy 5 : @ — R given by

L v(@wn...wo)
Sv,s(- e wle) - nllg%o m ’

is well-defined and it is an s-measure scaling function.
The following theorem follows from Corollary 2 in [38].

THEOREM 5.1 (MODULI SPACE FOR GIBBS MEASURES). If s, : ®" — R is
an (-measure scaling function, for « = s or u, then there is a unique t-invariant
Gibbs measure v such that s, , = s,.

5.2. Hausdorff realisations of Gibbs measures for Smale horseshoes. The
properties of the Markov partition R={ Ry, ..., R;} of f imply the existence of
a unique two-sided subshift 7 of finite type & = © 4 and a continuous surjection
i:®— Asuchthat(a) foi =iorand(b)i(®;)=R; forevery j =1,..., k.
We call such amap i : ©@ — A a marking of a C'T hyperbolic diffeomorphism
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(f, A). Since f admits more than one Markov partition, a C'T hyperbolic
diffeomorphism ( f, A) admits always a marking which is not unique.

Recall, from the Introduction, that a Gibbs measure v on @ is C'*-Hausdorff
realisable by a hyperbolic diffeomorphism g € J(f, A) if, for every chart ¢ :
U — R? in the C'* structure %g of g, the pushforward (c oi)4v of v is abso-
lutely continuous (in fact, equivalent) with respect to the Hausdorff measure on
c(UNA).

THEOREM 5.2 (SMALE HORSESHOES). Let ( f, A) be a Smale horseshoe. Ev-
ery Gibbs measure v is C'T-Hausdorff realisable by a hyperbolic diffeomor-
phism contained in J 7, 5 (85, 8y).

However, there are Gibbs measures that are not C!T-Hausdorff realisable by
Anosov diffeomorphisms and codimension one attractors due to the fact that
the Markov rectangles have common boundaries.

Theorem 5.2 follows from Theorem 1.6 in [42].

5.3. Hausdorff realisations of Gibbs measures for Anosov diffeomorphisms.
We will use stable and unstable measure solenoid functions to present a clas-
sification of Gibbs measures C!T-Hausdorff realisable by Anosov diffeomor-
phisms and codimension one attractors.

Let Msol* be the set of all pairs (I, J) with the following properties: (a) If
8, = 1 then Msol* = sol‘. (b) If §, < 1 then f;I and f,J are t-leaf 2-cylinders
of a Markov rectangle R such that f/1 U f/J is an (-leaf segment, i.e. there is
a unique (-leaf 2-gap between them. Let msol* be the set of all pairs (1, J) €
Msol' such that the leaf segments 7 and J are not contained in an ¢-global leaf
containing an (-boundary of a Markov rectangle. By construction, the set msol
is dense in Msol‘, and for every pair (C, D) C msol' there is a unique ¥ € v
and a unique £ € " such that i (' (¥)) = C and i (7' (£)) = D. Hence,
we will denote the elements of msol* by (¥ 4,&4), where Y4 =i (JTLTI (1)) and

Ea=i(m; ' (§)).
LEMMA 5.3. Let v be a Gibbs measure on ®. The s-measure solenoid function
oy,s : msol* — RT of v given by

. v(Oyy..y,)
O'v,s(WA,SA) ZHILHC}O #
0---Sn

is well-defined. The u-measure solenoid function o, , : msol* — R of v given
by

(O,
TalVana) = lim Spet
n---80

is well-defined.
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Lemma 5.3 follows from Lemma 5.4 in [42].

LEMMA 5.4. Let 67, = 1. If an t-measure solenoid function oy, : msol' —
R has a continuous extension to sol' then its extension satisfies the matching
condition.

PROOF. Let (Jy, J1) € sol* be a pair of primary cylinders and suppose that we
have pairs

(I()v Il)? (117 12)7 ) (In—27 In—l) € SOlL
o 1 and f;J; =/} I;. Since the
set msol' is dense in sol* there are pairs (J., J 11 ) € msol* and pairs (1!, 1 Jl +1)
with the following properties:

(i) £iJd =UiZe I and fo7] =2} 1L,
(i1) The pair (J, Ly ll ) converges to (Jgy, J1) when i tends to infinity.

of primary cylinders such that f,Jo =

Therefore, for every j =0, ...,n—2 the pair (I{, I}_H) converges to (1j, Ij 1)
when i tends to infinity. Since v is a t-invariant measure, we get that the match-
ing condition
k—1717J l. 7l
n—1 11J l.gl
j=k Hi=1 Uv,t(lj : Ii—l)

ov (JL Tl =

is satisfied for every / > 1. Since the extension of oy, : msol' — R to the set
sol' is continuous, we get that the matching condition also holds for the pairs
(Jo. J1) and (Lo, 11). ..., (In—2, In-1). O

THEOREM 5.5 (ANOSOV DIFFEOMORPHISMS). Suppose that f is a C'*
Anosov diffeomorphism of the torus A. Fix a Gibbs measure v on ©. Then
the following statements are equivalent:

(i) The set v, [v] C Tf A(1,1) is nonempty and is precisely the set of g €
T r,a(1, 1) such that (g, Ag,v) is a C'™ Hausdorff realisation. In this case
= (ig)xV is absolutely continuous with respect to Lesbegue measure.

(i) The stable measure solenoid function o, 5 : msol® — RT hasa nonvanishing
Holder continuous extension to the closure of msol® satisfying the boundary
condition.

(iii) The unstable measure solenoid function o, : msol” — R has a nonva-
nishing Hélder continuous extension to the closure of msol® satisfying the
boundary condition.

Theorem 5.5 follows from Theorem 1.4 in [42].
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i(€.0)

Figure 10. An (-admissible pair (§,C) where £4 = i(nLT“g‘) and
Cyp Zi(NL_1C).

5.4. Extended measure scaling functions. To present a classification of Gibbs
measures C ' *-Hausdorff realisable by codimension one attractors, we have to
define the cylinder-cylinder condition. We will express the cylinder-cylinder
condition, in Section 5.5, using the extended measure scaling functions which
are also useful to present, in Section 5.6, the §,-bounded solenoid equivalence
class of a Gibbs measure.

Throughout the paper, if £ € ©Y, we denote by &£ 4 the leaf primary cylinder
segment I (71;15) C A. Similarly, if C is an n,-cylinder of @' then we denote
by C4 the (1,n,)-rectangle i (7, 'C) C A.

Given £ € ®' and an n-cylinder C of ©!, we say that the pair (£, C) is
t-admissible if the set

EC=n'Cnn 't

is nonempty (see Figure 10). The set of all (-admissible pairs (&, C) is the (-
measure scaling set msc'. We construct the extended t-measure scaling function
p:msct — R as follows: If C is a 1-cylinder then we define pe(C)=1.1f C

is an n-cylinder (O, y,,_,, OF Oy, 1 ) With n > 2, then we define

n—1
ps(C) = [ [ svu(ret 7/ (€m]7"C))
j=1

(see Figure 11), where (a) sy, is the (-measure scaling function of the Gibbs

J=1 Hu U J—1 s _
measure v and (b) m;, @wo-~~w(n—1) = @wo...wm_j) and m; @w—(n—1)~~-wo =

s .

Oy (58 .Sectl.on 5.1). ' . o
Recall that a tr-invariant measure v on ® determines a unique t,-invariant

measure v, = (7,)«V on ®* and a unique ts-invariant measure vy = (775)%v on

®7. The following result follows from Theorem 1 in [38].
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Figure 11. The (n— j + 1)-cylinder leaf segment I =§4 N D4 and the
primary leaf segment /"~ (I) = i (ny1"""/ (£.D)), where D =m! ' C.

THEOREM 5.6 (RATIO DECOMPOSITION OF A GIBBS MEASURE). Let p :
msc, — R be an extended 1-measure scaling function and v the corresponding
t-invariant Gibbs measure. If C is an n-cylinder of ®' then

0(C) = /é e Ctds),

where M = mty o 7 C is a 1-cylinder of ©". The ratios v (C)/pe(C) are
uniformly bounded away from 0 and oo.

We note that pg(C) is the measure of £.C with respect to the probability condi-
tional measure of v on .

5.5. Hausdorff realisations of Gibbs measures for Codimension one attrac-
tors. We introduce the cylinder-cylinder condition that we will use to classify
all Gibbs measures that are C'*-Hausdorff realizable by codimension one at-
tractors.

Similarly to the cylinder-gap condition given in Section 3.8 for a solenoid
function, we are going to construct the cylinder-cylinder condition for a given
measure solenoid function oy,,. Let §, < 1 and §y = 1. Let (I, J) € Msol‘ be
such that the (-leaf segment f,/I U f/J is contained in an (-boundary K of a
Markov rectangle R;. Then f/1 U fJ intersects another Markov rectangle R;.
Take the smallest £ > 0 such that f/‘ Iy flf‘ J is contained in the intersection of
the boundaries of two Markov rectangles M; and M,. Let M; be the Markov
rectangle with the property that M N flf‘ R; is arectangle with nonempty inte-
rior, and so M, N f/‘ R has also nonempty interior. Then, for some positive 7,
there are distinct t-leaf n-cylinders J, ..., J;; contained in a primary cylinder
L of M, such that f/‘[ = Uf:ll Ji and fL{‘J = U;"=p Ji. Let n € ® be such
that n4 = L and, for every i = 1,...,m, let D; be a cylinder of ®" such that
i(m.D;)=Ji. Let& € ®" be such that &4 = K and Cy and C, cylinders of ®*
such that i (£.Cy) = f/I and i (£.C,) = fyJ. We say that the measure solenoid
function oy, of the Gibbs measure v satisfies the cylinder-cylinder condition
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Figure 12. The cylinder-cylinder condition for (-leaf segments.

(see Figure 12) if, for all such leaf segments,
pe(Cy) D L Pn(Di)
pe(C1) Pl p(Dy)

where p is the measure scaling function determined by v.

REMARK 5.7. A function ¢ : msol* — R™ that has an Holder continuous
extension to Msol' determines an extended scaling function, and so we can check
if the function o satisfies or not the cylinder-cylinder condition.

THEOREM 5.8 (CODIMENSION ONE ATTRACTORS). Suppose that [ isa C'*
surface diffeomorphism and A is a codimension one hyperbolic attractor. Fix a
Gibbs measure v on ©. Then the following statements are equivalent:

(i) For all 0 < 8 < 1, [v] C T, (85, 1) is nonempty and is precisely the set
of g € Ty A(0s,1) such that (g, Ag,v) is a C'" Hausdorff realisation. In
this case L = (ig)+V is absolutely continuous with respect to the Hausdorff
measure on Ag.

(ii) The stable measure solenoid function oy, s : msol® — R™ has a nonvanishing
Hélder continuous extension to the closure of msol® satisfying the cylinder-
cylinder condition.

(iii) The unstable measure solenoid function o, : msol” — R has a nonvan-
ishing Hélder continuous extension to the closure of msol”.

Theorem 5.8 follows from Theorem 1.5 in [42].

5.6. The moduli space for hyperbolic realizations of Gibbs measures. Let
FOL" be the space of all Holder continuous functions o, : Msol* — R™ with the
following properties:

(i) If HD" =1 then o, is an (-solenoid function.
(i) If HD' < 1 and HD" = 1 then o, satisfies the cylinder-cylinder condition.
(iii) If HD' <1 and HD" < 1 then ¢, does not have to satisfy any extra property.

We recall that H D' is the Hausdorff dimension of the (-leaf segments intersected
with A.

By Theorems 5.2, 5.5 and 5.8, for ¢ equal to s and u, we obtain that the map
v — 0y, gives a one-to-one correspondence between the sets [v] contained in
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T f,4(8s. dy) and the space of measure solenoid functions og,, whose continuous
extension is contained in O£'. Hence, the set O£ is a moduli space parame-
terizing all Lipschitz conjugacy classes [v] of C'* hyperbolic diffeomorphisms
contained in J ¢, 5 (05, §4) (see Corollary 1.11).

DEFINITION 5.3. The §,-bounded solenoid equivalence class of a Gibbs mea-
sure v is the set of all solenoid functions o, with the following properties: There
is K = K(0,) > 0 such that for every pair (£, C') € msc,

|8,10gs.(CaNEQ:Ea)—log ps(C)| < K,

where (i) p is the (-measure scaling function of v and (ii) s, is the scaling function
determined by o,.

Let 07, and 07, be two solenoid functions in the same §,-bounded equivalence
class of a Gibbs measure v. Using that o7, and 03, are bounded away from
zero, we obtain that the corresponding scaling functions also satisfy inequality
(3-6) for all pairs (J, m’J) where J is an (-leaf (i +1)-gap. Hence, the solenoid
functions o1, and 0, , are in the same bounded equivalence class (see Definition
3.2).

THEOREM 5.9. (i) There is a natural map g — (05(g), 0,(g)) which gives a
one-to-one correspondence between C'F conjugacy classes of C'* hyper-
bolic diffeomorphisms g € [v] and pairs (05(g), 0,(g)) of stable and unstable
solenoid functions such that, for 1 equal to s and u, 0,(g) is contained in the
8,-bounded solenoid equivalence class of v.

(ii) Given an t-solenoid function o, and 0 < 8y < 1, there is a unique Gibbs
measure v and a unique 8;-bounded equivalence class of v consisting of
V'-solenoid functions o, such that the C'T conjugacy class of hyperbolic
diffeomorphisms g € J s A (8s,84) determined by the pair (o, 0y) have an
invariant measure (L = (ig )V absolutely continuous with respect to the Haus-
dorff measure.

Theorem 5.9 follows from combining Lemmas 8.17 and 8.18 in [42].
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Random walks derived from billiards

RENATO FERES

To Anatoly Katok, on his 60th birthday

ABSTRACT. We introduce a class of random dynamical systems derived from
billiard maps, which we call random billiards, and study certain random walks
on the real line obtained from them. The interplay between the billiard geom-
etry and the stochastic properties of the random billiard is investigated. Our
main results are concerned with the spectrum of the random billiard’s Markov
operator. We also describe some basic properties of diffusion limits under
appropriate scaling.

1. Introduction

This work is motivated by the following problem about gas kinetics. Suppose
that a short pulse of inert gas at very low pressure is released from a point inside
a long but finite cylindrical channel. The time at which gas molecules escape
the channel through its open ends is then measured by some device such as a
mass spectrometer. The inner surface of the cylinder is not perfectly flat due
to its molecular structure, imagined as a periodic relief. It is not altogether
unreasonable to think that the interaction between the fast moving (inert) gas
molecules and the surface is essentially elastic, and that any thermal effects can
be disregarded on first approximation. (See [ACM] for a more detailed physical
justification of this assumption.) We thus think of the gas-surface interaction as
billiard-like. (M. Knudsen, in his classical theoretical and experimental studies
on the kinetic theory of gases begun around 1907, used a tennis ball metaphor
[Kn, p. 26].) The assumption of low pressure simply means that the collisions
among gas molecules are in sufficiently small numbers to be disregarded and
only collisions between gas molecules and the channel inner surface are taken
into account. The problem is now this: from the time of escape data, possibly
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for a range of values of channel length, we wish to extract information about
the microgeometry of the channel surface.

A mathematical formulation of this problem is proposed below in terms of
random dynamical systems derived from deterministic billiards. For each choice
of billiard geometry, the interaction between gas molecules and channel inner
surface is encoded in a Markov (scattering) operator, P. The study of P is
the main focus of the paper, but we also consider to a lesser extent the random
flight inside the channel derived from P, and make a number of general remarks
about the asymptotic behavior of the time of escape for long channels. More
details about the relationship between geometric properties of the billiard cells
and diffusion characteristics of (limits of) the random walk will be explored in
a future paper. (For a numerical study of this relationship, see [FY2].) The
definitions given here were introduced in essentially nonmathematical form in

our [FY1].

= < Bout

\

|

p X - q
/ Oin
channel {
infinitesimal billiard billiardc ell

Figure 1. Channel with microgeometry, showing the initial steps of a
billiard particle flight (left) and the trajectory inside a billiard cell (right).
When the billiard cell is regarded as infinitesimal in the sense defined in the
text, the initial point x on the open side pg becomes a random variable
uniformly distributed over the interval from p to ¢. The angle 6,y then
becomes a random function of 8;,. The transition probabilities of the events
Oin > Ooy are described by a Markov operator P canonically specified by
the cell’s shape.

The wished-for general theory, of which the present paper is only the first
step, can be seen in a nutshell with the help of a simple example. (The mainly
numerical study [FY2] shows a more detailed overview, with many more ex-
amples. See also Section 7.) Before describing the example, let us define the
time-of-escape function, f(x), a little more precisely. Consider the quantity
t(L,r,v), defined as the mean time of escape of a pulse of billiard particles
released from the middle point of a channel of length 2L and radius r, where
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v is the scalar velocity, assumed equal for all particles. It is convenient to work
with a dimensionless quantity f(x), where x = L/r, given by

o(L,rv) = %f(x).

That 7 indeed has such a functional form is due to the elementary observation
that for any positive number ¢, the mean time of escape satisfies the relations
t(cL,cr,cv) = t(L,r,v) and t(L,r,cv) = t(L,r,v)/c. Notice that f(x)
depends exclusively on the microgeometry of the channel surface encoded by
P. The central problem of the theory is to extract information about this micro-
geometry from f(x).

Let the microgeometry be that of Figure 2. There are two geometric param-
eters: & and b. It will be clear from the definition of P that it only depends on
the shape of the billiard cell up to homothety. So the only geometric parameter
we can hope to recover from this time-of-escape experiment is the ratio b/ h.

AN CONNCD)

Figure 2. Transition probabilities for this “fence microgeometry” are given
by the above Markov diagram. Standard random walk on R (p = 1/2)
corresponds to the projection of the random flight in a channel of radius
r=1/2,0=mn/4, and b/ h =4.

The transition probabilities, represented by p and 1 — p in the diagram on the
right-hand side of Figure 2, are given as follows. Let k € Z denote the integer
part of 2/1/btan 6, and s € [0, 1) the fractional part, so that

Then, if k is even, p = 1 —s, and if k is odd, p = s. This is easily obtained by
inspecting the unfolding of the billiard cell as shown in Figure 3.

The Markov operator completely determines the microgeometry, up to scale,
for this (one-parameter) family of geometries. In other words, the quantity /b
is known if we know the transition probabilities for all values of . The standard
random walk on a line (which has probability 1/2 of jumping either forward or
backward by a fixed length) corresponds to the horizontal projection of a random
flight in a 2-dimensional channel of radius » = 1/2, v = 1, and box dimensions
0=mn/4,and b/h =4.

It can also be shown that the parameter b/ 4 is recovered from the time-of-
escape function f(x). For concreteness, let us suppose that the initial direction
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Figure 3. Unfolding of a billiard cell of Figure 2, used to determine the
transition probabilities.

is given by the angle 6 = 7 /4 and the lengths of the base, b, and height, /4, of
the rectangular cell satisfy b > 2A. Then (see Section 7), for large values of x
(i.e., large ratio L/r), we have the asymptotic expression

S L (b !
Xz V2 (2h ) '

Therefore, the single geometric parameter of this family of microgeometries,
namely the ratio b/ &, can be recovered from f(x). This follows from a central
limit theorem for Markov chains, which can also be used to show that for long
channels the probability density, u(z, z), of finding a billiard particle at time ¢ and
position z along the axis of the channel satisfies a standard diffusion equation

w_
o 9z2’

where D = (1/+/2)(b/2h — D)rv is the diffusion constant, r is the channel
radius, and v is the constant scalar velocity of the billiard particles.

The main problem is thus to understand how much geometric information
about the billiard cell is contained in f(x). Another, relatively simpler (though
not simple), problem is to understand how much geometric information is con-
tained in the spectrum of the operator P. As will be seen later in the paper,
P will have discrete real spectrum for a large class of billiard geometries. We
should note that the above example is not entirely representative of most mi-
crogeometries in some important ways. Most importantly, the correct asymp-
totic expression of f'(x) for large x will typically be D~1'x2/In x, rather than
D~!x2, where D is a diffusion constant. This is briefly discussed in Section 7.

The paper is organized as follows. The first section introduces the idea of
channel microgeometry and the way a point particle interacts with it. This nat-
urally leads to the definition of a random billiard map, generating a random
dynamical system on a set V. Here V stands for the interval [0, ] in the
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two-dimensional version of the problem, or the unit hemisphere in the three-
dimensional version. The microgeometry specifies a Markov chain with state
space V' whose transition probabilities operator, P, replaces the ordinary reflec-
tion law of deterministic billiards. The Markov chain gives at each moment in
time the velocity component of a random flight inside the channel.

The general properties of the random billiard Markov chain are then investi-
gated. It is shown that this random process has a canonical stationary measure,
1, obtained from the Liouville measure of the associated deterministic billiard.
A simple ergodicity criterion for p is provided.

It is shown next that P is a bounded self-adjoint operator on L2(V, ). Self-
adjointness is a consequence of time reversibility of the deterministic system,
which also implies reversibility of the Markov chain. Under more stringent as-
sumptions (essentially that the underlying deterministic billiard is a dispersing,
or Sinai, billiard) it is shown that P is a Hilbert—Schmidt operator. This is one
of the central results of the paper.

We then turn to the associated random flight. It is shown by means of an
appropriate central limit theorem how the random flight gives rise to Brownian
motion, with variance that depends on the spectrum of P, hence on the micro-
geometry of the channel. This is accomplished most easily in cases when the
stationary measure is nonergodic and does not contain the direction of the axis of
the channel in its support. The general (ergodic) case, which we consider only
briefly, mainly through one example, requires a more careful analysis as the
jumps of the random walk have infinite variance. The probability distribution of
these jumps is, nevertheless, in the domain of attraction of a normal distribution
and ordinary diffusion can still be obtained under an appropriate scaling limit.
Explicit values for the diffusion constant are derived for a few simple examples.
Finally, explicit formulas for the mean time and mean number of collisions in-
side a billiard cell are given in terms of parameters associated to the shape of
the cell.

Acknowledgment. This paper has benefited from conversations with M. Nicol
and D. Szész. I wish to express my thanks to them.

2. Main definitions

The central concepts of the paper—the definitions of a random billiard, the
microgeometry of a channel, the associated Markov operator and random flight
in a channel—are introduced here.

2.1. Reflection off a wall with infinitesimal structure. A surface (or curve)
microgeometry, and how a point particle interacts with it, is the first idea that
needs to be explained. The precise description of the particle-surface interaction



184 RENATO FERES

will involve the notion of a random billiard, defined in the next subsection.
Although not logically needed, the following remark should provide a concep-
tual justification for the definitions. The key point to clarify is how to define
the reflection law for a billiard particle bouncing off a wall that has periodic
geometric features at an infinitesimal scale.

Consider a family of piecewise differentiable surfaces, or curves, S;, which
approximates (in Hausdorff metric) another piecewise differentiable surface S
as indicated by Figure 4. Each S, can be thought of as superposing to S a
periodic geometry scaled down in size, with scale parameter a, and slightly
deformed to account for the curvature of S. A procedure that yields a well-
defined limit for the billiard reflection as @ — 0 is the following. As a first step,
we replace the incoming velocity v with a random variable V; whose probability
distribution has smooth density and is sharply concentrated around v, approach-
ing v as ¢ — 0. The distribution of reflected velocities is then obtained, resulting
in a random variable with probability measure p, .. The reflection law for the
incident velocity, v, is now defined by the limit (in the weak™* topology)

— 1 : v
o 1= 1 g1y Hae
It can be shown that the limit exits and the resulting measure is uniquely deter-
mined by the scaled down geometry. It is not difficult to obtain, using elemen-
tary facts about oscillatory integrals, that the limit has a very explicit form. In
dimension two (writing (, = [4g) it is given by

1
no(h) = /0 h(W(8)) dx.

where 6 € (0, ) is the incidence angle measured with respect to the tangent
line to S at the point of collision, x € [0, 1] parametrizes a point on the open

q

weaklimit

Figure 4. S is fixed and S, varies so that bumps scale down to zero in
size. As sets, S; — S, but reflection law becomes probabilistic, represented
by a scattering operator.
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side of one of the “microscopic” indentations of S, inside of which the particle
executes a billiard ball motion (see Figure 4), W, (6) is the angle that the particle
makes with S as it leaves the indentation, and g (%) denotes the integral of an
arbitrary continuous function / on [0, 7] with measure pg. (See [FY1] for more
details about the above limit.) In dimension 3, dx is Lebesgue measure over the
unit square.

The key observation here is that the direction of reflection for an incoming
velocity v should be regarded as a random variable. Its probability law, [y, is
obtained by assuming that the point on the open side of the indentation through
which the particle passes is a random variable uniformly distributed over the
area (or length) of that open side. The indentations are the billiard cells of the
random billiard, as defined next.

2.2. Random billiards. The billiard table with an open side that goes into the
definition of a random billiard should be thought as representing the individual
indentations of the surface S, for a very small a. Consider an ordinary billiard
system consisting of a billiard table B. The boundary of B is the union of a
finite number of smooth curves, called the sides of the table. One of the sides is
distinguished, and for our purposes it will always be a segment of line (or the
2-torus in dimension 3; see below), which will be called the open side. This is
the segment pq of the billiard cell on the right-hand side of Figure 1.

Choose a number s € [0, 1] at random with uniform probability and set the
initial point of the billiard trajectory to be x = p + s(¢ — p). Denote by
Y, 1[0, r] — [0, ] the angle component of the first return map of the billiard
trajectory back to the open side. Referring to Figure 1 (right-hand side), we
have By = Wy (bin). We often identify the open side with the interval [0, 1]. The
first return map to pg of the ordinary billiard is a map 7" from the rectangle
[0,1] x [0, ] to itself such that T'(x,0) = (y, ¥x(#)). The random billiard is
then the random dynamical system ({W¥ : x €[0, 1]}, B, A), where A is Lebesgue
measure on the unit interval and & is the Borel o-algebra.

Figure 5 provides one interpretation for the iteration of a random billiard map.
The table B is doubled over its flat side; a trajectory of the random billiard is

Figure 5. Doubling of billiard table with a random map.
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an ordinary billiard trajectory until it crosses the separation line between the
two copies of B (the dashed line in Figure 5), at which moment it jumps to a
randomly chosen point on the line, keeping the velocity unchanged.

As an example of random billiard map, consider the (doubled up) triangular
table shown in Figure 6. Let o« < 77/6. Define maps 7; : [0, 7] — R by

T](Q) =0+ 2«
T,(0)=—-0 + 27 — 4«
T5(0) =60 — 2«

T4(0) = —0 + 4.

The random billiard map 7 : [0, 7] — [0, ] is given by T'(6) = T;(6) with
probability p;(6). To specify p;, first define the function

1 tan
=—11 .
ta (0) 2( +tan0)

Now define
1 0 €[0,a)
Uy (0) 0 € o, m—3a)
p1(9) = 2cosQa)urg () 0 €lmr —3a, m—2a)
0 0 €[n —2a, ]
0 0 [0, 7 —3x)

0y — ug(0) —2cosRa)urg(0) 6 €lr—3a, 7 —2a)
PO =1, 0elr—2u,7—a)
0 0elr—o,r]

0 0 €[0,2x)

) 2cosRa)ure(—0) 0 €2, 3a)

P3O =9, o 0 €3, 7 —a)

1 0 elr—a,n]
0 0 e [0, (X)
| ua(=0) 0 € o, 2a)
pa(0) = Ug(—0) —2cosLa)usry(—60) 6 €[2a, 3a)
0 0 € [3a, 7).

Figure 6 shows the graph of the random map 7.

Ifa = pn/q, for p, q positive integers, the maps 7; generate a dihedral group,
Dy, (of order 2m), where m = q if ¢ is odd, and m = ¢/2 if q is even. The
random dynamical system can be regarded as a random walk on an orbit Dy, -6,
for 6 € [0, ]. The generators of the random walk are T, T,, T3 = Tlm_l, Ty =
T, o0 Tlm_4, chosen with probabilities p;(0”), for 68’ on the orbit of 6. Notice
that any pair (%, s5), where & is a rational polygon in the plane (specified up to
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A eout

Oin

o 200 300 m-30. T-20 T—0. T

Figure 6. Random billiard map (left) for the shallow triangular table (lower
half of the figure on the right).

a similarity transformation) and s is a choice of side of %, determines such a
position dependent random walk on a dihedral group.

2.3. Dimension 3. In dimension 3, the boundary surface of the billiard table will
be a piecewise smooth surface without boundary, contained in T2 x [0, a], that
separates the top and bottom tori; that is, any geodesic segment in T2 x [0, a] that
starts in T2 x {a} and ends in T2 x {0} must intersect the surface. The top torus,
denoted simply by T2, assumes the same
role as the distinguished side of the two di-
mensional billiard. A trajectory of the three
dimensional open billiard might look like
the one shown in Figure 7. Incoming and
outgoing velocities are parametrized by the
upper half (unit) hemisphere,

STi={v=(v1.v2.v3) 103> 0, |v| = 1}.

The random dynamical system is now a ran-
dom map on ST, denoted ¥, : ST — ST,
for x € T2. The torus is given the nor-
malized Lebesgue measure. Notice that any
choice of a (greater than the height of the
surface itself) will produce the same ran-
dom dynamical system.

Figure 7. 3-D billiard cell.
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The random billiard can be expressed as an ordinary (deterministic) dynami-
cal system on an extended state space, as follows. In dimension 2, let £2 =0, 1]V
and v = A", where A is the Lebesgue measure on the unit interval. Define the
shift map o : 2 — £2 by 0(w); := wj+1 and ¥, := ¥,,. This gives a map
¥ 2 x[0, 7] — 2 x[0, w]. The n-th iterate of ¥ is

lI/”(a), 9) = (lpa"(a)) ©--+0 lI/cr(a)) o qu)(e)

The three-dimensional case is similarly defined.

We summarize here some notation about billiards that will be used consis-
tently throughout the paper. Let (X, %, A) denote the measure space [0, 1] or
T? with the normalized Lebesgue measure and the Borel o-algebra. Let V
denote, respectively, [0, 7] or ST, and ¥, : V — V, the random billiard maps.
At times it will be convenient to write Fy(x) := Wx(v). In what follows, u
will denote (unless explicitly stated otherwise) the probability measure on V
defined by du(0) = %sin 0do if V = [0, n], and du(v) = v-ndA(v), for
V = ST, where dA is the area element of S*. In spherical coordinates,
du(8,¢) = (1/2m)sin(20)d0d¢p, for 0 <6 <m/2 and 0 < ¢ < 2m.

Let E = X x V denote the phase space of the open side of the (deterministic)
billiard table, both in dimension 2 and dimension 3. The projection to second
component will be written 75 : E — V. The Liouville measure of the determin-
istic billiard gives, after restriction and normalization, the measure v = A ® i
on E. Notice that v is invariant under the first return map 7 : £ — E.

The random system can also be studied as a Markov chain, which is the point
of view we mostly take. This will be described shortly, after we explain the
connection between the random billiard and random flights in a channel. For
detailed definitions and basic properties about random dynamical systems, we
refer the reader to [Ar] and [Re].

2.4. Channels with microgeometry and random flights. By a channel we
mean either a pair of parallel lines (dimension 2) or a cylinder (dimension 3). It
may be of finite or infinite length. A channel with microgeometry is a channel
with a choice of random billiard. In dimension 3, we could more generally define
a surface with microgeometry to be a triple (S, &, ¥), where S is a piecewise
smooth embedded surface in R?, £ is a piecewise smooth orthonormal framing
of §, and ¥ is a random billiard. For cylindrical channels, the framing is always
the one represented by the vectors ey, e;,n of Figure 8. The normal vector, 7,
is taken so as to point into the region enclosed by the surface and e, is parallel
to the axis of the cylinder.

To a channel with microgeometry it is associated a random flight in the ob-
vious way: a particle with a given initial velocity moves along a straight line in
uniform motion until it hits a point on the channel surface. It then reflects at an
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angle specified by the random billiard. Vectors at the point of collision are iden-
tified with vectors at the open side of a billiard cell by means of the orthonormal
frame. In other words, we assume that the random billiard is “attached” to the
frame in this sense: defining C : (vq, v3,v3) — (v, V2, —V3), a particle that
hits the surface at p with velocity v = vie1(p) + vaea(p) + v3n(p) follows
the direction specified by w = wieq(p) + waea(p) + win(p) after reflection,
where (w1, wy, w3) = CW(vy, v, v3), for a randomly chosen Xx.

Geometric parameters of the channel (its radius and length) are not commen-
surate with those of the billiard cell. Consequently, any geometric characteristic
of the cell that can affect the behavior of the random flight must be invariant
under homothety, such as length ratios and angles.

It is, perhaps, not entirely obvious that iterations of the random billiard indeed
correspond to the velocity process of the random flight in a cylindrical channel.
This is because, in principle, one would need to apply a random rotation to ¥y (v)
after each collision, to account for the fact that the moving frame £ rotates from
a point on the channel to the next. To clarify this point, we first suppose that the
channel is an unspecified orientable differentiable surface embedded in R3, with
a given framing & = (eq, ep,n). Denote by p(c™(w)), w € £2, the point of n-th
collision with the surface for a random trajectory. Define I, : (vq, v2,v3) =
vieq + vaep + v3n and write

R(0™(®)) := pon+1(@)) " © Ipon@)) ©C-
The velocity after n collisions is given by
V> (Ip(ana,))_loq/an(w)oR(On_l(a)))ollfan_l(w)o. oW () O R(@) oWy 0 I (i) V.

If the surface is a cylinder and the moving frame is chosen as indicated in
Figure 8, then an elementary geometric argument shows that the orthogonal
transformations R(w) are equal to the identity matrix. Therefore, the random
dynamical system defined by {¥, : x € T2} actually describes the changing
velocity of a particle in a random flight inside the cylinder as claimed.

Figure 8. Standard frame over cylindrical surface.
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2.5. The associated Markov chain. Define a Markov chain with state space V
and transition probabilities

P(Av) := (Fy)«A(A) := M(F; 1 (4) =N (o e 2 : ¥, (v) € 4}).

The conditional expectation of a function f, given v, is

ELf[v] = /X F(Fy(x)) dA().

The transition probability P (A4|v) should be interpreted as the probability that
a particle will reflect with a velocity in 4 given that the pre-collision velocity
is v. More generally, define Py (A|v) = AN({w €N: lI/alj (v) € A}), for k € N.
These k-step transition probabilities define a homogeneous Markov chain (see
[Ar]). We have, in particular, the Chapman—Kolmogorov equation

Peri(Alv) = /V P (AN P (V).

for k,/ e N.

If u is a probability measure on V' (not necessarily, for the moment, the veloc-
ity component of the Liouville measure), then there exists a unique probability
measure, Py, on the space 2y = VN with the product o-algebra such that the
coordinate functions, 7y : 2y — V, i (vq, v2,...) = Vg, constitute a Markov
process with respect to the natural filtration % (generated by the coordinates
my,..., ) with transition probabilities Py and initial distribution p. That is,
such that for any / < k and any measurable f : V — RT,

Eulf o 7kl F/)(@) = (P*~ ) (v)

for P, almost all w, where (P¥ ) (v) = [y f(w) Pr(dw]|v) is the semigroup of
positive linear operators corresponding to the kernel (P )ren and Py is given
on cylinders U ={w € 2y : mj(w) € A;,i =0,1,...,k} by

P,L(U)zonfAl /A P(dvglvi—r) -~ P(dvs on)(dvy).

Notice that (g)« Py = K.
The measure P, is shift invariant if and only if w is stationary, or Pk
invariant, for k = 1,2, .. .; that is, if

b= fV P o)p(dv).

A bounded measurable function / on V is said to be P*-invariant if P¥ / = f
-almost everywhere, for all k. A stationary measure u is ergodic if invariant
functions are p-almost everywhere constant. It can be shown that p is ergodic
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if and only if the shift map on §2y is ergodic for the invariant measure P,,. This
is also equivalent to invariance in the sense

b= /X (W) up dA(x).

(See below. Also see [Ki] or [Ar].)

Suppose, now, that & is a measure on V' such that v := A ® u is a T -invariant
measure on E. The next remark is that p is an invariant measure of the random
billiard, hence also a stationary measure for the associated Markov chain.

PROPOSITION 2.1. Suppose that |u is a measure on V such that v = A ® |
is a T-invariant measure on E. Then | is an invariant measure of the random
billiard. In particular, | is a stationary measure of the associated Markov chain.

PROOF. Let f be any u-integrable function on V. Then, from the equation
T«v = v applied to f om,, we obtain

W(f) = v(fomy) = Tuv(foms) = v(f om0 T)
- / [ F(ra(T (x. v))) di(v)dA(x)
X JV

1
- / / F (@ (0) dp(v)dA(x) = / (W) ept(f) dA().
X JV 0

Since f is arbitrary, we have yu = fX(lI/x)* wdM(x) as claimed. That u is a
stationary measure for the Markov chain is now a standard fact. We show it
here for the sake of completeness. The claim is that

n(A) = /V P(Alv) du(v),

for all measurable A C V. This is a consequence of the following calculation:
[ Peamdnw = [ [ xa@w)dicduw
|4 VJX

- / / 1t (W (0)) di(v)d(x) = / ()2t (A) din(x)
X JV X

= pu(4),
for all measurable A € V. O

From now on, we resume the earlier convention that u denotes the velocity
component of the Liouville measure on E.
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3. Examples

We illustrate the concepts introduced above with a few simple examples. The
simplest, shown in Figure 2, was discussed in the introduction.

3.1. Three-dimensional boxes. The billiard cell is defined by the surface of a
parallelepiped without its top face, with sides 4 (height), b; and b,. Using the
vectors eq, e;, n as in Figure 8, the base of the parallelepiped is oriented as in
Figure 9.

Ifv= v’1 U+ v’2u »—Uv3n is an incoming velocity expressed in the orthonormal
frame aligned with the box, then the velocity after reflection is

/ /
V=€V U F E205Up + VU3h,

where €1 and ¢, are independent random variables taking values in {1, —1} with
probabilities to be specified. Write

A= cosa —sina
sina  cosa
and let v = vyeq 4+ vye; — v3n be an incoming velocity, now expressed in the

frame of the channel. The velocity after reflection can now be written as a
random variable V (e, &) = wieq + wyey + v3n such that

() =(e2) ()

Figure 9. Geometry of microcubicles.
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This can also be written as follows. Let u be the orthogonal projection of v to
the linear span of {eq, e3}. Then v = ||u||(cos Be; +sin Be;) —v3n (B is defined
by this expression) and V(e1, e3) = ||u||U(eq1, &2) + v3n, where

81+
2

81;52 (cosQa—p)eq +sin(2a—p)es).

U(er,82)= £2 (cos Bej +sin Bey)+

For a given initial v, the velocity after any later collision of the random flight
in a cylindrical channel is one of the four vectors +u + v3n, +u’ + v3n, where
u’ is defined by

u' = ||u||(cos(Qa — B)ey + sin(2a — B)ey)

and the frame vectors are based at the collision point.
We assume that v is not parallel to u; or u, (the easier case of v parallel to
either vector can be treated separately). Let

2h(v, n)
bi <U, I/lj)

where k; is the integer part and s; is the fractional part of the number on the
left-hand side of the equation. Define p;(v) = s;(v) if k;(v) is odd and p;(v) =
1 —s;(v) if k; (v) is even. The probability that ; = 1, given that v is the pre-
collision velocity, is p;(v).

For simplicity of notation, we write below p;(u) instead of p;(u & v3n). We
make explicit the dependence of &; on w € {4u + v3n, +u’ + v3n} (the pre-
collision velocity) by writing &; (w). Define k;, s; as the integral and fractional

=:ki(v) +5i(v),

€2

2(a-p)

-u

-u

Figure 10. Possible values of the orthogonal projection of the reflected
velocity.
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Figure 11. Transition probabilities for the velocity process.

parts of the numbers

2hvs/ 1—v§ 2hvs/ 1—v§
=k , —————— =k .
broos(Boa) T T Gn(B—a) 2t

It can now be calculated that p; (u) = p; (u’) = pi(—u) = p;(—u’) =: p;, where

s if k; is even,
PE=\1—s if ki is odd.

Setting @ = p1pa2,b = p1(1—p2),c = (1= p1)p2,d = (1= p1)(1 — p2),
the transition probabilities can now be seen to be as shown in Figure 11.

The random walk on the real line, obtained by projecting the random flight
inside the cylinder on a line parallel to e;, can be described as follows. We
suppose that the initial velocity is v = u — v3n. From any particular time and
position, a particle moves a distance §, which can be one of the four values:
81, 82, 83 = —52,84 = —81, where

2rvsl||u|| sin B
v% + |Ju||? cos2 B
2rvs||u|| sin(Re — B)
02+ ulPeos? 2 — )’

1 =

A jump by +£4; takes time t;, where

21‘1)3

vg + [lu]|? cos? B

T =

. 2rvs
vg + ||u||? cos2(2a — B)
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Jumps of different lengths occur with probabilities specified by the transition
matrix

ab cd

b adc
P=p@sm=1, 55|

d ¢ b a

where a, b, ¢, d are as above. The spectral decomposition of the transition matrix
is easily obtained. If R is the orthogonal matrix

1 1 1 1
11 1 -1-1
R=21-1 11|

1 -1 -1 1

then P = RDR!, where D = diag(A, Ay, A3, Ay), with

AM=a+b+c+d=1,
M=a+b—c—d=2p —1,
AM=a—b+c—d=2p,—1,
M=a—b—c+d=Q2p—1)2py—1).

In particular, the stationary distribution assigns equal probability to each of the
8;. By allowing different values of the initial velocity we can recover the geo-
metric parameters, by /h, b,/ h, «, from the spectrum.

3.2. Cavities and effusion. The example we give now is in a sense more rep-
resentative than those seen so far in that the measure p is ergodic, as explained
later. Furthermore, its Markov operator admits a simple approximation that will
allow for some explicit calculations in Section 7. The approximate operator,
which by itself does not correspond to any random billiard system, is defined
by

Praxwenn = (1 _a)P[L +al,

where « is a constant in (0, 1) and P, (dw|v) = du(w). This is a model of
gas-solid interaction proposed by Maxwell well-known in the gas kinetics and
Boltzmann equation literature (except for the fact that we do not include an
exponential term involving temperature) [C1]. The interpretation is that a par-
ticle will reflect in mirror-like fashion with probability «, and with probability
1 —« it forgets the pre-collision velocity and rebounds along a random direction
specified by the probability u.

Notice that P, can be described as the orthogonal projection on the one-
dimensional subspace spanned by u in the Hilbert space, H, of signed measures
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OOC

Figure 12. Randomizing cavity; o is the length of the open side and d
is the length of the mirror-reflecting, flat side. The inside of the circular
cavity is lined with some ergodic microgeometry.

with square integrable densities with respect to . Then
Praxwenl = P[,L + aPH,J-»

where t denotes the subspace of H orthogonal to .

We now show in what sense Pppxwenr can be regarded as approximating the
Markov operator of an actual billiard microgeometry. (Proposition 3.1 will not
be used later in the paper other than for its heuristic value, so we only give a
sketch of the proof.) Consider the contour shown in Figure 12. It represents
an array of billiard cells consisting of circular cavities with a small opening on
top. The inner surface of each cavity is itself lined with some other kind of
microgeometry at a much smaller scale. The bumps lining the inner surface of
the cavity are assumed to be so small that collisions with it are well approxi-
mated by a “second order” random billiard map, which we denote by ¥. We
assume that the associated Markov operator, Pyumps, 18 ergodic and aperiodic
(see Section 5). In particular, Pé‘umps converges to ( as k — oco. This is the case
for the particular example of circular bumps shown in the figure, according to
the ergodicity criterion given in Section 5.

The random dynamical system, @, is defined as follows. Let v be an initial
velocity and x € [0, 1] a random point on the open side of the cavity chosen
with probability A. Set a = o/, where / is the perimeter of the circular cavity
and o is the length of its open side. With probability 1, a particle that falls into
the cavity leaves it after a finite number, #,, of collisions. This number is a
random variable depending on v. It can be shown that the limit, as @ — 0, of the
probability of the event {#, < n} is 0 for each finite n. Let ©@1, ®,, ..., Oy, be
the post-collision random angles inside the cavity, measured with respect to the
tangent line at each (random) collision point. Let W denote the random vector
in R? corresponding to the angle @y,. Then ®(v) is the angle of W measured
relative to the direction parallel to open side. For small a, @(v) is very nearly
Oy

a*
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Notice that @; is both the post-collision velocity of the i-th collision and
the pre-collision velocity of the i 4 1-st collision. (This might not hold were
the cavities not circular.) Therefore, Pé‘umps actually describes the probability
distribution of post-collision velocity after k& collisions inside the cavity.

Let, now, P, be the Markov operator of the random billiard conditioned on the
particle actually entering the cavity. This is an event of probability o/ (o + d).
Let « = d/(0 + d) be the probability of an incident particle being reflected
specularly. Then, the Markov operator associated to & can be written as P =
(1 —a)Py; + al, where I is the identity operator. By the above argument,

_ pta .
P, = Pbumps. Thus we conclude:

PROPOSITION 3.1. Denote by P,(-|v) = Peay(-|v) the conditional measures for
a cavity with ratio o/l = a. Suppose that ¥ has a unique stationary measure,
W, and that the conditional measures are absolutely continuous with respect to
. (See Section 5; the “microbumps” of Figure 12 are one example for which
these assumptions hold.) Then, for p-a.e. v € V, lim,_.g Py(-|v) = u.

Thus, it makes sense to think of Pyraxwen = (1 —a) Py 41 as an approximation
to the Markov operator of the random billiard of Figure 12, for a small opening
at the top.

Another interpretation of Proposition 3.1 has to do with the phenomenon of
effusion from cavities. If we imagine the circular cavity filled with gas at low
pressure, then gas will escape through the small opening with a distribution
of directions given by the probability density du/d6 = % sin 6. Here 6 is the
angle measured counterclockwise from the direction parallel to the open side.
In particular, the probability of leaving at shallow angles approaches 0.

4. Reversibility and self-adjointness

The deterministic billiard system has the property of being reversible. In
dimension 2, this means:

T(x.0)=(.¢) = T(y.m—¢) = (x,7—-0),

and in dimension 3, replace v for 8, —w for & — ¢, etc, in the above expression.
This can also be written as T~ ' oJ = J o T, where J(x,v) = (x, —v) is the
flip map. If @, is a flow describing the time evolution of, say, a conservative
mechanical system on its phase space or a geodesic flow, then reversibility means
that @;(x,v) = (y, w) < @;(y,—w) = (x,—v) for all (x,v) and 7. In this
case, JodP, =P_,0J.

Reversibility of the deterministic billiard system implies reversibility of the
random billiard as well, in the following sense. First recall that a Markov process
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with state space V' and transition probability measure P is said to be reversible
with respect to a probability measure © on X if

P(dw|v)du(v) = P(dv|w)du(w),

as measures on V' x V. More precisely,
/V /V F (0, w) Pdwlv) du(v) = /V /V £, w) P(dvlw) dya(w)

for any integrable function f(v,w) on V2.
PROPOSITION 4.1. The Markov process of a random billiard is reversible.

PROOF. We actually show that P(dw|v)du(v) = P(dv|w)du(w) for any mea-
sure ;o on V such that v := A ®  is invariant under the billiard first return map
T : E — E and the flip map J. First observe that

/V fV f (v, w)P(dw|v) du(v) = /V /X S, ¥x(v)) dA(x)dp(v)
- /E F(E.T(€) dv(©).

where F(£1,&) = f(m2(&1), m2(&y)) for all £,&, € E. Therefore, the claim
amounts to the property

/ F(ET(E) dv(&) = / F(T(§).£) dv().
E E

But this is a consequence of the invariance of v under 7! and the flip map. [J

Notice the following well-known consequence of reversibility of the Markov
process with respect to the stationary measure ji.

PROPOSITION 4.2. Let (f,g) = fon fgdu denote the inner product on the
Hilbert space H = L*(V, ). Then, the linear operator P on H defined by

(Pf)(v) := /X S (¥x(v)) dA(x)

is self-adjoint.

We regard H as the space of densities of signed measure on V' absolutely con-
tinuous with respect to . With this in mind, we write Pn for the action of the
Markov operator P on a probability measure n on V. If n describes the proba-
bility distribution of incoming directions of a particle, then P is interpreted as
the probability distribution of reflected directions.
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5. Ergodicity

Given a Markov process with state space V' and transition probability measure
P, let P,(A|v) denote the transition probability measure after n steps. We are
interested in the convergence of P,(A4|v) to i(A), where u is the velocity com-
ponent of the Liouville measure v on E. Recall that p is a stationary measure
for P.

LEMMA 5.1. Suppose that a measurable A C 'V satisfies P(A|v) =1 for p-a.e.
vE€ A. Let A= X x A. Then, after possibly changing A on a set of measure 0,
we have that A is T -invariant.

PROOF. For almost all v € 4, A({x € X : Wx(v) € A}) = P(A[v) = 1. Conse-
quently, for almost all (x,v) € A, we have T'(x,v) € A. By changing A on a
set of measure zero it can be insured that A is 7 -invariant. g

We say that the process is indecomposable if any measurable set A C V such
that P(A|v) = 1 for almost all v € A either has measure zero or its complement
has measure zero.

COROLLARY 5.2. Suppose that T : E — E is ergodic with respect to the
Liouville measure. Then the Markov process of the random billiard is indecom-
posable.

PROOF. Apply the previous proposition to A = X x A, where P(A|v) = 1 for
u-a.e. v to conclude that A = X x 4 has measure either zero or one. Therefore,
A has measure either zero or one. O

COROLLARY 5.3. If T : E — E is ergodic (in particular, if the billiard dy-
namical system on the closed table, with its top side included, is ergodic), then
WL is the unique stationary distribution of the billiard Markov operator, and the
Markov process with initial distribution | is ergodic.

PROOF. See [Br], Theorem 7.16. ]
Applying the previous result to powers of 7', gives the next proposition.

PROPOSITION 5.4. Suppose that all the iterates T" of T are ergodic. Then

Markov process is aperiodic, that is, V is indecomposable for all the iterates
P'(-lv),n=1,2,...

COROLLARY 5.5. Suppose that T" is ergodic for n = 1,2,3,..., and that
P(-|v) is absolutely continuous with respect to [, for almost all v. Then

o _
Jim P (AJv) = p(A)

for all measurable A and almost all v € V.
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PROOF. This is a consequence of [Br], Theorem 7.18. O

As an example, if the doubling of the billiard table at its open side gives a Sinai
(dispersing) billiard, then the Markov process has a unique stationary measure
given by .

It is to be expected that ergodicity and aperiodicity should hold under very
general conditions. It is certainly clear that it is a much more general (and
easier to prove) property for the random billiard than it is for the corresponding
deterministic billiard. We give next a sufficient condition that is easy to verify
in many examples.

We say that p is a point of maximal height of the (open) billiard cell if the
entire cell is contained in one of the two closed half-spaces bounded by the plane
through p parallel to the distinguished, or top, side. We also say that the billiard
is nondegenerate at p if the height function (relative to the normal direction to
the open side) is nondegenerate there. This means that at the point p of maximal
height the billiard surface, or curve, the curvature is defined and nonzero.

PROPOSITION 5.6. Suppose that the billiard table contains a point of maxi-
mal height at which the billiard is nondegenerate. Then the associated random
billiard is ergodic and aperiodic, and it admits a unique stationary probability
measure, which is | (the velocity factor of the Liouville measure).

PROOF. Given A C V measurable, define $(4) ={¥x(v):xe X,ve A} CV.If
the billiard table is differentiable at a point p of maximal height, then A C $(A4),
since v = Wy (v) for an x such that the ray with initial condition (x, v) reflects
at p. We claim that, forall v e V,

V=[5
n=1

Granted the claim, it follows that P” is indecomposable forn =1,2,.... In
fact, let A C V satisfy P(A|v) =1 for y-ae.ve A. By Lemma 5.1, A= X x A4
is T-invariant. Consequently, for almost all v € A4, $"(v) C A, up to sets of
measure 0. Therefore, A = V up to a set of measure 0.

We now turn to the proof of the claim. The description below applies to
dimension 3, although it should be clear what modifications are need for dimen-
sion 2. The surface boundary of the billiard table will be denoted by M . This
is a smooth surface near p. Recall that V is the open hemisphere of unit radius.
Let IT : V — D denote the orthogonal projection onto the open unit disc. The
essential point is that, for any compact subset, K C V, there is & > 0 such that for
any v € K, the set I1($(v)) contains a disc of radius ¢ centered at I7(v). To see
this, it suffices to show that the Jacobian of x € T2 > IT(¥x(v)) is uniformly
bounded away from 0 for v in any compact subset of V.
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Let y(s) be a differentiable curve in T2 such that the ray with initial condition
(y(0),v) hits M at p. By varying s, for s small enough, a differentiable path,
n, through p is traced on M. The reflected angle is given by

Py () (V) = v —=2(v, n(n(s)))n(n(s)).
Let G : M — S? denote the Gauss map of M near p. Note that, by definition,
the differential of G at p is

d(non)

dGpf 0 = ==L o.

We can now write

d

%n oWy (5 (V)|s=0 = IT(=2(v,dGp1'(0))n(p) — 2(v, n(p))d Gpn'(0))
= —2(v.n(p))Td Gy (0).

The norm of IT at n is 1 and y’(0) = 1’(0). Consequently,

d
H T oWy Wls=o| = 2|(v.n(p))] min{ky. ka}{ly (O],

where k; and k, are the principal curvatures of M at p, that is, the eigenvalues
of dGp, which are necessarily positive. Since the term |(v,n(p))| is bounded
away from 0 for all v on a compact K C V, the claim holds. O

We have so far assumed that the particle undergoing a random flight is point-
like. There is obviously no loss of generality in making this assumption since a
spherical billiard ball can be regarded as point-like by following the motion of
its center. If we wish to vary the size of the probing particle, then the problem we
are studying is the same as having a one parameter family of microgeometries
parametrized by the particle radius, and billiard balls that are point-like. Figure
13 illustrates this. The thick contour represents the actual surface relief, and the
thin line represents this geometry as viewed by the center of a disc-like billiard
ball.

It is interesting to remark that if p is a point of maximal height at which
the billiard is not-differentiable, say, a cone point, then viewed by the center of
a spherical particle of positive radius, there is a point of maximal height (just
above p) which is nondegenerate. Thus, for example, the comb geometry of
Figure 13 does not correspond to an ergodic random billiard, but when probed

S

Figure 13. Microgeometry for positive particle radius.
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by particles of arbitrary nonzero radius, the thickened table (represented by the
thin line in the figure) does.

6. Spectrum

A fundamental issue to address is the relationship between the geometry of
the billiard cell and the spectrum of the (self-adjoint) Markov operator P on
L?(V, iu). We take here a first step in this direction.

As before, pu refers to the (velocity part of the) Liouville measure on V. Let
my . E — V denote the projection map. By duality, P acts on signed measures
on V with square integrable densities with respect to . If 1 is such a measure,
we write nP. (The notation Pn was also used earlier.)

6.1. Generalities.

LEMMA 6.1. Let ¢, € L?(V, ), and n the signed measure such that dn =
@ du. Then

[ waar = [ womwomoran.
Vv E
PROOF. Let ¥ be any element of L2(V, it). Then
—d(nP) = o = 070
[ v = [ vameriien= [ vemordGom
= [ womon@om dy
E

:/;E(lponz)(gaonon_l)dv. O

PROPOSITION 6.2. The spectrum of the Markov operator P is contained in
the interval [—1, 1], and 1 is an eigenvalue. If the associated Markov chain is
ergodic, then 1 is a simple eigenvalue of P.

PROOF. Clearly, 1 is the eigenvalue associated to the stationary measure (, and
is a simple eigenvalue if the Markov chain is ergodic. That || P||, < I is shown
by the following standard calculation:

d(nP)
InPla=  sup /wd—du
veL2(Vw),lvl=17V H
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= sup / (Wom)(pomo T V)dv
YeL>(V,u)
lvl>=1

<  sup \// (won2)2dv\// (pomaoT—1H2dy
I/fGLz(VM)

Yl2=1

= \// (poma)?dv = \// p2dp = |nl>.
E 14

Therefore, |[nP|l2 < ||n]l2, for all n. As P is self-adjoint, its spectrum is real,
contained in [—1, 1]. O

PROPOSITION 6.3. Suppose that the conditional measure P (-|v) is absolutely
continuous with respect to [, for p-almost every v € V, and that the function
k(w|v) := P(dw|v)/du(v) (the Radon—-Nikodym derivative of P(-|v) with re-
spect to 1) is in L>(V?, . @ n). Then, P : H — H is a Hilbert—Schmidt
operator.

PROOF. Under these assumptions,
(PHE) = [ fwiwl) dutw).
v

Since « is in L2(V2, u ® p), P is a Hilbert-Schmidt operator. O

6.2. Integral kernel and spectrum. We make at this point more specific and
stronger assumptions about the deterministic billiard than we have so far. We
restrict ourselves to the 2-dimensional case. One simple example for which all
the assumptions to be made here hold is the billiard cell shown in Figure 14. It
consists of two arcs of circle of positive curvature meeting at an angle y > /2,
and forming angles o and B with the line segment representing the open side,
where o, 8 € [0,77/2). Notice that every trajectory collides with the curved
sides at most twice before returning to the open side. Also notice that for each
initial condition (x¢, €) at which the return map is differentiable, the function
of x defined by Fy(x) := Wy (0) is differentiable at xo and | Fjj(xo)| is bounded
away from 0 by a constant that depends on 6 and on the curvatures of the two
sides.

Figure 14. A simple example satisfying the requirements of this section.
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The results to be proved later under the following assumptions are by no
means optimal. They should be expected to hold for much more general billiard
geometries.

ASSUMPTION 1. For each 0 € (0, i) there exists a countable set, Xg = {xl-e},

whereO:xg<x10<---<x19:landl:lgfoo,suchthat

(1) Fy is differentiable and F, é = 0 over each interval (xi9 , xf+1),' and
) ifég = {WJ_7 v, 1//1+, v, w;', ...} denotes the set of right and left limits
of Fg at the xl.e, then

> F)| T <o

x€F ;1 (y)

for each ¢ € (0, ) \ €y for which Fe_1 (V) is nonempty.

ASSUMPTION 2. There exists a constant ¢ > 0 such that all sides have curvature
bounded below by c. In particular, all sides are concave.

ASSUMPTION 3. Above a certain height, which is strictly below the height of
the open side, the billiard table contour consists of two smooth, concave curves
with nonzero curvature at the endpoints p and q. (See Figure 15.) The angles o
and B lie in the interval [0, 1 /2).

Figure 15. Assumption 3.

These assumptions are satisfied by the example of Figure 14. The number of
xf , not counting 0 and 1, is at most 2 for each 6, and | F’ é (x)| is bounded away
from zero by a constant that depends on theta and on the curvatures of the arcs of
circles. It should be noted that the sum increases with 1/sin @ as 6 approaches
0 and 7.

LEMMA 6.4. Fix 60 € (0, ). Under Assumption 1, the push-forward measure
(Fg)«A is absolutely continuous with respect to ju. The Radon—Nikodym deriv-

ative, k(Y|0) = [d(Fg)«A/du](¥), is given by
2

(¥|6) = MZ%F;I(WF(Q(’C)V‘ if F;'(Y) is nonempty,

0 if F(;I(w) is empty,
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'/IPY(S)(V)

M\\}h(ﬁ(\s))\

Figure 16. Reflection near a point of maximum height.

Sforall € (0, w) \Eg. If, moreover, [ is a bounded measurable function on 'V,

1 b4
/0 F(Fo(x)) dr(x) = fo SO0 du(p).

PROOF. This is an immediate consequence of the definitions. O

LEMMA 6.5. Under Assumption 2, for all 8 € (0, ) and ¢ € (0, 1) \ €y, the
function k(¥ |0) satisfies

N/c
k(W19) = siny sinf’
PROOF. Denote by ¢(6) the infimum of {| F(x)|: x € (0, 1)}. From the expres-
sion of x given in Lemma 6.4, it follows that « (1|0) < 2N /(c(0) sin ). The
lemma will be proved if we show that ¢(6) > 2¢ sin 6.

Since all sides of the billiard table are strictly concave, we can estimate
|F é (x)| by estimating the change of direction of the billiard trajectory due to
the first collision only; the subsequent collisions can only magnify the angle
variation to first order. Let F(x) = Fy ;(x) denote the angle immediately after
the first collision, measured with respect to some direction, say, a tangent vector
to the side at the point of first collision. (This choice is immaterial since we are
interested in the derivative of F(x).)

The situation can be pictured by imagining the two-dimensional version of
Figure 16. In the present case, p denotes the point of first collision and ¥, () (v)
should be replaced with F(y(s)). Also, the normal vector at p is not necessarily
normal to the open side, as is the case in that figure. We continue to denote by
y () a differentiable curve such that pg = y(0) is a point on the open side where
F is differentiable, and by n(s) the curve traced on the side of first collision by
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the first segment of the billiard trajectory. If v is, as in the figure, the unit vector
representing the initial direction of the billiard trajectory, n can be written as
n(s) = y(s) +t(s)v, for a positive differentiable function ¢(s). The trajectory’s
direction immediately after the first collision now reads

w(s) = v —2(v.n(n(s)))n(n(s)).

Notice that | F/(x)| = ||w’(0)|. Taking the square norm of w’(0), and using that
dn/ds = k(p)n'(0), where k(p) denotes the curvature of the billiard contour
at p, gives

n'(0)
7 (0) |

The quantity between square brackets is the norm of v, since 1’(0) and n(p)
are orthogonal, and ||7’(0)| assumes its minimum value when n(p) and v are
parallel, in which case ||’ (0)|| = ||y’ (0)]| sin 6. Therefore, | F'(x)| = ||w’(0)| >
21k (p)|sin @, as needed to finish to proof. O

2
lw'(0)]1 = 4k(p)* Rv > + (v,n(p))z} " (0)]12.

We note the following simple geometric fact derived in the proof of Lemma 6.5.

LEMMA 6.6. Using the notations defined in the proof of Lemma 6.5, it holds
that ||w’(0)[| = 2|k (p)!lln" ().
LEMMA 6.7. Under Assumptions 1, 2 and 3, k belongs to L>(V x V, u?).

PROOF. Due to Lemma 6.5, we only need to study the behavior of x for incident
and reflected rays having angles close to 0 or . It is sufficient to carry the
analysis for angles close to 0; angles close to m are similarly treated. There
are four cases to study, depending on whether o and § are positive or 0. We
consider only two: (i) @ > 0 and 8 > 0, and (ii) « = f = 0. The two remaining
cases follow by applying the same arguments used for these.

Case (i). The exit angle v can only be close to 0 when the incidence angle 6 is
close to 2« and x is close to the left end point of the open side. We refer to this
point as the left corner, and its opposite as the right corner. Therefore, we only
need to study «(1|0) for 6 near 0 and 2.

If 6y is sufficiently small, then for all 0 < 6 < 6 the function Fy(x) has
the following qualitative properties: it is smooth (assuming that the geometry of
the billiard table is smooth near the ends), and it decreases monotonically from
a maximum value, wzax, to be estimated in a moment, to a minimum value,
Wr?nn = 0 4+ 2B. Therefore, using Lemma 6.5 again, we arrive at the upper
bound for «:

1
K(Y10) < X Wi Y] (V)

¢ siny sin 0
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for 6 € (0, ) and a sufficiently small 6. Here x[y, . v. 1 denotes the charac-
teristic function of the interval [Ymin, Ymax]-
We claim that Y¥rmax — Ymin < C sin 6, for some constant C. Suppose for the
moment that this is the case. It easily follows that
Cc 2 90

6y pm
2
/0 /0 k(W10)" du(y)du(9) < 2sin(2p)°

Therefore, the proposition will be established once we justify the claim.
Using the expression of Lemma 6.6 gives

| Fp(0)| < 2K|n" ()],

where K is the maximum value of the curvature of the side of the table contour
making an angle 8 with the open side and n(x) is the curve traced along that
side by the ray with initial condition (x, #), x € [0, 1]. Let L = L(6) denote the
length of this curve. Observe that

1

vfmax_wmin:/o |Fé(x)|dx

By elementary geometry, we have

1
L :/ 17 (x)]| dx < 2sin 6/ sin B.
0

Therefore, Ymax — Ymin < C sin 8, where C = 4K/ sin B, proving the claim.
Still in case (i), it remains to consider 6 near 2cc. When 6 is close to 2« from

below, and x is near the left corner, v is close to 7 —28 > 0. Therefore, only the

interval (2¢, 2 + @), for an arbitrarily small @ > 0, needs to be considered. We

take @ small enough that the exit angle v, after reflection on the concave side

near the left corner, satisfies 0 < < /4 (in particular, ¥ < V2 sin ), and also

small enough that (sin§)~! < S, for a constant S < oo, for all f € 2a, 2a +a).
The same argument used in the first part of this proof gives

K(y0) =

V258
X[‘/’minﬂ/’max](w) E WX[T/}miml[’max] (1/[)’

¢ sinyr

Figure 17. Definition of L.
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where it is understood that the maximum and minimum values of Y are functions
of 6. Therefore,

2a+a pmw 2S2 2a+a nax
| kw102 dutnauer <= [ Y

2u min

do.

2u

The proof of case (i) will be concluded once we establish the following claim: if
k denotes the maximum curvature of the side of the table the particle is reflecting
from, then

Ymax _y 4 SK
Ymin sin«
for all 8 € (2w, 20 + a). We refer to Figure 18.

In the figure, L is the length of the segment of curve in the side of first re-
flection going from the left corner to the point of collision. Notice that the angle
a(L) between the tangent at that point and the horizontal direction (parallel to
the open side) satisfies a(L) < & 4 2k L. It also holds that

. : 2
L <2sin Yyin/ sinoe < ——Ymin.
Sin o

The maximum value of i (the angle of reflection when the collision takes place
at the left corner) is Y¥max = 0 — 2. The minimum angle is Y. = 6 — 2 (L).
Therefore

8k
Vinax = Ymin + 2(@(L) — ) < Ymin + ——— Vmin,
sino
and the claim about the ratio of these two angles holds.

Case (ii). We suppose now that « = B = 0. In this case, the exit angle ¥ can
only approach 0 as 6 itself approaches 0. With Lemma 6.5 in mind, to prove
that « is square integrable, it suffices to study what happens when 6 is close to
0. (The same argument treats the case of 6 close to 7.)

Figure 18. Exit at small angles.
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In case (i) the main part of the analysis concerned values of 6 for which
only one collision between particle and table boundary took place. This is no
longer the case here. For a sufficiently small 6y, and 6 € (0, 6y), the function
Y = Fyg(x) has the qualitative properties shown in Figure 19. This is a piecewise
smooth, continuous function, with two points of discontinuity of F é (x), denoted
x1(0), x,(0). For simplicity, we omit reference to 6 in x1, x,. Over the intervals
(0,x1) and (xj, 1) the function is monotone decreasing, and it is monotone
increasing over (x1, X7).

The discontinuities observed in this graph are due to the different types of
trajectories, as follows. For a small 6, if x € (x;, 1), the particle will collide
with the concave segment of wall adjacent to the right corner and exit the cave
with an angle ¥ determined by this unique collision. At x = x>, the trajectory
first grazes the concave segment of wall adjacent to the left corner before hitting
the concave right end wall and exiting. For x € (x1, x3), the trajectory first
bounces off this left wall, then bounces off again at the right wall, then exits.
For x € (0, x1), there is only one collision, in this case with the left wall, before
exiting.

We claim that the following estimates hold, for positive constants 4, B and
C, and all 8 € (0, 8y) for a sufficiently small 6;:

(1) Ymax < A2

(2) A716% < Ymin;

3) |Fy(x)[! < BO7Y2, forall x € (x5, 1);

(4) |Fp(x)|"!' = C, forall x € (0,x1) U (x1,x2).

These estimates will be proven after it is shown how they give the desired result.
An upper bound for « can now be given by

k(v]0) < (2C + BO™2) Xty il V).

csiny

wmax

'q)min

0 X1 X2 1

Figure 19. Qualitative features of ¥ = Fy(x) for small values of 6.
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For small enough 6y we have 2C + BO~1/2 <2B0~1/2 and sin ¢ > +/24. This
yields

6o T 4\/532 ) T
2
/0 fo €10 dr()diu(®) = 5 /0 Xt W) 000

_ 4v2B? /90 1y Ymax
0

do

(32
42B% [P
*/_2 / In(4%2673/2)qp
c 0

6+/2 B8,
2

min

=

(1 —ln(A_4/390)) < 0.

4

It remains to verify the estimates enumerated above. Let £(x, ) denote the
angle between the normal to the boundary surface of the billiard and the vertical
direction (i.e., the direction perpendicular to the open side, oriented toward the
outside of the billiard cell). Then, for small values of 6 and for x € (x;, 1), we
have Fg(x) = 6 + 2|&(x, 6)|. Ignoring the left wall and using concavity of the
right wall, we obtain that Y., < 6 + 2|£(0, 6)|. By an elementary geometric
argument, it can be shown that limg_, £(0,60)/+0 = ~/2k, where k is the
absolute value of the curvature of the right wall at the point of tangency with
the open side. Therefore, we can find D > 0 independent of & such D~16 172 <
£(0,0) < DO/2_ (We note that if the right wall is replaced with a circumference
of curvature k, then it can be shown by elementary geometry that 1 —cos & +
sin& tan @ = k sin 6, where £ = £(0, 0). It follows from this that § = £2/2k +
0(£2).) Therefore, there exists A > 0 independent of 6 such that Y. < 461/2
as claimed.

The inequality A=162 < Ynin is proved in a similar way and we omit the
details. Notice that the trajectory with exit angle ¥, is the one that first reflects
off the left wall at a point very close to the left corner and then grazes the right
wall before exiting through the open side. In proving the second inequality, the
roles of ¥ and @ are essentially reversed, giving 02 instead of the 61/2 of the
first inequality.

The third inequality is obtained as follows. Fix 8 and let L(x), x € (x3, 1),
denote the length of the segment of wall starting at the point p(x, 8) at which
the trajectory with initial condition (x, &) bounces off and ending at the right
corner. Then it can be shown by elementary geometry that

sin 0

S TR )
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We know from Lemma 6.6 that | Fy(x)| = 2|k(p(x, 8))||L'(x)|. Therefore, we
can find a D’ > 0 such that

, 1 1 sin(6 + £(x, 0)) , £(x,0)
e = k)] sind ED(“r 7 )

1/2
< D’(l + @) < D/(l + DQ@ ) < BH~V/2,

for some B > 0, as claimed.

For x € (0, x3), | Fy(x)| can be bounded from below by estimating the varia-
tion on the angle of reflection after collision with the left wall. That variation can
still be written as | Fjy(x)| = 2|k(p(x, 0))[|L'(x)|, where L(x) is now the length
of the segment of left wall from the left corner to the point of first collision.
Due to the downward bending of the wall, it holds that |L’'(x)| > |L’(0)| = 1.
Therefore | F é (x)|7! < C for some C > 0 which depends only on the curvature
of the wall. O

THEOREM 6.8. Under Assumptions 1, 2 and 3, the Markov operator of a ran-
dom billiard is a Hilbert—Schmidt operator. In particular, its spectrum consists
of eigenvalues A; € [—1, 1], each of finite multiplicity, with 0 as the only accu-
mulation point. Further, 1 is a simple eigenvalue.

PROOF. This is now a corollary of the previous lemma. Observe that the random
billiard system is ergodic under these assumptions, so that 1 has multiplicity one.
0

It would be interesting to try to extract from this proof an estimate of the spectral
gap of the Markov operator, something which we do not do here. In any event, it
is worth making the following remarks. We recall that P is said to have spectral
gap y if there is p = 1 —y < 1 such that, for n € H satisfying (V') = 0 (that
is, such that (n, u) = 0), the inequality

| Pnll2 < plinll2

holds. In other words, (p, 1) is the largest interval in [—1, 1], having 1 as a
boundary point, that does not intersect the spectrum of P.

A large spectral gap implies fast convergence to the stationary measure i, in
the following sense: for each n € H (the Hilbert space of signed measures on
V' with square integrable densities with respect to p) such that n(V) = 0, there
is Cy such that

1 P5n— ]2 < Cyo¥,

for all n € N.
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It is possible to express y in terms of the random billiard map as follows.
Define the Dirichlet form

Em My = (U —P)n,n).

Note that, for any constant c,

€m—cp,n—cp) =€(n,n),

since p is in the kernel of the self-adjoint operator I — P. A simple calculation
shows that if dn = ¢pdu and @ = ¢ o 75, then

1
%(n,n)M:L(é—éoT)¢dv=E/E(di—cDoT)Zdv

_1 _ 2
=3 | | 6@ =p@ P duwaic.

The spectral gap of the random billiard is now given by

y = inf{Ln’ Di (v = 0}
lIn1l5

_ 2
=inf{fE[¢(U;f¢$;;v))] dv e LAV, M),/Vqﬁdu = 0}.
V

7. Diffusion limit

From a random billiard system we obtain a random flight in a channel, as
explained in Section 2.4, and to this random flight is associated a time-of-escape
function f'(x), defined in the introduction. We expect f(x) to contain informa-
tion about the channel surface microgeometry. We have already seen in the
introduction how such geometric information can be extracted from f(x) in a
simple example. In that case, the mean square displacement of a billiard particle
along the axis of the channel is finite and the standard central limit theorem for
Markov chains can be used to obtain the dependence of the diffusion constant

2

R
on the ratio b/ i, which is the sole geometric parameter of the family of Figure 2.
Before showing further details of this and indicating how something similar
can be accomplished for more general geometries, it is perhaps useful to try to
describe intuitively how the microgeometry can affect the diffusion constant D
by means of the following random walk model.
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7.1. A coin model of random flight. Fix a number o between 0 and 1, which
will be referred to as the surface slippage, and consider the random walk on a
one-dimensional lattice with spacing § between neighbor cells defined as fol-
lows. A point particle moves by jumping one step of length § either backward
or forward, the time between jumps being given by a constant . The direction
of jump is decided by the rule that at each step we flip two coins simultaneously,
one biased, with probability for heads equal to «, and the other unbiased. If the
biased coin comes up heads the particle repeats the behavior of the previous
jump regardless of the outcome of the unbiased coin. We say in this case that it
slips with probability «. If the biased coin comes tails the particle forgets what
it did in the previous jump and moves forward or backward depending on the
outcome of the unbiased coin (say, heads = forward, tails = backward.)

There are only two directions of motion, represented by 1. The scattering
operator P for this example is the transition probabilities matrix

1+ 11—«

2 2
P =

l—a 14«

2 2

The top left entry, (1 + «)/2, is the probability that the particle direction in the
next move is 41 given that it was +1 in the last move; the lower-left entry,
(1 —a)/2, is the probability that the next direction is +1 given that in the last
move it was —1, etc. Zero slippage corresponds to ordinary random walk on a
one-dimensional lattice, in which no memory of past moves is kept. The case
o =1 corresponds to purely deterministic uniform motion forward or backward.

The Markov chain specified by P has the same unique stationary distribution
of directions for all & # 1, namely, probability 1/2 for both +1 and —1. The
limit diffusion process, however, has different diffusion constants depending on
o. More precisely, let D, denote the constant for the process given as a limit
of this random walk, by making § and 7 go to 0 so that the ratio Dy = §2/7
remains constant. Then it can be shown, using the central limit theorem for
Markov chains (stated in the next section), that

1+
-«

Dy, Dy.
The reference diffusivity, Dy, in that of standard random walk.

It is worth emphasizing the following property of this example: the stationary
distribution of directions is the same for all «, but the speed of convergence to
the stationary distribution varies greatly with slippage. In fact, the exponential
rate of convergence is proportional to 1 — . Therefore, as « is close to 1 (high
slippage), it will take longer to reach stationarity. The diffusivity constant will be
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W slow

Figure 20. The top microgeometry produces relatively slow diffusion com-
pared to the one at the bottom.

proportionally larger as particles effectively move a greater distance on average
during a small interval of time.

We can draw a parallel between this example and the random flight for a ran-
dom billiard system with microgeometries such as those of Figure 20. Although
we do not yet have precise estimates, it can be seen numerically that the rate of
convergence to the stationary distribution is faster for the top microgeometry,
so that it can be assigned an effective value of o smaller than for the lower
microgeometry. Numerical simulation of the random flight indicates, in fact,
that the diffusion constant for the “flatter” microgeometry has larger diffusion
constant. The example of Section 7.3 suggests that an effective measure of
slippage o can be defined for random billiards as 1 —y, where y is the spectral
gap of P (which is 1 —A, where A is the second largest eigenvalue of P after 1.)

7.2. Random flight with finite mean free path. Brownian motion on the
real line has the following property: let B; denote the position of a particle
undergoing standard Brownian motion starting at the origin at time ¢+ = 0 and
denote by f(x) the mean time it takes B; to reach a distance x from 0. Then it is
well-known that D = x2/2 f(x), where D =02 /2 and o2 is the variance of B;.
If a discrete time process has finite mean square jumps and satisfies the central
limit theorem, then a limit diffusion is obtained with constant given by the limit
of x2/2f(x) as x — oo. Thus the key issue we face is to find a central limit
theorem that applies to the random flight of a random billiard system. Ideally,
such a theorem will allow to relate D to the spectrum of P.

The random displacement X; between two consecutive collisions with the
channel wall has infinite mean square with respect to the stationary measure @
whenever u is ergodic. Nevertheless, there are examples where this mean square
displacement is finite, so that the considerations of the previous paragraph are
valid. In such cases Theorem 7.1 can be used. The theorem applies to examples
such as the 2 and 3-dimensional rectangular cells of the introduction and Section
3.1, as well as other rational polygonal billiard cells. This is an adaptation of
a result due to Kipnis and Varadhan, [KiVa]. A similar theorem that applies to
the more general p-ergodic case will be studied in a future paper.

We consider a particle undergoing random flight in a two or three-dimensional
channel of infinite length and radius r. Let V' be, as before, the set of directions
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of the particle at the open side of a billiard cell and write £2 = VN, with projec-
tions my : 2 — V. The particle has constant scalar velocity, v. We fix reference
values rg and vg and write r = ro/¢, v = g({)vg, where g({), until further
specified, is an unbounded monotone increasing function. (It is mostly the case
here that g(£) = £, but it will be convenient for later to define it more generally
at this point.) The position of the particle along the axis of the channel at time
t is represented by X, §* (@) € R, for any w € £2. We wish to study the limit of
X §* ; s { — oo.

Let P be a bounded self-adjoint operator on L2(V, '), for some probability
measure /1, with spectrum in [—1, 1]. Let IT denote the spectral measure of P
and define, for a given & € L?(V, ii/), the measure on [—1, 1] given by

en(d)) = (h, T(dM)h).

THEOREM 7.1. Give $2 the probability measure associated to (P, |t'), where
P is the Markov operator for a choice of random billiard and 1’ is an ergodic
stationary measure. Let h(u) = 2rou-e/u-n, |u| = 1. Suppose that h is square
integrable with respect to ', has zero mean, and that

14
55::/ li_)\sh(d)\)<oo.
—1

Also suppose that g() = ¢. Then, for any sequence {, — o, the process X, 5‘;, ;

converges to Brownian motion with variance (8(2) /To)t, where 1y is the mean
value of 2ro/(vou - n) with respect to . If (P, ') is replaced with (P, 5g),
where the initial probability distribution is a delta-measure concentrated at an
angle 0 in the support of |/, then the distribution of X g':“ , Will again converge to
Brownian motion (with same variance), the convergence now being in measure
as functions of 0, relative to 1.

As already noted, up to minor modifications having to do with our need to con-
sider random times, Theorem 7.1 is due to Kipnis and Varadhan, [KiVa]. Clearly,
requiring / to be square integrable with respect to p is very restrictive since it
excludes all systems for which i’ = u. It is an open question whether there
are any examples of billiard cells with square integrable / that are not rational
polygons. We apply below Theorem 7.1 to a couple of simple examples.

2-D boxes. This is the example of the introduction (Figure 2). For an initial
0o € (0, ), the possible states are 6y and & — 6y, with transition probabilities
shown on the Markov diagram of Figure 2. The transition probabilities matrix,

l—p p
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has eigenvalues 1 and A = 2p — 1, where p depends on the geometric param-
eters as described in the introduction. The stationary probability distribution is
(1/2,1/2).

The function /4(8) can take values +2rq cot 6y, and gy is the measure sup-
ported on A, so that 83 = (2rgcotfy)*>(1 +1)/(1 —1). The mean time be-
tween collisions is g = 2rg/(vg sin 8y). Then Theorem 7.1 gives that the dif-
fusion limit is 0 By, where B; is normalized Brownian motion (variance 1) and
02 = 2rovop(1 — p)~! cos? B,/ sin 6.

As a special case, suppose that 6y = 7 /4, and that b > 2h. Then k = 0,
s =2h/b,and p =1—s, so that

b
2 __ \/_
0" =N2rpvo| =——-1]).
oo (57-1)

The interpretation of this result in terms of gas kinetics is that, if a pulse of
noninteracting particles are released inside the channel with the same angle 6y,
the transport along the channel can be approximated by the diffusion equation

ou 1 ,0%u

— = -0 —_—,

at 2 0dx2
where u(x, t) is the particle linear density, ¢ is time and x is the coordinate along
the axis of the channel.

3-D boxes. We consider now the example of Section 3.1. We refer to notation
defined there. For any given initial direction, the function /2(v) can assume only
four values: +§;, =8,. The spectral decomposition of the function / is

31 1 1

8y _ 81+ 65 1 01 —62 | —1
—35 - 2 —1 + 2 1|’
-84 —1 —1

where (1/2)(1,1,—1,—1)" and (1/2)(1,—1, 1, —1)" are associated to eigenval-
ues A, and A3, respectively. The stationary measure is given by the probability
distribution (1/4,1/4,1/4,1/4)" and the mean time between collisions is Tg =
(11 +12)/2. We have (1+22)/(1=A2) = p1 /(1= py) and (1 +23)/(1—3) =
p2/(1 — py). The diffusion limit in this case is Brownian motion with variance
o? given by
ot = [+ b -
— D1 1—p> To

The geometric parameters of the microgeometry are contained in the expressions
for p;, §; and t; given in Section 3.1.
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7.3. The ideal cavity model. The passage from the random flight to the
diffusion process is in most cases not entirely standard if under the stationary
distribution p the mean square displacement is infinite. Nevertheless a central
limit theorem still holds under appropriate normalization. More precisely, one
needs here a central limit theorem that gives limit in distribution for sums of the
form (X7 +---+ Xy)/+~/nnn and expresses the variance of the limit random
variable as a function of the spectrum of the Markov operator P. This will be
discussed in a future paper. Here we only consider a single but representative
example.

Nonstandard central limit theorems of this kind are used in a number of other
studies. Most closely related to our concerns is [BGT]. The example discussed
later, which is the Markov process defined by Pypaxwen (see Section 3.2) is essen-
tially the system studied in that paper. A central limit theorem similar to what
we need is used in [BI] and [SV], where the Lorentz gas model with infinite
horizon is investigated See also [AD] and [Go].

We consider now the example of Section 3.2, given by Py, + «P, 1, where
P, is the orthogonal projection to the 1-dimensional subspace spanned by the
stationary measure p and P, 1 is orthogonal projection to the orthogonal com-
plement. Recall that ¢ is interpreted as the probability that a particle bounces
off the flat side in a specular way, and 1 — « the probability that it falls into the
cavity and eventually exits with a probability distribution of angles given by L.

Theorem 7.1 does not apply here since the function 4(6) = 2rgcotf has
infinite variance with respect to . It turns out, however, that a diffusion limit
can be obtained after appropriate scaling of the particle velocity. More precisely,
the function g(¢) that is required for the limit of X §* , to be normally distributed

is g(§) =¢/Ind.
PROPOSITION 7.2. Let X f* ; be as defined previously, now corresponding to the
Markov operator P = Py + aP, 1. Then for any §, — 0o and any fixed t > 0,

X, g" , converges in distribution to normal distribution with variance to?, where
ns
1+«
o?2=C ,
l—«o

where the constant C only depends on ry and vy.

See [BGT] for details. Although the context of that paper is different from ours,
their proof carries on to this case, with only minor modifications.

The ideal cavity model does not correspond, strictly speaking, to any micro-
geometry, but it is useful for intuitively understanding actual random billiard
systems. Observe, for example, the two geometries of Figure 20. They can be
compared with the ideal cavity by assigning a larger « for the one with smaller
curvature.
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8. Remark about residence time in cells

The random walk on the line, driven by a random billiard map, only depends
on the Markov operator P. For the strict random billiard model and its diffusion
limit studied so far, the time a particle spends inside a billiard cell is considered
negligible. But if we wish to go from an infinitesimal billiard geometry, in the
strict sense defined above, to a small, but finite, deterministic billiard system
at a scale comparable to that of the channel radius, it becomes important to
estimate how much time, on average, a particle spends in the billiard cell. The
mean time spent inside billiard cells, which we refer to as the residence time of
the random billiard, would then be a numerical factor to be taken into account
when describing the diffusion limit. This mean time can be calculated exactly,
for ergodic billiards, by standard ergodic theory arguments. We show below
how this average depend on the shape of the billiard cell.

Consider an ordinary billiard system with piecewise smooth boundary of total
length /, a distinguished boundary component consisting of a line segment of
length o, and enclosed area A. The distinguished flat side is parametrized by
[0, 1]. Let E =]0, 1]x[0, 7], as before, denote the part of the phase space for that
flat side and suppose that the billiard system is ergodic. For each (x, 0) € E, let
S(x,0) and N(x, 0) be, respectively, the time of first return and the number of
collisions before returning to the distinguished side, counting the arrival at the
side as one collision. Denote by E the whole unit phase space (i.e., with scalar
velocity equal to 1) and define for any (p, v) € E the function (p, v) that gives
the time duration of the free flight with velocity v from p to the point of next
collision. The average values of NV, S are defined by

1 1 T
(NYE := —/ / N(x,0)sin6 dfdx,
2Jo Jo

1 1 T
(SYE = —/ / S(x,0)sin6 dfdx.
2Jo Jo
Similarly, define the average of t (over E), by
0 = [ ©die)

where ¥ is the normalized Liouville measure on E. Let B : E — E denote the
billiard map for the billiard table that includes the top flat side. The first return
map to E will be written 7 : E — E. The billiard flow will be denoted ¢;.
Elements of E will be written & = (x, v). Note that

S(E) = (&) + t(BE) +--+ t(BNO7 ().
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A standard application of Birkhoff’s ergodic theorem gives the following an-
swer to the question posed at the top of the section.

THEOREM 8.1. Suppose that the billiard cell has finite diameter and that the
system is ergodic. Let u be the scalar velocity of the billiard particle. Then

(D) (N)g=1/o;,

(2) (S)E = An/ou,

(3) ()5 = An/lu, and
4) (S)e=(N)E(T) -

PROOF. We give a brief sketch of the proof, which for the most part is a standard
argument. For each £ € E and positive integer /, define

N (E) = NE) + N(TE) +--+ NT'(©));
SHE) = SE) + S(TE)) +---+ ST (&)).

Then N/ (&) is the total number of collisions with the table boundary during the
period of / returns to the distinguished (top) side, and S’(£) is the total time
during the same period. It is immediate that lim;_,o N'(§)/] = (N)g and
lim; o0 S'(§)/1 = (S) g. Therefore, for v-a.e. £ € E,

N'(®)

(N)g' = Z XE(B'(§))

lim L lim
I->o00 NI(§) I->o00 Nl(g)

length of distinguished side

=i(E) =

total perimeter of table boundary

This shows (1). To obtain (4), start with

NL(®
> w(BRE) =SE) + ST E)+-+ ST )

k=0

and average both sides over E, using T -invariance of the measure v. This gives

NL(®
< > r(Bk(é‘))>E =1(S)E.

k=0

Consequently,

N1 Y
<S>E=hm<( : )(N,@ Zr<Bk<s>>)>E=<N>E<r>E.

l
—00 k=0




220 RENATO FERES

Figure 21. Define Uy, as the strip of width /& with the distinguished side
as one of the boundary lines.

To show (2), it is convenient to first introduce the collar region Uy shown in
Figure 21, where /1 is a small positive number.

Except for a set of small measure (which goes to zero with /), the time it takes
for the ray with initial condition £ = (x, 0) € E to traverse Uy, isn(§) =h/u sin 6.
An explicit integral calculation gives

1
lim — = 1/2u.
hi%h(")E m/2u

We can now conclude that, for v-a.e. £ € E,

length of top side

area of billiard cell

L (ST®) Y
=t (550 G [, ) o

s
= lim lim — | xu, (@ (§))dt

h—0 I—o00 hm

1 m—1

; 2 w
= lim lim -— Y 29(T(§)) = lim ~(n)g = =
im lim o L n(T(§)) = lim -(n)e = —

h—>0 I—o00 h

This gives the average value of S claimed in (2). U
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An aperiodic tiling using a dynamical system
and Beatty sequences

STANLEY EIGEN, JORGE NAVARRO, AND VIDHU S. PRASAD

ABSTRACT. Wang tiles are square unit tiles with colored edges. A finite set
of Wang tiles is a valid tile set if the collection tiles the plane (using an unlim-
ited number of copies of each tile), the only requirements being that adjacent
tiles must have common edges with matching colors and each tile can be put
in place only by translation. In 1995 Kari and Culik gave examples of tile
sets with 14 and 13 Wang tiles respectively, which only tiled the plane ape-
riodically. Their tile sets were constructed using a piecewise multiplicative
function of an interval. The fact the sets tile only aperiodically is derived from
properties of the function.

1. Introduction

There is a vast literature connecting dynamical systems and tilings of the
plane. In this paper, we give an exposition of the work of Kari [7] and Culik
[3] to show how by starting with a piecewise multiplicative function f, with
rational multiplicands defined on a finite interval, we can produce a finite set of
Wang tiles which tiles the plane. Further, a choice of multiplicands and interval,
so that the dynamical system f has no periodic points, results in a set of Wang
tiles that can only tile the plane aperiodically. In this manner, Kari and Culik
produce a set of 13 Wang tiles. This is currently, the smallest known set of Wang
tiles which only tiles the plane aperiodically.

The Kari—Culik construction is different from earlier constructions of aperi-
odic tilings — see Grunbaum and Shephard’s book [5, Chapt 11] for a survey of
these earlier results. Johnson and Madden [6], provide an accessible presentation
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Keywords: Wang tiles, aperiodic tiling of the plane, piecewise multiplicative, dynamical system, Beatty dif-
ference sequence.
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of Robinson’s 1971 [11] example of 6 polygonal tiles which force aperiodicity
(allowing rotation and reflection). These 6 tiles convert to a set of 56 Wang tiles
which allow only aperiodic tilings of the plane. Kari and Culik’s construction
uses a dynamical system and Beatty sequences to label the sides of the Wang
tiles. The properties of the dynamical system are used to conclude the collection
tiles the plane and does so only aperiodically.

1.1. The Kari-Culik tile set. Consider the dynamical system given by the
function f defined on the interval [%, 2),

x <1

2x,
1 x<2.

1<

- 3=
(CETN S
This gives rise (Section 5 shows how) to a set J of thirteen Wang tiles, which
we call the K-C tile set (see figure below). These thirteen tiles do tile the plane,

but only aperiodically.

1 1 1 2 2 2
s s 3| |5 5| |5 5| |5 5| |5 3| |3
0 0 1 0 1 1
0 0 0 1
-1 -1 0 0 o0 -1 -1 0
o’ o’ 1 1
1 1 o’

-1 -1 0 0 0 -1
2 2 1
K-C Tile Set.

The proof that the tile set tiles the plane will follow from the existence of
infinite orbits for f. The proof that the tile set tiles only aperiodically relies
on the fact that f has no periodic points on the interval [%, 2). We note that
Kari and Culik [3; 7] use Mealy machines describe these tile sets. We give
their description at the end of this paper. In the language of computer science
a Mealy machine is a finite state machine where the output is associated with a
transition; in symbolic dynamics a Mealy machine is referred to as a finite-state
code [8].
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2. Wang tiles: definitions and history

Wang tiles are square unit tiles with colored edges. All tiles in this paper
are assumed to be Wang tiles. In Kari and Culik’s tile set, numbers are used
to color the edges: edges will have a color and a numerical value. Thus, the
colored edges 0, 0’ and % are considered different colors, but these edges have
a numerical value, which in this case is zero.

A tiling set I consists of a collection of finitely many Wang tiles T € J, each
of which may be copied as much as needed. When used to tile the plane, the
tiles must be placed edge-to-edge with common edges having matching colors.
Rotations and flips (reflections) of the tiles are not permitted.

A tiling set J which can tile the plane is said to have a valid tiling, and 7 is
called a valid tile set. A valid tiling is a map on the integer lattice, t: ZxZ — J
such that, at each lattice point (i, j) we have a tile t(i, j) = T;,; € I whose
neighboring tiles have matching colors along common edges.

If rotations were permitted, then any tile and its 180 degree rotation forms
a valid tile set for the plane, as the following argument shows. Label the four
colors of a tile a, b, ¢, d, (not necessarily distinct). Take two copies of the tile
and two copies of its rotation through 180 degrees and construct the following
two-by-two block.

a C
b d d b a ¢
- A
d b b d a c
a C

Rotation Example.

The two-by-two block has the same colors on the top as the bottom, and the
same colors on the left as the right. The two-by-two block tiles the plane.

2.1. Periodicity. A valid tiling is periodic with period (h,v) € Z?\ {(0,0)} if
the tile at position (i, j) is the same as the tile at position (i + /, j 4+ v) for all
(i, j) € Z*. Thatis, t(i, j) = Ty,j = Tisp j+v = (i +h, j +v).

Needless to say a tile set may have more than one valid tiling; some of which
may be periodic and some of which may not. A tile set is called aperiodic if it
has at least one valid tiling, but does not have a valid tiling which is periodic.
The K-C tile set is aperiodic (Theorem 10).
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Hao Wang [14] conjectured in 1961 that if a set of tiles has a valid tiling = then
it has a valid tiling t” which is periodic. However, in 1966 R. Berger showed
that there exists a tile set which only tiles aperiodically, and this aperiodic tile
set contained 20,426 tiles. Since that time, the size of the smallest known set of
aperiodic Wang tiles has been reduced considerably. By 1995, J. Kari [7] and K.
Culik [3] constructed a set of 14 and 13 Wang tiles respectively that tiles only
aperiodically.

An open problem is to determine W such that any set of Wang tiles I of size
w < W which has a valid tiling must also have a periodic tiling. As far as the
authors are aware, 4 < W < 13.

2.2. One-dimensional result. In one dimension, Wang’s conjecture that any
valid tile set for the line must have a periodic tiling, is true. In one dimension
the tiles are unit intervals colored on the left and right. A valid tiling is a map
7 : Z — J with adjoining left right edges having the same color. Periodicity of
I, in this case, means there exists a p > 0 so that (i) = (i 4+ p) for all i.

THEOREM 1 (WANG). If a set of one-dimensional tiles I has a valid tiling of
the line, then I has a periodic tiling of the line.

Let 7 be a valid tiling for &, T : Z — J. Since there are only a finite number
of tiles in &, there must be an n > 0 such that 7(0) = t(n). Hence the block of
tiles 7(0)z (1) --- 7(n — 1), endlessly repeated, tiles the line.

A slight strengthening of the hypotheses yields one-dimensional tiling sets
that tile only periodically — this shows how different the two-dimensional ape-
riodic tiling sets are.

PROPOSITION 2. If T is valid tile set of one-dimensional tiles and no proper
subset of I is a valid tile set of the line, then the tiles can tile only periodically.

The proof follows the previous argument. Let 1 be the shortest length from
any tile to its first repetition in a valid tiling t of the line. Clearly the pigeon-
hole principle implies m < |7| + 1, where |J| is the cardinality of . The
hypothesis that no proper subset is a valid tile set implies that m = |T| + 1. Let
7(1)t(2)---t(m) =7(1), be a shortest repeated block. Note that the right colors
of all of these tiles in the block must be distinct. Indeed, suppose that two tiles
7(7) and 7(j) were the same, so that T(1)---t(i)---t(j)t(k)--- t(1) could be
replaced by 7(1)---t(i)t(k)--- (1), where the tile t(j) does not appear. But
then 7(j) is not needed for a valid tiling. Hence all right hand colors are distinct,
and similarly we can show all left colors are distinct. Hence, there is exactly one
way for these tiles to fit together, and that is with the block t(1)t(2)---t(m—1)
endlessly repeated.
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A minimal tiling set is one that is a valid tile set but no proper subset is a
valid tile set. It is an open question whether the K-C tile set is minimal.

2.3. Rectangular tilings. In the Rotation Example given in Section 1.1, the
constructed two-by-two block extends to a valid tiling of the plane which has
the two linearly independent periods (2, 0) and (0,2). A rectangular tiling of
the plane is a valid tiling T which has two periods (%, 0), (0, m), n, m > 0, that
is, t(i,j) = t(i +n,j) and 7(i, j) = t(i, j + m). In other words, it has a
rectangular block of size n x m which tiles the plane.

It is well known that having a rectangular tiling is not stronger than having a
periodic tiling [5].

PROPOSITION 3. If a set of tiles admits a periodic tiling T of the plane, then it
also admits a rectangular tiling.

We propose the following higher dimensional result (which may be already be
known): If a set of n-dimensional Wang cubes has a valid tiling © of n-dimen-
sional space and this tiling has n — 1 linearly independent periods, then

(i) there is another tiling with n linearly independent periods, and
(i1) there is another tiling which is rectangular, in the sense that there are n

periods, (p1,0,...,0), (0, p2,0,...,0),...,(0,...,0, py).

3. Aperiodicity

The aperiodicity of the K-C tile set is easy to see and does not require un-
derstanding how the tiles are derived from the dynamical system. It follows the
same reasoning as the following proof that f has no periodic points.

LEMMA 4. The dynamical system f has no periodic points.

Suppose f™(x) = x for n > 0. From the definition of f as a piecewise multi-
plicative function, it follows that f"(x) = ¢, -¢n—1---¢1 - X Where ¢; € {%, 2}.

Hence
on —k

S =

for some 0 < k < n. Dividing by x € [%, 2) gives 2"k /3K =1, a contradiction.

X =X

To understand how this applies to the tiles, we consider the notion of a mul-

tiplier tile.
P a

3.1. Multiplier tiles. A tile b [_| d is a multiplier tile with multiplier g > 0
if c

qg-a+b—d=c (3-1)
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Note that this notion requires only the numerical value of the edges. The mul-
tiplier for a tile is unique if @ # 0. If @ = 0 then every real ¢ is a multiplier for
the tile when b —d = c.

A direct examination of the thirteen tiles in the K-C tile set reveals two facts:

LEMMA 5. The first six tiles all have multiplier % We call these Tile Set %

1 1 1 2 2 2
0 1 1 2 2 0 0 2 1 0 2 1
3 3 3 3 3 3 3 3 3 3 3 3
0 0 1 0 1 1
Tile Set %

LEMMA 6. The last seven tiles all have multiplier 2. We call these Tile Set 2'.

0 0 0 1
-1 -1 0 0 O -1 -1 0
0’ 0’ 1 1
1 1 0’
-1 -1 0 0 0 -1
2 2 1
Tile Set 2’.

Observe that the six tiles in Tile Set % have side colors %, %, %} while the
seven tiles in Tile Set 2’ have side colors {0, —1}. Since these two sets of side
colors are disjoint the next lemma is immediate (and is the reason why the two

zeros {2, 0} are defined to be different colors).

LEMMA 7. If t is a valid tiling for the tiles in the K-C tile set, then each
horizontal row {t(i, j) : i € Z}, for j fixed, consists either exclusively of the
tiles in Tile Set % or exclusively of the tiles in Tile Set 2'.

Next, consider the row directly below a given row in a valid tiling. This requires
the bottom colors of the higher row to match exactly the colors on the top of the
lower row. There are restrictions on the tiles that can appear in the lower row.

LEMMA 8. Let t be a valid tiling for the tiles in the K-C tile set. If a horizontal
row consists exclusively of tiles from Tile Set % then the row immediately below
it consists exclusively of tiles from Tile Set 2.
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The proof is simply a matter of inspecting the colors on the tiles. Suppose there
are two consecutive rows of tiles from Tile Set % We examine the colors along
the common edge between the two rows. Since the colors along the top of tiles
from Tile Set % are {1, 2} and the colors on the bottom of these tiles are {0, 1},
the only way the colors along the common edge can match is if they are all
1. However the tiles in Tile Set % cannot produce a complete row with all 1’s
along the bottom, and so there cannot be two consecutive rows of tiles from Tile
Set % This lemma is related to the dynamics of f in the following manner: if

f(x) =y =3x, then f(y) =2y.
LEMMA 9. Let t be a valid tiling for the tiles in the K-C tile set. Then there
must exist rows with tiles exclusively from Tile Set %

Lemma 9 is related to the dynamics of f in the following way: given x, f(x),
f2(x), at least one of these three terms must be in the interval [1, 2). Any point
in [1,2) will be mapped by multiplying by 1/3. This can be used to prove the
Lemma. However, we prove the lemma by directly analyzing the tiles.
Assume there are three consecutive rows of tiles from Tile Set 2’. First
consider the common edge between the highest row and the middle row. In
particular, observe that the colors along the top of Tile Set 2 are {0, 0, 1} while
the numbers along the bottom of Tile Set 2 are {0, 1, 2}. To match, the com-
mon colors must be {0’, 1}. The same argument shows that the colors along the
common edge between the middle and lowest row must also be {0’, 1}. This
forces the middle row to be restricted to the two tiles
o’ 1
0 -1 -1 0
1 1

from Tile Set 2/, which means the middle row has only 1 as a bottom color and
the pattern (0/, 1) repeated as the top colors.

The only way the third row can have a top row of all 1’s is if it uses one of
the two tiles

1 1
-1 -1 0 0
2 2

This forces the fourth row to be restricted to tiles in Tile Set %

We are now able to show:

THEOREM 10. The K-C tile set does not have a valid periodic tiling of the
plane.
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The proof is by contradiction and follows the reasoning that shows the function
f has no periodic points (Lemma 4).

Let t be a periodic tiling. From Proposition 3 we can assume that 7 has two
periods (7, 0) and (0,m) with n,m > 0, and there is an n x m block with the
same colors on both the top and bottom and the same colors on the left and right.
For convenience we refer to this block as B.

Denote the top colors of Block B by a; 1, 1 <i <n and the colors along the
left side by by j, 1 < j < m. By the periodicity assumption, the colors along
the bottom are also {a; ;1 } and the colors along the right side are {b ;}.

ai,g dz;1 00 dpn aj,p dz,1 -t dp,a
bi,1 X bi,1
’ : bi,1 bi,1
b b2 1,1 €21 C
bl,m bl,m
ap,1 da2,1 o dpd
Block B. First row of Block B.

Consider the first row of Block B. Each edge common to two tiles has the
same color for the left tile and the right tile.

ara as.q Ap,1

by di,g di dyy -+ dp_1 by

s s

1,1 2,1 Cn,1

First Row of Block B Expanded.

From Lemma 7, all the tiles in a row have the same multiplier g;. Apply the
multiplier rule (3—1) to each tile in the row.

qiai, +bi—di =c1,
qraz +di—da =021

qraz, +ds —ds; =31

qian1 +dp—1,1—b1,1 =cu
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Summing results in

n n
q1 E ai = E Ci1-

i=1 i=1

aii az.i An,1
bi,1 dy, dy dy1 -+ dp—1,1 bi,1
C1,1 €21 Cn,1
ai,n az; an,2
b1, dypdip dyy -+ dp1p2 b1,
C1,2 2,2 Cn,2

First Two Rows of Block B Expanded.

Similarly, all the tiles in the second row of Block B have a common multiplier

q» giving
n n
qz- Z di2 = Z Ci2-
i i=1
Combining these two equations and using ¢; 1 = a; > yields

n n
9291 Zai,l = Zci,z-

i=1 i=1

Repeating for the rest of the rows in Block B results in

n n
qm 4291 Zai,l = Zai,l-

i=1 i=1
By Lemma 9 and the periodicity of the tiling, we can assume the very top
row of the block B consists of tiles exclusively from Tile Set % Since the top
colors of the tiles in Tile Set % are {1, 2}, we can divide by Y 7_, a; 1 getting

]_[;'1:1 gj = 1. As the g; € {2, %} we have a contradiction and conclude that no
periodicity can occur.

4. Existence of a valid tiling

In this section we show how to construct the tile set 7, and prove that the tile
set thus constructed has valid tilings.

The K-C Tile Set is derived from the Basic Tile Construction (given in the
next section) resulting in a tile set J . The tile colors in J ¢ are “tweaked”, to
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give the K-C tile set. This refers to the fact that the zeros 0, 0/, % are considered

different colors. We have already seen the reason % is not the same color as 0,

namely Lemma 7, which ensures that each row of tiles consists of tiles with the
same multiplier. The second “tweaking” concerns 0’ and will be explained in
Section 5.2. We will see the property that J ¢ is a valid tile set, is preserved
even after the colors are “tweaked”.

4.1. The basic tile. All the tiles in the example are constructed as follows. We
refer to this as the Basic Tile Construction, and it gives the values of the edges
of a Basic Tile which we call B(x, g, n).

[nx]—=[(n—1)x]

ql(n=1x]=|(n—1)gx] qlnx]|—|ngx]

lngx|=[(n—1)gx]

Basic Tile B(x,q,n).
Here, x > 0 is a real number, ¢ > 0 is a rational, #z is an integer and | x | denotes
the greatest integer less than or equal to x.

A straightforward calculation gives:

LEMMA 11. The Basic Tile B(x, q,n), is a multiplier tile with multiplier q.

a
Recall atile b [ | d has multiplier ¢ if ¢-a + b —d = c. For the Basic Tile

c
we have

q (Inx]—[(n—Dx]) + (¢l(n — Vx| — [(n — Dgx]) — (qlnx] — |ngx])

= lngx|—[(n—1)gx].
4.2. A finite number of tiles. Clearly when x, ¢, n are fixed, one gets a single
tile. Surprisingly for ¢ rational and x in a bounded interval one gets only a finite

number of tiles.
For example, if we set ¢ = % and bound x €[1, 2) then there are only six tiles

resulting from the above Basic Tile construction (see Tile Set %) —despite the
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fact that x is ranging over all reals in the interval [1, 2) and # is ranging over all
integers.

THEOREM 12. Let g be a rational number and k > 0 an integer. If we restrict
x €[k, k + 1) then there are only a finite set of tiles derived from the Basic Tile
construction

To prove this, we simply show that the four sides of the Basic Tile can assume
only a finite number of values. We use this simple fact:

LEMMA 13. Foralln € Z and for all x € [k, k + 1),
Inx|—|(mn—1)x] €{k, k+1}

Lemma 13 applies to both the bottom and top of the Basic Tile. The bottom
uses the real gx which is bounded by [gk, ¢(k + 1)). For example with ¢ = %

and x €[1,2) = gx € [%, %) C [0, 1). Hence the top of the tiles take values in
{1, 2} while the bottom of the tiles have values in {0, 1}.

LEMMA 14. For g > 0 rational, q|nx| — |ngx| takes on only a finite number
of values. To be more precise,

e ifq is an integer then ¢ |nx| — |ngx] € {1—¢,2—gq,...,0};

* ifq = %, in reduced form, then q|nx| — |nqx| € {—ls;r, —2%’, s %}.

First observe that if ¢ is an integer then clearly ¢ |nx | — |ngx] is an integer and
if ¢ = % is rational then ¢ |nx] — |ngx] is limited to rational numbers of the
form %

It remains to show that g |nx| — |[ngx]| is bounded above and below. From
the definition of the greatest integer function |-,

glnx| <gnx < |gnx|+1
Subtracting |gnx | gives the upper bound
glnx]—|gnx]| <1
Again, from the definition of |-],
lgnx] = gnx =q(nx) <q(lnx] +1).
Multiplying by —1 and adding ¢ |nx | gives the lower bound
q|lnx]—lgnx] >—q

These bounds clearly place the value of ¢ |nx ]| — |gnx] in the ranges listed in
the lemma.
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4.3. Applying the basic tile construction using /. For x in the domain of f,

set
2, 4
q(x) = { 1 13
§ b
Denote by 7 = { B(x,¢(x),n)} the set of tiles constructed for {x, g(x),n}
with x in the domain of f. Note that this is not yet the K-C tile set J because
there has been no color tweaking yet, i.e., there is only one O at this stage.
By Lemma 12, this is a finite set of tiles.
It can be seen quite easily that the tiles for a specific {x, ¢(x)} fit together,
with a “natural order”, to form a row denoted by R(x).

LEMMA 15. Fix x in the domain of [ and let n range through the integers to
produce a row of valid tiles R(x).

B(x,q(x),n—l) B(x,q(x),n) B(xsq(x)an+1)

By “natural order” we mean that the tile constructed using n + 1 is to the
immediate right of the tile constructed using n. The tile constructed for n,
B(x, q(x),n), has the right side color (q(x)- lnx]—|n-q(x) oxJ) which is the
same as the left side color of the tile constructed for n + 1, B(x,qg(x),n + 1),
(¢(0)- L1+ 1= D)x] = L+ 1= 1)-g(x) -x]).

4.4. Beatty difference sequences. To complete the proof of the existence
of valid tilings we use the notion of a Beatty difference sequence. For any
real number x, the Beatty difference sequence of x is the two-sided sequence
{Inx] —|(n—1)x]| :n € Z}. Recalling Lemma 13, if x € [k, k + 1) then the
Beatty difference sequence for x belongs to [ {k, k + 1}.

Beatty difference sequences and Beatty sequences {|nx]| :n € Z} (see [1])
are related to the continued fraction expansion of x. There is a vast literature on
Beatty sequences and their applications; see [4] and references therein.

By using the Beatty difference sequence, we see how the rows fit together.
That is, the n-th tile in row %R(x) has top |nx]| — [(m — 1)x | which is the n-th
term in the Beatty difference sequence of x.

The bottoms of the tiles in this row give the Beatty difference sequence for
q(x)-x,ie,{|{n-q(x)-x]—|(m—1)-g(x)-x]. But this is also the top of the
row of tiles R ( f(x)) and the two rows fit together.

THEOREM 16. Every infinite orbit of the dynamical system [ corresponds to a
valid tiling of the plane using the tiles in the tile set 7 y.
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5. Tweaking the colors

Referring back to the K-C tile set there are two color changes for 7y that will

be incorporated to get J. That is, there are the three “zeros” %, 0,0} —two

0

of which are color changes from the original 0. The first, 3, is concerned with

side colors.

5.1. Side color changes. The purpose of changing the color 0 to color % is to
ensure that each row corresponds to a single multiplicand.
The function f is defined in two pieces:

fityy=2x ifI<x<l,
jﬁ(x)z%x if 1 <x<2,

f(X)={

with two different multiplicands {%, 2}. When the side colors are calculated, for
the two pieces in the Basic Tile Construction one gets

%Lnx] — L%nxj € {0, %, %} forallm and 2|nx]|—|2nx]€{0,—1} forall n.

The problem is that 0 appears as a side color for both pieces. This would allow
tiles with a multiplier of % to appear on the same row as tiles with multiplier 2.
The solution is to change one of the 0’s to a different color which explains the
new color % (see also Section 6).

5.2. Top-bottom color changes. In this section, we will change some of the
top and bottom 0’s to 0" in the tile set 7 r: such changes are called top-bottom
changes. This is necessary because the tile set J ¢ (without top-bottom changes)
is not aperiodic. By introducing these top-bottom color changes (and possibly
additional tiles) periodicity may be avoided.

Note that the top-bottom color changes will not affect the multiplier property
of any tile (since the numerical value of an edge will not be changed) but will
only be concerned with the “colors” of the tiles. Thus the existence of valid
tilings will not be affected.

The final K-C'tile set is obtained from J ¢ by incorporating both the side color
changes and the top-bottom color changes.

Consider the piece f; of f. Recall that fi(x) = 2x has domain [%, 1) and
range [%, 2). The Basic Tile Construction for x € [%, 1) yields the six tiles

0 0 0 1 1 1
0 0 -1 -1 0 -1 -1 0 O 0 -1 -1

Tile Set 2.
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Unfortunately, this tile set is not aperiodic. The first tile (and the second tile)
tiles the plane periodically.

The reason is that the tile set has lost the information that the domain of
the piece f(x) = 2x is restricted to [%, 1). More specifically, the Basic Tile
Construction for x € [0, 1) yields exactly the same 6 tiles (recall Lemmas 13
and 14) and enlarging the interval would add more tiles. Hence, Tile Set 2
is really the tile set for f/(x) = 2x with domain [0, 1) and range [0,2). The
periodic tiling  of the plane given by the single tile

0

(i, j)=0 0, —oo<i,j<oo,
0

corresponds to the fixed point f/(0) =2-0 = 0.

0
More generally, any tile of the form a [ ] @ can tile the plane periodically.
0
Such tiles arise when there are points x € [0, 1) in the domain of f’ such that
f’(x) €]0,1); Lemma 13 shows that these points may give rise to tiles having
0 on both the top and bottom. It is to avoid such tiles that the additional color
changes are made (and additional tiles added to the set).

Examining a portion of a typical orbit for the function f, for example

1=>1:>2=>4:>
3 3 3

reveals immediately that the function f has at most two consecutive images in
the interval [%, 1) C[0,1).
Rewrite the function f =: F in four pieces as

Fix)=2x, [3.5—=>[3D FBE®=2 [33->[L3,

)

Only piece F; has points with x, F(x) € [0, 1). Consequently it is only this
piece that gives rise to tiles with 0 on both the top and bottom.

In this case, we will make only one color change and that is on the interval
[%, 1) which is the range of F;. Specifically, any x € [%, 1) has a Beatty dif-
ference sequence using just 0, 1. We change this 0 to 0’. That is, for any point
x €[3.1), [nx] — [(n—1)x] € {0, 1}.

This color change will also change the colors for tiles constructed from F3
because the domain of F3 is the interval [%, 1) where the color change was
performed.

Fx)=2x, [5.D=[52, FM®=3ix [1,2)>[33
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Hence the tiles constructed for F; via the Basic Tile Construction with mul-
tiplier 2, will have top colors {0, 1} and bottom colors {0, 1}. This results in the
following four tiles.

0 0 1 0

0 0 -1 -1 -1 0 O -1
0’ 0’ 1 1
The piece F, will have tiles with top colors {0, 1} and bottom colors {1, 2}.

This gives the following four tiles.
1 1 1 0

0 0 -1 -1 -1 0 O -1

2 2 1 1
The third and fourth of these two tiles are already in the tile set for Fy, so the
combined tile set for F; and F} is only six tiles.
The piece F3 has tiles with top colors {0, 1} and bottom colors {1, 2}. This

gives the following four tiles.
1 1 1 o’

0 0 -1 -1 -1 0 O -1

2 2 1 1

The first three of these tiles are already in the set of tiles for F; and F,. The
combined set of tiles for Fy, F,, F3 consists of only seven tiles and these are
the tiles given in Tile Set 2’ (see figure for Lemma 6).

Finally we examine piece F4. This will have tiles with top colors {1, 2} and
bottom colors {0, 1}, and will give the 6 tiles in Tile Set % (the side color change
has already been incorporated).

Together these result in the thirteen tiles for the K-C tile set.

6. Generalization

In this section we present generalizations of the previous work. Detailed
proofs are omitted as the essential ideas have already been given.

Consider a function
qg1x ifxo <x<xq,
grx ifx1 = x <xy,
gx) = .
qrx  if xp_1 <x <xy,

defined on a finite interval [xg, x; ) where the {g1, ..., g} are positive, rational
numbers chosen so that g is an invertible bijection of [x¢, Xz ) onto itself.
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THEOREM 17. For g as above, the Basic Tile Construction defines a finite set of
tiles T g, and every infinite two-sided orbit of g gives a valid tiling of the plane.

An obvious question, which we do not pursue at this time, is whether every valid
tiling corresponds to a two-sided orbit or if the tile set can be modified to have
this property.

However, we remark that one-to-oneness is not precisely necessary for the
existence of valid tilings. If g were defined as above but was only required to
be onto [xg, Xi ), it would still have a tiling set which has valid tilings; however
these valid tilings need not correspond to two-sided orbits of g. Under additional
assumptions they will correspond to the two-sided orbit of the Rokhlin invertible
extension of g.

Side-color tweaking is always possible.

LEMMA 18. Given g with pieces g; defined for x;—1 < x < x; it is always
possible to change the side colors so that the tiles for each piece have disjoint
side colors. These color changes will not affect the existence of valid tilings nor
the number of tiles in the tile set J g.

THEOREM 19. Let g be a piecewise, rationally multiplicative, invertible func-
tion such that

1) 1=xo,
ni 1’12.

(i) ¢, 'q, ~-qZ"' =1forn; >0onlyifn; =0foralli =1,... k.
If T ¢ is the tile set constructed for g with side color changes incorporated then
T ¢ is aperiodic.

PROOF. Same as that of Theorem 10— that is, the arguments about the colors
of the periodic block B are exactly the same. The assumption 1 < xy means that
there are no zeros in the Beatty sequence for any x in the domain of g (Lemma
13). Which in turn means the tops of all the tiles are nonzero, and this allows
the division by ) a; 1 # 0. O

This theorem does not apply to f in the K-C tile set because xo = % < 1. This
required the additional Top-Bottom color tweaking.

The function f has a maximum consecutive orbit of length 2 wholly con-
tained within the interval [0, 1). Because of this, we used two top-bottom colors
{0,0'}.

Suppose g has a maximum consecutive orbit of length 0 < M < oo wholly
contained within [0, 1). We then use M different 0’s for the top and bottom
colors, 0,07,0”,...,0M=1),
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Define
Io={xe[0,1): g7'(x) [0, 1)},
Li={xel0,1): g '(x)€[0,1), g7(x) £[0, 1)},

Ij—1=4{x€[0,1): g7i(x)e0,1),i=1,---M—1, g~M(x)¢0,1)}.
Then, for x € I}, use the colors {0U) 1} when calculating the colors
lnx] —[(n—1)x]
in the Basic Tile Construction.
THEOREM 20. Assume for g as above that

ny n2

@ q,'q, --qZ" = 1forn; >0onlyifn; =0foralli =1,...,k;
(i) there is an M > 0 such that the longest consecutive orbit wholly contained
in [0, 1) is of length M .

Then by incorporating both side and top-bottom color changes the resulting tile
set T g, is aperiodic.
7. Mealy machine representation

Kari and Culik present their tile set using Mealy machines, a type of finite-
state automaton where the output is associated with a transition. The K-C tile
set can be represented by a pair of Mealy machines, the first of which describes
Tile Set %:

1/1

1/0 1/0

2/1 2/1
2/0

Each edge of the graph represents a tile. The label i /j” gives the bottom and
top numbers of the tile respectively. The tail state (vertex) of the transition arrow
is the label of the left side of the tile. The head state (vertex) of the transition
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arrow is the label of the right side of the tile. This Mealy machine has six edges
and these edges correspond to the first six tiles of the K-C tile set.

The following Mealy machine has seven edges which in turn correspond to
the last seven tiles of the K-C tile set, namely Tile set 2’.

O(/% O(/%
1/1
0'/1
0/1

1/2 1/2

An infinite 2-sided path through either machine defines an infinite row of tiles.
The labels along the tops of this infinite row give an admissible input sequence to
the machine. The bottom labels of the row give an admissible output sequence.

Our analysis is essentially a discussion of when an infinite 2-sided output
sequence of either machine can be admissible as an input sequence to either
machine.
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ABSTRACT. A subset ¥ C R4 is the spectrum of a model set A C R4 if and
only if it is a countable subgroup. The same result holds for X' C G for a large
class of locally compact abelian groups G.

1. Introduction

A model set A is a special kind of uniformly discrete and relatively dense
subset of a locally compact abelian group G. Model sets were first studied
systematically in 1972 by Yves Meyer [15], who considered them in the context
of Diophantine problems in harmonic analysis. More recently, model sets have
played a prominent role in the theory of quasicrystals, beginning with N. G.
de Bruijn’s 1981 discovery [4] that the vertices of a Penrose tiling are a model
set. Much of the interest in model sets is due to the fact that although they are
aperiodic, model sets have enough “almost periodicity” to give them a discrete
Fourier transform. This corresponds to spots, or Bragg peaks, in the X-ray
diffraction pattern of a quasicrystal.

In this paper, we study model sets from the point of view of ergodic theory and
topological dynamics. A translation invariant collection X of model sets in G
has a natural topology, and with respect to this topology the translation action of
G on X is continuous. We think of this action as a model set dynamical system.

Keywords: Aperiodic tilings, symbolic dynamics, quasicrystals.
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Model set dynamical systems are closely related to tiling dynamical systems
(see [30], [24]), and the first examples that were worked out, Penrose tilings
[25], “generalized Penrose tilings” [25], [10], and chair tilings [26], [1], were
tilings with model sets as vertices. In each of these examples, the corresponding
dynamical system can be shown to be an almost 1:1 extension of a Kronecker
dynamical system (a rotation action on a compact abelian group). A general
proof of this fact for model set dynamical systems was given by Schlottman
[29].

Almost automorphic functions were defined by Bochner around 1955 as a
generalization Bohr almost periodic functions. In 1965, Veech [31] defined an
almost automorphic dynamical system to be the orbit closure of an almost au-
tomorphic function. This generalizes the fact that the orbit closure of an almost
periodic function is an equicontinuous dynamical system (i.e., a dynamical sys-
tem topologically conjugate to a Kronecker system). Veech showed that almost
automorphic dynamical systems are always minimal. He also proved a structure
theorem [31], which says that a dynamical system is almost automorphic if and
only if it is topologically conjugate to an almost 1:1 extension of a Kronecker
system (which is its unique maximal equicontinuous factor).

It follows from Veech’s structure theorem, combined with Schlottman’s result
above, that all model set dynamical systems are almost automorphic. Some older
well known examples also turn out to be almost automorphic: the Sturmian
sequences, defined in 1955 by Gotschalk and Hedlund [7], and the Topeplitz se-
quences, introduced in 1952 by Oxtoby [20] (see [32]). Perhaps not surprisingly,
these sequences can be interpreted as model sets! in G = Z.

Later work on almost automorphic dynamical systems (see e.g., [21], [14],
[32], [2]) brought to light the existence of a dichotomy. In one case, which we
will regard in this paper as somewhat pathological, a lack of unique ergodicity
can lead to positive topological entropy (see [14], [32]). On the other hand, in
the uniquely ergodic case one has metric isomorphism to the Kronecker factor.
This implies topological entropy zero, and also pure point spectrum. The latter
suggests the Halmos-von Neumann Theorem.

Published in 1942, the Halmos-von Neuman theorem [8] is one of the oldest
results of ergodic theory. Extended to actions of locally compact metric abelian
groups G, it says that every ergodic measure preserving dynamical system with
pure point spectrum X C G is metrically isomorphic to a unique Kronecker
system. This X' is always a countable dense subgroup, of G, and (this part is
sometimes called the Halmos-von Neumann representation theorem) any X' C G

TAs de Bruijn [4] observed, Sturmian sequences are closely related to Penrose tilings. Also, Toeplitz
sequences are closely related to chair tilings (see [1], [26]).
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can arise as the spectrum of a Kronecker dynamical system. The main goal of
this paper is to obtain a similar result for model set dynamical systems.

Spectral problems about model sets naturally divide into two parts?, which
correspond to the two parts of the model set construction. The first part is al-
gebraic, and is called a cut and project scheme. By itself, a cut and project
scheme determines the Kronecker factor of a model set dynamical system. In
Theorem 3.8 we obtain a Halmos-von Neumann representation theorem for cut
and project schemes, showing (modulo a few algebraic assumptions) that any
countable dense subgroup X' € G can be the spectrum. Equivalently, every Kro-
necker dynamical system can be realized in terms of a cut and project scheme.
However, unlike the classical Halmos-von Neumann theorem, our result is not
unique, and different cut and project schemes can have the same spectrum. In
particular, all the cut and project schemes constructed via Theorem 3.8 have
a compact group H as their internal space. Yet in some cases there exist cut
and project schemes with the same spectrum, but where H is not compact.
Ultimately, these lead to completely different model sets.

The second part of the model set construction is geometric, and involves a
choice of (topologically nice) subset W, called a window, of the internal space
H. Expressed in terms of dynamical systems theory, the choice of a window
is equivalent to the construction of a particular almost 1:1 extension. It is well
known in topological dynamics (see [21], [14]) that if the boundary of W has
Haar measure zero, then the almost automorphic dynamical system is uniquely
ergodic, and hence metrically isomorphic to its Kronecker factor (the same result
is also known in context of model sets, see [17]). We show in Theorem 6.6 that
if H is compact, then such a window W always exists. Combining this with
Theorem 3.8, we obtain our main result, Theorem 6.7, which is a Halmos-von
Neumann Theorem for model sets. In particular, it says that for any countable
dense subgroup X' C G, there exists a model set A C G with X as its spectrum.

A second goal of this paper is to provide an exposition of the theory of model
sets and model set dynamical systems. While this material is mostly not new
(we follow [15], [29] and [17]) our emphasis is different because we concentrate
on the connections to dynamical systems theory, and in particular, to the theory
of almost automorphic dynamical systems. However, our exposition is not ex-
haustive, and there are several interesting topics we do not cover. These include
the question of which model sets have a local matching rule (see [12]), and ques-
tions about the algebraic topology of model set spaces (see [5]). There is also an
interesting new topology on collections of model sets, called the autocorrelation
topology, that gives the Kronecker factor [18].

2 An important third part, pertaining to the diffraction spectrum, is briefly discussed in Section 7.
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2. Cut and project schemes

Locally compact abelian groups. Most of the groups G discussed in this paper
will be a Hausdorff, locally compact abelian groups (abbreviated LCA groups).
We will always assume groups are metrizable and separable, which is equivalent
to satisfying the second countability axiom. Since every o-compact metric space
is separable, and every separable, locally compact metric space is o-compact,
our groups are the same as the metrizable o-compact locally compact abelian
groups. Let G denote the dual of G (see [19], [23]). Since metrizability is dual
to o-compactness (see [23]), it follows that G is also a separable metric group.
Metrizable compact (Hausdorff) abelian groups G (abbreviated CA groups) sat-
isfy all these hypotheses. A discrete abelian group G is an LCA group in our
sense if and only if it is countable. We abbreviate these as DA groups.

Kronecker dynamical systems. A Kronecker dynamical system is an action R
of anoncompact LCA group G on a CA group Y by rotations (i.e., translations).
We can write this as Ry = y + ¢(g), where ¢ : G — Y is a continuous
homomorphism. We are going to want R to be a free action (i.e., R® = [
implies g = 0), which is equivalent to ¢ being an injection. We are also going
to want R to be minimal *, which is equivalent to ¢ having a dense range. We call
a topological group homomorphism with dense range fopologically surjective.
For Kronecker systems, minimality is equivalent to unique ergodicity, and the
combination of these two properties is called strict ergodicity.

DEFINITION 2.1. A continuous LCA group homomorphism ¢ : G — Y is
called a compactification of G if Y is CA, and ¢ is injective and topologically
surjective.

Thus, R being a free, strictly ergodic Kronecker G-action on Y is equivalent to
¢ : G — Y being a compactification of G.

The dual ¥ of a CA group Y is a DA group (see [23]). Since ¢ injective and
topologically surjective, so is the dual homomorphism @ : Y — G. This follows
from the fact—which we will use repeatedly—that injectivity and topological
surjectivity are dual properties (see [23]).

Define Xg := (ﬁ(f’), which is a countable dense subgroup of G. It s called
the point spectrum of R. In particular, if y := @(f) € X'g for some f € Y, Ge.,
f:Y —>TCC),then

f(REy)= f(y+9(g) = fle(g) f(»)
=0()() f(y)=x(g)f(»),

3A G action on Y compact metric is minimal if and only if every orbit is dense.
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or more briefly
foR=yf. (2-1)

We call f as an eigenfunction for R, corresponding to the “eigenvalue” x. A
standard argument shows that this construction produces all L2 functions (for
Haar measure 6y on Y) that satisfy (2—1). Moreover, since span()/;) is dense in
L2, it follows that R (i.e., any Kronecker system) has pure point spectrum.

Conversely, suppose X' is a countable dense subgroup of G (such a subgroup
exists since G is separable) LetY =% (which is compact) and let ¢ :=1i :
G — Y, where i : ¥ — G is inclusion. Then @ is a compactification of G, and
thus defines a free, strictly ergodic Kronecker system R with X'z = X'. This is
the Halmos-von Neumann representation theorem (see [8]).

REMARK 2.2. A CA group Y that is a compactification of Z is called mono-
thetic. A CA group Y that is a compactification of R is called solenoidal. We
use the terms d-monothetic* and d-solenoidal for compactifications of Z¢ and
R4 respectively.

Cut and project schemes. A cut and project scheme is the algebraic part of
the definition of a model set. A discrete closed subgroup of a LCA group G is
called a lattice if it has a compact quotient.

DEFINITION 2.3. A cut and project scheme is a triple ¥ = (G, H, I') of LCA
groups that satisfies:

(1) I' € G x H is a lattice,
(2) p1lr is injective and,
(3) pp(I') is dense in H.

Here, p; : G x H — G and p; : G x H — H denote the coordinate projections.
The groups G and H are called (respectively) physical space and internal space.
The subgroup L := p1(I") € G is called the structure group, and the mapping

g g i =pa(pi' (@) L—>H
is called the star homomorphism.

DEFINITION 2.4. A cut and project scheme is called aperiodic if any of the
following (equivalent) conditions hold:

(1) p2|r is injective,
(2) the period group, J := ker(x), is trivial, or
(3) (0} xH)Nn I ={0}.

4The definition of d-monothetic in [2], as a d-fold product of monothetic groups, is a special case of our
definition.
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We will usually assume a cut and project scheme is aperiodic.
Let ¥ = (G, H, I') be a cut and project scheme. Let Y := (G x H)/I", which
by Definition 2.3 (1), is a CA group. Define

p=moi;:G—Y, (2-2)

where i; : G — G x H is the coordinate injection and 7 is the canonical homo-
morphism.

PROPOSITION 2.5. The homomorphism ¢ in (2-2) is a compactification, so the
G action Ron'Y, defined by

Rey:=y+9(g), (2-3)

is a free, strictly ergodic Kronecker system. We call this the action the Kronecker
system associated with cut and project scheme ¥. The spectrum of R is X =

o(x).
PROOF. If ¢(g) = 0, then (g,0) € I'. Thus g € L and g* = p,(g.0) =0, so
that g = 0 by the aperiodicity of ¥. It follows that ¢ is injective.

To show ¢ is topologically surjective, it suffices to show i1 (G) + I" = (G X
{0}) + I' is dense in G x H. But

(G x{0}) + 1" = (G x{0}) & ({0} x p2(I")) = G x po(I'),

which is dense by Definition 2.3, (3). Everything else follows. U
The spectrum of a cut and project schemes

DEFINITION 2.6. By the spectrum X of a cut and project scheme ¥ we mean
the spectrum X' = ¢(Y) of the corresponding Kronecker dynamical system R.

Now we will describe X'y in terms of & itself. To this end, we follow Y. Meyer

[15]. Consider the diagram
H
Xﬁ Py'

0 r GxH —Z—>Y 0
l/ \p(l
G G

where i denotes inclusion map. Note that the horizontal row is exact. The dual
of this diagram is given by

H
i
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i i
A\ /i

0 <~ GxH <~ 7Y 0
1 s
G G

where the coordinate injections i ,/c satisfy 7 ;{ = Pk, and the coordinate projections

satisfy p;C = l,]; Since the dual of an exact sequence is exact (see [19]) the
horizontal row of this sequence is also exact.

THEOREM 2.7 (MEYER, [15]). Define A := #(Y) € G x H. Then ¥ =
(G, H, A) is a cut and project scheme. We call it the dual of &.

PROOF. We need to verify Definition 2.3. By duality theory, A is a lattice, so
(1) holds.

By Proposition 2.5, ¢ = m o i; is a compactification, so it is topologically
surjective. Thus its dual, ¢ = p o7 is injective. This implies p}|4 is injective,
proving (2).

We have p’,(A) = p; (7’1\(?)). To prove (3) we need to show this is dense, or
equivalently that p’, o7 is topologically surjective. This is equivalent to showing
that

(phoR) = (HoR) =70l

is injective. If (0, #) € ker(sr) then (0, /) € I', and also p1(0, ) = 0. Since p;
is injective, 1 = 0. d

COROLLARY 2.8. The spectrum Xy of a cut and project scheme & is the struc-
ture group of the dual & of &.

PROOF. Ty = ¥ = §(Y) = p|(F(Y)) = p/,(4). O

COROLLARY 2.9. (1) A cut and project scheme ¥ has a dense structure group
L C G if and only if its dual 9 is aperiodic.

(2) A cut and project scheme ¥ is aperiodic if and only of its spectrum X is
dense in G.

REMARK 2.10. The flip P = (H,G,TI') of a cut and project scheme ¥ =
(G, H,T'), is a cut and project scheme if and only if & is aperiodic and has a
dense structure group. In this case the flip of the dual & is also a cut and project
scheme (the dual of the flip).
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3. Realization for cut and project schemes

The realization property

DEFINITION 3.1. Let G be a noncompact LCA group. We say G satisfies the
realization property if, given a countable dense subgroup of X C G, there is an
aperiodic cut and project scheme & = (G, H, I') with Xy = X.

It will be convenient to phrase realization in terms of the dual cut and project
scheme.

LEMMA 3.2. Let G be a noncompact LCA group and let ¥ be a countable
dense subgroup of G. Suppose ¥’ = (G, H',I'’) is a cut and project scheme
with structure group X. Then the dual & := "' is aperiodic and Xy = X.

PROOF. By Theorem 2.7, & is a cut and project with $=¢, and by Corol-
lary 2.8, & has spectrum X'. Since X' is dense it follows from (2) of Corollary 2.9
that ¥ is aperiodic. O

The discrete case
THEOREM 3.3. Every infinite DA group G satisfies the realization property.

PROOF. Note that G is CA. Given a countable dense subgroup X C G, we put
H' = X, (the subscript d indicates X given the discrete topology). Using the
fact that H' € G we define

I'={(.k):keZ}CGxH.

By Lemma 3.2 it suffices to show ' = (G, H’, I') is a cut and project scheme
with structure group X'. We then have ¥ = 28

First, we have that I"/ is a lattice since H' is discrete, and (G x H')/T"' = G
is compact. This shows Definition 2.3 (1). For (2), we have p’1 (k, k) =k which
implies k = 0 for (k. k) € ker(p}). Clearly p;(I"’) = ¥, so &' has structure
group X'. For (3), we note that p/2 is surjective. O

REMARK 3.4.

(1) The examples constructed in Theorem 3.3 all have H = E’;, which is com-
pact. We call this kind of cut and project scheme internally compact.

(2) The cut and project scheme ¥’ in Theorem 3.3 has a compact physical space
G. While such model sets do not lead to useful quasicrystals (or to Kronecker
systems), they do play an important role in the theory as duals to cut and
project schemes with discrete physical spaces.

EXAMPLE 3.5. Let G = Z and for « € R\ Q let
Ez{ezni"“:nEZ}gTzz
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Identify Ed=ZandletH=f’;=z=T, sothat G x H =7 xT. Then
F={(n,e2”i"°‘):n€Z}QGxH

is a lattice, and ¥ = (Z, T, I') is a cut and project scheme with spectrum X
Here, R = Ry is the irrational rotation on the circle T.

EXAMPLE 3.6. Again let G = Z, but now let X' = ezmz[%]’ where Z[%] cQ
denotes the dyadic rationals. It is well known that H := f]; = 75, the group
of dyadic integers. Putting ¥ = (Z,7,,I"), where I' = {(n,n) : n € 7}, we
have that & is a cut and project scheme with spectrum Y. Here R is the von
Neumann adding machine, viewed as a rotation on Z5.

Realization in a large class of groups

DEFINITION 3.7. We say an LCA group G is lattice dense if every countable
dense subgroup X of G has a subgroup £2 C X that is a lattice in G. A group
has lattice dense dual if G is lattice dense.

All CA groups and DA groups are both lattice dense and have lattice dense
duals. Our main result in this section is the following theorem, which can be
interpreted as a Halmos-von Neumann theorem for cut and project schemes.

THEOREM 3.8. Suppose G is a noncompact LCA group with a lattice dense
dual. Then G satisfies the realization property. In particular, for any countable
dense subgroup X C G, there is an aperiodic cut and project scheme ¥ =
(G, H, I') with spectrum X¢ = X.

Before proving the theorem, we discuss some examples.

PROPOSITION 3.9. The group R4 is lattice dense and has a lattice dense dual.

PROOF. Since R =~ R? it is enough to show R is lattice dense.
Any set of d vectors in R that are linearly independent over R generates

a lattice. Let L’ be a lattice in R? generated by Vi....,V,. For e sufficiently
small, if vq,...,Vy satisfy ||v; —v}|| < ¢ for all j, then vq,...,V; are also
linear independent over R, and thus also generate a lattice L. O

Recall that a LCA group G is called compactly generated if there is a compact
subset K C G that generates G. The Structure Theorem (see [9]) says that a
(not necessarily metrizable) LCA group is compactly generated if and only if it
has the form G = R?1 x 792 x Y, where Y is compact. Such a G is metrizable
if and only if ¥ is. If Y = T% x F, where F is finite, G is called “clementary.

COROLLARY 3.10. Any metrizable compactly generated LCA group G, and in
particular, any elementary group, is lattice dense and has a lattice dense dual.
In particular, all such groups satisfy the realization property.
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Proposition 3.9 and Corollary 3.10 show that all the physical spaces G likely
to be of interest in the theory of quasicrystals satisfy the realization property.
There are, however, important LCA groups that are not lattice dense (and do not
have lattice dense duals).

PROPOSITION 3.11. The group (i.e., field) Q, of p-adic numbers is not lattice
dense and does not have a lattice dense dual.

PROOF. For @ € Qp, a # 0, the subgroup «Z is infinite (see [9] for a definition
of Qp). Moreover, o =aZ = aZ,, where Z, € Q) denotes the set of p-adic
integers, a compact subgroup. It follows that there can be no lattice in Q,, since

the closed subgroup generated by any o # 0 is compact. Since @ = Qp, it
follows that Q, does not have a lattice dense dual. O

The proof of Theorem 3.8 follows immediately from the next lemma.

LEMMA 3.12. Let G be a noncompact LCA group and let X~ be a countable
dense subgroup of G. Suppose there is a lattice §2 in G with §2 C X. Then there
is a cut an project scheme ¥ = (G, H, I'') with spectrum X.

PROOF. Let w : G — G /§2 be the canonical homomorphism. Since §2 is a

lattice, G /§2 is compact, and it contains a countable dense subgroup X' /2. We
put H' := (X /), and define

I':={(g.h)e Gx H :w(g) € H'}. (3-1)
Note that
PiI ={geG w@ecH}=0""(2/2)=X. (3-2)

By Lemma 3.2 it suffices to show that ¥’ = (G, H', I'’) is a cut and project
scheme, since (3-2) shows that ¥’ has structure group X

Clearly (1) I'" is a lattice in GxH', () p] is injective (see (3-2)), and (3) p),
is surjective (and thus topologically surjective) since p,(I"') = H; by (3-1). [

EXAMPLE 3.13. Let G = R and for « € R\ Q, let
2:={n+ma:(n,m)elz}§6=@:[|%.
For2=7C XY CRlet
G1:=G/R=Tx{zeC:|z| =1},
so that for 2 =7 C XY C R, we have

21=X/02 = {ez”i”“ n GZ} C Gy,
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is countable and dense. Letting H' := (X1)g = Z and I'1 = (j x j)(H'), we
note in passing that ¥ = (G, H', I'7) is the cut and project scheme dual to
Example 3.5.

Following (3-1), we have

I''={(n+ma,m) eRxZ: (n,m) e},

sothat ¥’ = (G, H',I"") = (R,Z, I'’) is a cut and project scheme with structure
group X. It follows that ¥ = g = (R, T, I"), where I' = {(n,e*™") :n € 7},
is a cut and project scheme with spectrum X'.

The structure group of & satisfies L = Z. The associated Kronecker system
R is the “irrational flow” on T? with slope «. It is a suspension of the irrational
rotation Ry from Example 3.5.

REMARK 3.14. Many features of Example 3.13 are characteristic of the cut
and project schemes & produced by Theorem 3.3:

(1) The internal space H is always compact.

(2) If G is not discrete then the structure group L is a lattice in G. In particular
it is never dense.

(3) The Kronecker system R is a suspension of the Kronecker system of another
cut and project scheme, call it ¥, which has physical space L, internal space
H, and spectrum X/ £2.

EXAMPLE 3.15. Let 4 = (%) € GI(2,R) and put I' = 47> C R%. If ¢
and % are irrational numbers, then ¥(A4) = (R, R, ') is an aperiodic cut and
project scheme with dense structure group L = {na + mc : (n,m) € Z*}. Then
F(A”=L((A™1)?) (the columns of (A~ 1) are basis for the dual lattice for I").

Let us now specialize. Starting with the subgroup X = {n + ma : (n,m) €
7%} € R from Example 3.13, let A = (_] %). Then we get an aperiodic cut and
project scheme ¥ = (R, R, I'’) = P((A~1)?), with dense structure group, and
spectrum X.

Even though this example has the same spectrum as Example 3.13, it looks
quite different. Notably, H is not compact. As we will see, although the model
sets obtained from these two cut and project schemes have the same spectrum,
geometrically they are considerably different.

Remarks on the general case. Although the structure group L of a cut and
project scheme may not be dense in G, it will always at least be relatively
dense. Suppose G is a LCA group and let L € G be a dense or relatively dense,
countable subgroup. Here we consider the following question: Are there groups
H and I" sothat ¥ = (G, H, I') is a cut and project scheme with structure group
L? So far, we know that the answer is yes if L contains a lattice (this follows
from Lemma 3.12).
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Now assume that L is dense in G, but not equal to G. Let d denote the
translation invariant metric for the topology on G, and pull it back to L. In
this topology (which is not discrete) L is not locally compact. Every metrizable
LCA group is, in fact, completely metrizable (see [3] where it is shown that
every locally compact topological group is completely uniformizable). It follows
that G is the unique completion of L with respect to d. Define the “norm”
lg|:=d(g,0).

To see what we are after, let ¥ = (G, H, I") be an aperiodic cut and project
scheme with structure group L. Note that * = p, o pl_1 : L — H is injective.
Pulling back the invariant metric d’ on H, we get a second metric d’ on L, and
we denote the corresponding norm |g|" := d’(g,0). Then H is the completion
of L in d’. The fact that I is a lattice in G x H can be expressed in terms these
two norms:

LEMMA 3.16. Let L be a countable abelian group, and suppose L has two
norms |- | and | - | (that come from two invariant topological group metrics).
Let G and H (respectively) be the completions of L with respect to these norms
(i.e., metrics). Define I' TG x H by I' := (i xi)(K). Then I is a lattice if and
only if:

(1) There exists r > 0 so that if £ € L satisfies |£| < r, then |£|' > r.

(2) There exists R > 0 so that for any g,h € L there exists £ € L so that

lg —¢| < Rand |h—1|' < R.

PROOF. It is easy to see that (2) is equivalent to the condition that for any
(g,h) € G x H there exists £ € L so that |g—£| < R and |h—£|' < R. Combined
with (1), this shows that I" is a Delone set in G x H (see Definition 4.5 below).
The lemma follows, since for a subgroup, the Delone property is equivalent to
I'" being a lattice (see Lemma 4.6). O

In effect, (1) and (2) say that the identity map needs to be wildly discontinuous.

COROLLARY 3.17. Let L be a countable dense subgroup of a LCA group G
and let d denote the metric induced on L by G. Then there is an aperiodic cut
and project scheme ¥ = (G, H, I') with structure group L if and only if 1) H
is the completion of L with respect to another metric d’, (i) conditions (1) and
(2) of Lemma 3.16 are satisfied, and (iii) I’ = (i xi)(L).

EXAMPLE 3.18. Consider X' = Z[%] C Qp. Then X inherits the p-adic valua-

tion |-|, from Q,. But Z[%] also has the usual absolute value |-|, and with respect
to that, its completion is R. One can check that the conditions of Lemma 3.16
hold. Let I'' = (i x i)(Z[%]) C Qp xR. Then ¥ = (Qp, R, I'’) with is an
aperiodic cut and project scheme with structure group X'. From this it follows
y=9 = (Qp,R, I') is a cut and project scheme with spectrum X,
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4. Model sets

Let ¥ = (G, H,I') be a cut and project scheme with G noncompact. A
precompact subset W C H is called the window. The model set corresponding
to ¥ and W is defined to be the subset of G (i.e., of L) given by the selection
construction:

AW):= p1(GxW)NT). (4-1)

Selection is the geometric part of the definition of a model set.
More generally, any translation A(W) — g, g € G is also called a model set.
We call

MW) ={AW +h)—g:(g,h) e Gx H} (4-2)
the model set family associated with the window W.

EXAMPLE 4.1. Let & be the cut and project scheme in Example 3.5 and let
W :=[e2™ia ¢27ib] e a proper closed arc in H = T. Then

AW)={neZ: ™" cWYC L=27.

The Sturmian case is a = 6 and b = 6 + . Assume 6 # 27" for any
n (we call this nonsingular below). Then the “characteristic sequence” (see
[13]) x = (xg) € {0, 1}Z, defined by xj, := XAy (k), is the classical Sturmian
sequence.

More generally, nonsingularity means

eZnina ¢ {82nia’82ﬂib}‘ (4-3)
EXAMPLE 4.2. Take & as in Example 3.13, noting that H = T as in Exam-
ple 3.5. Taking W from Example 4.1, we get the same A(W), but this time as
a subset of R. Note that L = Z C R is a lattice and is generated by A(W).

EXAMPLE 4.3. For #(A4) in Example 3.15 let W = [p,q] € R. Then A(W) =
{na+mc:(n,m)e?* na+mc<[p,q]} €R. In this example, “nonsingularity”
means p and ¢ are chosen so that na 4+ mc ¢ {p, q} for any (n,m) € Z2.

Properties of model sets

LEMMA 4.4.

(1) A(WW)—g C L implies g € L.

(2) g € L implies A(W)—g =AW —g™*).
(3) g € J implies A(W)—g = A(W).

4 AW)—AW) =AW —W).

(5) If A" € A(W) then A’ is a model set.
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PROOF. For (1) A(W)C Lsog=g—g, for g1, g, € L. For (2) we first note
that A(W)={geL:g*eW}. Thus A(W—-g*)={g1€G:(g1+g)*eW}=
A(W)—g. For (3), we have A(W)—g = A(W —g*) = A(W) where the first
equality is by (2), and the second is by g* = 0 since g € J. The equation in the
proof of (2) also proves (4). Since any subset of a precompact set is precompact,
(5) follows. O

We are going to want model sets to have some additional properties. The most
basic of these is the Delone property.

DEFINITION 4.5. A subset A C G is called uniformly discrete if there exists an
open neighborhood U of 0 in G such that (U + g) N A = {g} for any g € A.
A subset A C G is called relatively dense if there exists a compact K € G
such that K + A = G.
A Delone set is any set that is both uniformly discrete and relatively dense.

It will often be useful to express uniformly discrete and relatively dense in terms
of the metric on G. Uniformly discrete means that there exists » > 0 such that
B,(g)N A = {g} for all g € A. Similarly, relatively dense means that there
exists R > 0 such that Br(g)N A # @ forall g € G.

A set A C G is called an (r, R)-set if it is a Delone set for the parameters
0 <r < R. We denote the collection of all (r, R)-sets by X, g. We mention the
following important fact without proof.

LEMMA 4.6. A subgroup A of a LCA group G is a Delone set if and only if it is
a lattice.

The next result shows that all model sets are uniformly discrete. With an ad-
ditional hypotheses, they are also relatively dense. Moreover, both of these
properties occur in a uniform way in a model set family.

PROPOSITION 4.7. Let ¥ = (G, H,I') be a cut and project scheme and let
W C H be a window.

(1) There exists an open neighborhood V of 0 in G such that for any A € M(W)
andany ge A, (V+g)NA={g}

(2) (Meyer [15]) If; in addition W° # &, then there exists K compact so that
forany A e W(W), K+ A=G.

Before the proof we state a corollary and make some remarks.

COROLLARY 4.8. If W° # & then there exist R > r > 0 so that (W) C X, g.
In particular, every model set A € M(W) is a Delone set.

REMARK 4.9. (1) Nonempty interior is not necessary for a model set to be
Delone. Consider a cut and project scheme & = (G, {0}, "), where ' € G
is a lattice, and let W = {0}. Then one has A(W) = TI".
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(2) However, some additional hypotheses on a window W are necessary. In an
aperiodic cut and project scheme &, any finite window W leads to a finite
(possibly empty) model set A(W). This can not be relatively dense if G is
not compact.

PROOF OF PROPOSITION 4.7. For Part (1), we follow Moody [17]. By taking
the closure of W if necessary, we may assume without loss of generality that
W is compact. By the local compactness of G, there is a neighborhood U of 0
in G with U compact. Thus U x (W — W) is compact, and since A is a lattice,
(U x (W —=W))NT is finite. Since p; is injective, we can choose U so small

that (U x (W — W)) AT ={(0,0)}. Let V be a neighborhood of 0 in G with
compact closure such that V —V C U.

Suppose for some (gg, /19) € G x H there are g1, g» € A(W + hg) — gg such
that (V + g1) N (V + g2) # &. Then

pr(g1—g2) € (V=V)x(W=W)NT S{(0.0)}.
o) pl_l(gl —g72) = (0,0). Since p; is injective, g; = g>. O
Part (2) of Proposition 4.7 follows from the next lemma.
LEMMA 4.10 (MEYER [15], LEMMA 10, P 50). Let ¥ = (G, H,I") be a cut

and project scheme. The for each U € H open, with H compact, there exists a
compact K € G suchthat Gx H=1T + (K xU).

PROOF. By Lemma 4.6, I is a lattice, so by Lemma 4.6 there exist K; € G and
K, € H compact, such that I + (K| x K;) = G x H. Since p,(I") is dense in
H, there is a finite subset /' C I" sothat K, C po(F)+U. Let K = K1 —p1(F).
Wehave GXxH =T+ K x(p2(F)+U)=T4+(K1—p1(F))xU=T+KxU.

O

Usually, we will require a little more from a window W.

DEFINITION 4.11. A window W € H is topologically regular if it is the closure
of its interior: W = W°. A model set A(W) is called topologically regular if
W is topologically regular.

In particular, topological regularity is more than enough to ensure A(W) is
Delone.

LEMMA 4.12. If W is topologically regular then A(W)* = W.

PROOF. A(W)*:={g* e H:ge A(W)}= p,(I'")NW. Since W is topolog-
ically regular W° # @, and A(W)* N W*° = p,(I") N W°, which is dense in
W by Definition 2.3, (3). O

REMARK 4.13. The windows in Examples 4.1 and 4.3 are topologically regular.
Thus the model sets in the examples are Delone sets.
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5. Model set dynamical systems

The local topology. Let G denote the one point compactification of G. For
a Delone set A € G, let A® := A U {oco} € G*°, noting that A% is closed
in G®°. We give X, r the topology obtained by pulling back the Hausdorff
topology (see [3]) on the closed subsets of G*°. We have that X, g is compact
since it is closed.

REMARK 5.1. This compactness result is essentially due to D. Rudolph [27], in
the different looking but essentially equivalent context of tilings of R4, The
terms tiling topology and local topology are often used in the literature for
topologies this type. The definition given here, in terms of G°°, is attributed
in [5] to Johansen.

Define the translation action 7" of G on X, g by
TEA:=A—g (5-1)

It is easy to see that the G-action 7' is a continuous action in the local topology.
We call T acting on X, g a pattern dynamical system. More generally, any
closed T'-invariant subspace X' C X, g is called a pattern dynamical system.

Given a Delone set A, we define its orbit closure (or dynamical hull) to be
the set

X(A):={T¢A:g€G). (5-2)

Since X(A) € X, g is clearly closed and T-invariant, X(A) is a pattern dy-
namical system. If A is a model set, then X (A) is called a model set dynamical
system.

Finiteness conditions. A subset A C G is called locally finite if AN K is finite
for any K € G compact. Note that any uniformly discrete set (and thus any
Delone set) is locally finite.

We say two subsets A, B € G are equivalent if B=A—g.

DEFINITION 5.2. A subset A C G is said to have finite local complexity if for
any Q > 0, the number of equivalence classes of subsets of the form Bp(g)N A
for all g € G, is finite.

Note that if A € X, g then it suffices to check only O = R in Definition 5.2.
Fix 0 <r < R and let Q > R. Given a finite collection & of finite subsets of
Bp(0) C G, wesay Z C X, g has F-local complexity if every F' € {Bg(S)NA:
g € G, A € X, g} is equivalent to some F’ € F. It is easy to see that X (%),
defined to be the collection of all A € X, g that have F-local complexity, is
closed. We say X C X, g has finite local complexity if X € X (%) for some %.
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Lagarias [11] showed that a set A € G has finite local complexity if and only
if A — A is locally finite. A Delone set A C G is called a Meyer set (see [16])
if A — A is Delone. In particular, Meyer sets have finite local complexity.

PROPOSITION 5.3. If A is a topologically regular Model set, then A — A is
a topologically regular model set. In particular, every topologically regular
model set A is a Meyer set. Thus a topologically regular model set has finite
local complexity.

This follows from (4) of Lemma 4.4.

COROLLARY 5.4. If A is a topologically regular model set then the model set
dynamical system X (A) has finite local complexity.

REMARK 5.5. Lagarias used the term “finite type” for those A C G that have
the property we call “finite local complexity”. However, calling X(A) a “finite
type” dynamical system conflicts with the way “finite type” is used in symbolic
dynamics, where one would probably call the X (%) a finite type dynamical
system. It is only in a few cases that X'(A) is finite type in this more restricted
sense (e.g., for A the vertices of a Penrose tiling, more generally see [12]).

Repetitivity and minimality. Suppose A C X, g and F C A is finite and
nonempty. We denote the set of occurrences of F in A by

A[Fl:={geA:F+gC A=) A-/. (5-3)
feF

Note that 0 € A[F] and that A[F] is uniformly discrete (since A[F] S A).

DEFINITION 5.6. We say A is repetitive if every nonempty A[F] is relatively
dense; equivalently, if every A[F] is a Delone set.

Now suppose A has finite local complexity. A standard argument using Gotz-
schalk’s Theorem [6] (see [24], for instance) shows that the dynamical system
X(A) is minimal if and only if A is repetitive. A topologically regular model
set is not necessarily repetitive without a further assumption.

DEFINITION 5.7. A topologically regular window W € H (or the corresponding
model set A(W)) is called nonsingular if A(W) = A(W?°).

LEMMA 5.8. If W is nonsingular and g € L, then W — g* is nonsingular.
PROOF. If W — g* is singular then A(d(W — g*)) # &. But then A(I(W) —
g¥)=A(W))—g # J,s0 A(d(W)) # & and W is singular. a

PROPOSITION 5.9. Let ¥ = (G, H, I') be a cut and project scheme with W € H
a nonsingular topologically regular window. Suppose F € A(W) is nonempty

and finite. Then there exists a nonsingular topologically regular window V C
W?® so that AW)[F]= A(V).
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PROOF. Suppose FF € A(W) C L. Then A(W)[F] < L is nonempty and

AW)[F)= AWO)Fl= () AW°) = f =[] AW° = f*)

fEeF feF

—a(ywe-rt) = Ao

feF

where Vo = (\rep W — f*, which is open since F is finite. Put V := Vo,
which is topologically regular. Since V' = Ngep(W — (), it is nonsingular,
since W — f is nonsingular by Lemma 5.8. It follows that V' is nonsingular,
and A(V) = A(V°) = A(W)[F]. O

COROLLARY 5.10. Every nonsingular topologically regular model set A is
repetitive and has finite local complexity. Thus the corresponding model set
dynamical system X (A) is minimal.

REMARK 5.11. In Examples 4.1 and 4.3, conditions for nonsingularity were
already given. These guarantee the minimality of X (A).

Aperiodicity

DEFINITION 5.12. Let A be a subset of a LCA group G. We call g € G a
period for Aif A—g = A. A subset A C G is called aperiodic if its only period
is g =0.

Roughly speaking, a “crystal” is a Delone set whose periods form a lattice in
G. Here we really want our model sets to be “quasicrystals,” so we insist that
they be aperiodic. Aperiodicity has the following dynamical interpretation.

LEMMA 5.13. The orbit closure X(A) of a Delone set A is free if and only if A
is aperiodic.

Here is the way that we ensure a model set is aperiodic.

LEMMA 5.14. If ¥ = (G, H, I') is an aperiodic cut and project scheme and
the window W C H is topologically regular and aperiodic, then the model set
A(W) C G is aperiodic. Conversely, suppose that either & is not aperiodic or
that W has a nontrivial period in *(L). Then A(W) is not aperiodic.

PROOF. Suppose A(W) = A(W) —g. Then A(W) = A(W — g¥), and since
W is regular, W = W — g* by Lemma 4.12. Since W is aperiodic g* = 0,
which implies g = 0 since & is aperiodic.

Conversely, if g € J\{0} C L then A(W)—g = A(W —g*) = A(W) since
g* =0. Similarly, if W — g* = W for some nonzero g € L, then A(W)—g =
AW —g*)=A(W). O
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REMARK 5.15. In Example 4.1, W =[¢27@ ¢27ib]is aperiodic if b—a € R\ Q,
a condition that always holds in the “Sturmian” case ¢ = 6, b = 6 + «. (In fact,
no /1 € x(L) can be a period of any arc W € H, so all A(W) are aperiodic). In
Example 4.3, aperiodicity is automatic.

Parameterization. Although the model set family (W), defined in (4-2),
is parameterized by G x H, these parameters are redundant because A(W +
h)y—g = AW + I')— g’ whenever (g,h) — (g’,h') € I'. This suggests ¥ =
(G x H)/TI' as a more natural parameter space.

Define o : Y — M(W) by

a(y) ;=AW +h)—g

for any (g, h) € G x H that satisfies y = (g, h). This mapping is clearly well
defined and satisfies «(R8y) = T8a(y) for g € G, y € Y, where R is the
Kronecker dynamical system (2-3), and 7T is the translation action (5-1).

LEMMA 5.16. If W C H is an aperiodic, topologically regular window, then
o is injective (and thus a bijection). Conversely, whenever « is injective, W is
aperiodic.

PROOF. Suppose A(W +h') — g’ = A(W + h) — g. We may assume without
loss of generality (by translating) that (g’,4’) = 0. Thus we have A(W) =
A(W + h) — g. Tt follows that g € L and, by regularity that W = W + h —g*.
Since W is aperiodic, h—g* =0 or h = g*. Written differently, (g, h) = (g, g%),
which means (g, h) € I.

We prove the converse by contradiction. Suppose W + h = W for h # 0.
Let /' = m(0,h) € Y and note that 2’ # 0. This is because (0, #’) & I', which is
because 1 is injective. But a(#’) = «(0), so « is not injective. O

Unfortunately, (W) turns out to have some undesirable properties in the local
topology. These are associated with the singular model sets. However, nonsin-
gularity is common.

LEMMA 5.17. Let ¥ = (G, H, I') be a cut and project scheme. If W C H is
a topologically regular window then there exists a dense Gg subset Hy € H so
that for all h € Hy, W + h is nonsingular.

Basically this follows from the countability of I".
We define the nonsingular parameters Y := (G x Hy) and the nonsingular
model sets Mo(W) = a(Yy). Since 7 is open, Yy C Y is dense Gj.

PROPOSITION 5.18. Let W be a topologically regular window. Then for any
A € Mo(W) the model set dynamical system X(A) = Mo(W). In particular,
all the nonsingular model sets in the same family generate the same model set
dynamical system.
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PROOF. We will show that if A, A’ € M(W) then A’ € X(A). We may assume
without loss of generality that A = A(W), where W is nonsingular and topo-
logically regular, and that A" = A(W + h) for some i € Hy. By the definition
of the local topology, it suffices to show that for any finite ¥ C A, there exists
ge€Gsothat FC A —g.

By Proposition 5.9, there exists a nonsingular, topologically regular window
V so that A(V) = A(W)[F] = A[F]. We have

AV +h) = AW + h)[F] = A[F).

But V + 4 is topologically regular, so by Proposition 4.7, A’[F] is relatively
dense. By (5-3) we have that for any g € A’[F] that F + g C A’, which is the
same as the condition above. 0

The inverse of «

THEOREM 5.19. Let & be a cut and project scheme and let R be the corre-
sponding Kronecker system. Let W C H be an aperiodic, topologically regular
window, and let X (A) be the corresponding model set dynamical system. Then
there is a continuous mapping B : X(A) — Y such that B = o~ on My(W),
and such that Bo T8 = RE o B forall g € G.

PROOF. For A= A(W +h)—g e M(W) we define B =a~! by B(A) :=n(g, h).
Clearly B =~ !, and thus Bo T# = R& o 8. To prove the theorem it suffices to
show B is uniformly continuous on Jly(W).

First assume that A = A(W +h) € Mo(W). Then A € L, and since W + h
is topologically regular, A* = W + h by Lemma 4.12. Note that ¢ € A if and
only if ¢* € W + h, or equivalently —h € W —¢*. Thus —h € (),ep W —¢*.

Suppose now that k € Nge W —¢*. Then A* =W +k,sothat W —h =
W + k. Since W is aperiodic, k = —h. It follows that Nge oW —gq* = {—h}.
Putting

L=— () W-q% (5-4)
geB;(0)NA

we have that diam(/s) is nonincreasing, and that {h} = N$2 1. Fix ¢ > 0.
Choose s so large that diam(/) < &/2. Let

§ < min ( ! f) (5-5)

s+R’'2
where M(W) C X, g.
Suppose A1, Ay € Mo(w) with d(Aq, Ay) < 8. Let Ay := AW +hy)—g;
and A, := A(W + hy) — g2. By the definition of d, there exist g/, g, with
1€ 1.1g5] < & so that

(A1 —g}) N By(0) = (A2 —g5) N By (0). (5-6)
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Since 1/6 > R, there exists

g€ (A1 —g)N(A2—gy) N Br(0) # 2. (5-7)
Thus
Ai—gi—g=AW +hi)—(gi +g;—2)
=AW +hi—(gi+gi+2)7).
Here we have used the fact that g; + g/ +g € L, since by (5-7), A;—g;—g S L.
Now by (5-6)
(A1 — g} —8) N Bs(0) = (A2 — g5 — g) N By (0),

so that by (5-4), — (hi —(gi+gi+ g)*) € I, for i = 1,2, which implies

(5-8)

. &
lhy1 —(g1+ 81+ 8)*— (ha—(g2+ g5 + 2)%)| < diam(Iy) < 3

Note that 7(g, g*) =0forany g € L, since (g, g*) € I'. Because g;+g;+g €
L and 7 is a homomorphism, we have
B(Ai) = n(gihi) = m(gi hi) —n((gi + &f + &), (gi + g +8)")
= (= (g +8.hi—(gi+g+2)7).

It follows that

1B(A1D)—B(A)| = |n(g)—gy. i —(g1+ & +8)" — (ha—(g2+85+2)"))]
<lgi—gy hi—(g1+g1+8)" — (ha—(g2+85+2)")
<lgi =gl +1hi—(g1+g+8)" —(ha—(g2+ g, + )"l
< %8 + %8 =e. U

COROLLARY 5.20. For any A € Mo(W) the model set dynamical system X (A)

is an almost 1:1 extension of the Kronecker system R (from the cut and project
scheme &). In particular, X (A) is almost automorphic.

We now describe, without proof, the structure of the sets A" € X(A) \ Mq(W).
These are the sets A’ that are limits of nonsingular model sets.

THEOREM 5.21. Suppose that A, — A’, where A, € Mo(W) and A’ €

XA\ Mo(W). Let y, = B(Ay) € Yo and let y = limy, € Y \Yy. Let

(g,h) e Gx(H\ Hy) with (g, h) = y and define A = A(W —h)+ g € X(A).

(1) A’ C A.

(2) There exists W' € H, with W° G W' G W (with each inclusion proper)
such that A" = A(W' —h) + g.

(3) A’ is a model set that is Delone but (generally) not topologically regular.
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Measurable properties of model sets. We call a model set measurably regular
if O (0W) = 0, where 6y denotes Haar measure on H. It is easy to see that if
W is measurably regular, then 0y (Y \ Yy) = 0. As a consequence we have the
following.

THEOREM 5.22. Suppose ¥ = (G, H, I') is an aperiodic cut and project scheme
and W is a topologically and measurably regular, aperiodic window. Let A €
Mo(W). Then the model set dynamical system X (A) is uniquely ergodic (and
thus strictly ergodic).

COROLLARY 5.23. Under the conditions of Theorem 5.22, X(A) and R (the
Kronecker system for &) are measurably isomorphic. In particular, they have
the same point spectrum Y.

Now we will discuss the geometric significance of unique ergodicity. A se-
quence 4 = {A,} of compact subsets of G, with 6g(A4,) > 0, is called a van
Hove sequence if for any K € G compact,

. QG (aKAn)
lim ——— =0,
n—00 0 (An)
where
KA:=(K+A)\A°U((-K+G\ 4N 4),
(see [17]). We call a van Hove sequence good if for some ¢ > 0,

06 (An — An) < c 06 (An). (5-9)

The existence of a good van Hove sequence follows, for example, from the
assumption that G is o-compact (see [28], [29], [17]).

Suppose A € G is locally finite (e.g., A € X, g). Given a good van Hove
sequence o = {A,}, we define the metric density of A by

dens(A) = lim
n

d(ANAy,).
am eg(An)Car ( n)

If this limit exists, it is independent of the choice of van Hove sequence (see
[17D).

PROPOSITION 5.24 (MOODY, [17]). Let ¥ = (G, H, I') be a cut and project
scheme, let 4 = { Ay} be a good van Hove sequence for G, and let W C H be
a measurably regular window. Then

dens(A(W + h)) = 0 (W). (5-10)
for O a.e. h € H. If, in addition, O (0W) =0, then (5-10) holds forall h € H.
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The second part of this lemma says that if W is measurably regular, then the
metric density of every model set A € M(W) is O (W). This comes close
to proving the unique ergodicity of X (A) (Theorem 5.22), but it is not quite
equivalent. Unique ergodicity requires each nonempty A’[F] for A’ € X(A)
to have positive density (see [28]). And, this will be the case if W is both
topologically and measurably regular (Theorem 5.22).

6. Realization for model sets

The existence of regular aperiodic windows. In this section and the next, we
study the question of when regular aperiodic windows exist. The next result
shows that regularity comes almost for free.’

LEMMA 6.1. Let H be a LCA group that is not discrete. Then there exists r > 0
so that W = B, (0) is topologically and metrically regular.

PROOF. Let S,(0) := {g : d(g.0) = r}. Then B,(0) = [Jy<s<, Sr(0), and
since H is not discrete, B, (0)\ {0} # & for all r > 0. Thus W=B,(0) = {g :
d(g,0) <r}and W° = B,(0). It follows that W is topologically regular.

By local compactness, we can choose R so that Bg(0) is compact. It follows
that O (Bg(0)) <oo. If O (S, (0)) > 0 for all € (0, R), then there exists N € N
sothat Iy :={r:0g(S,(0)) > 1/N} is infinite. For otherwise, (0, R) =Jy In
would be countable. But the existence of such an N implies that 6z (Bg(0)) >
O (U rely St (0)) = 0o. This contradicts the compactness of Bg(0). It follows
that 05 (S, (0)) = 0 for some (i.e., all but finitely many) r € (0, R). This implies
that B, (0) is topologically and metrically regular. OJ

Aperiodicity is a bit more challenging. In this section we consider the following
case.

DEFINITION 6.2. We say a LCA group H has no compact subgroups if the only
compact subgroup of H is {0}.

PROPOSITION 6.3. Suppose H has no compact subgroups. Then every topo-
logically regular window is aperiodic.

PROOF. Hy :={h: W + h = W} is a closed subgroup of H. If 1 € Wy then
g1,82 € Wsothat g1 +h = g,. Equivalently, h = g, — gy sothathe W —-W,
and Hy C W — W. Since W — W is compact Hy = {0}. OJ

COROLLARY 6.4. If H has no compact subgroups then there is a topologically
and measurably regular aperiodic window W C H.

5My thanks to Nelson Markley for telling me this proof.
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The following result from duality theory shows that the property no compact
subgroups is, in fact, a relatively common.

LEMMA 6.5. A LCA group H has no compact subgroups if and only if H is
connected.

For example, H = R4 has no compact subgroups (and neither does 7%). How-
ever, Q, has Z, as a compact subgroup.

The compact case. One large class of LCA groups which fail to have no com-
pact subgroups are the CA groups. Nevertheless, the next theorem shows that
CA groups always have good windows. Our approach follows the 1973 disser-
tation of Michael Paul [22], (see [21]), which concerns the symbolic dynamics
of rotation actions of Z on monothtic groups (i.e., Kronecker Z-actions).

THEOREM 6.6. If H is an infinite CA group then there exists an aperiodic,
topologically and measurably regular window W C H.

By combining Theorem 6.6 with Theorem 3.8 and Corollary 5.23, we obtain the
main result of this paper. It is a Halmos—von Neumann theorem for model sets.

THEOREM 6.7. Let G be a LCA group with a lattice dense dual. Let X C G
be a countable dense subgroup. Then there exists a cut and project scheme
¥ = (G, H, I') and a topologically and metrically regular window W C H, so
that for any A € Mo(W), the model set dynamical system X (A) has spectrum X.

REMARK 6.8.

(1) G =79 and G = R4 satisfy the hypotheses of Theorem 6.7.

(2) The same result holds for any G satisfying the realization property.

(3) Since it is a corollary of Theorem 6.6, the internal spaces H constructed in
Theorem 6.7 are always compact.

PROOF OF THEOREM 6.6. The proof divides into two cases.

In Case 1 we assume H is totally disconnected. Since H is infinite and
metrizable, it is homeomorphic to the standard (middle thirds) Cantor set C C
[0, 1]. From now on we identify C and H.

Let b € H be an element of C that is not an endpoint of any complementary
interval and define W := [0,b] N H. Note that we have dW = {b} so that
B (0W) = 0. Thus W is topologically and measurably regular.

There exists a sequence {g,} in H with the following properties:

(2) gn € W for infinitely many », and
(3) gn € W€ for infinitely many 7.

(4) gn # b,
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Note that, in fact, any convergent sequence satisfying (2) and (3) must also
satisfy (1).

Now suppose W + i = W. Then on the one hand, g, + /2 — b + A. On the
other hand, g, +/h € W 4+ h = W if and only if g, € W. It follows that g, + A
is a convergent sequence satisfying (2) and (3),so g +h —b. Thenb+h =b,
so h =0, and W is aperiodic.

Case 2. For any y € H, x(H) is a compact subgroup of T. There are just two
possibilities:

(1) x(H)=T,or
() x(H)=7/N = {*™k/N | =0,...,N —1} for some N € N.

By our assumption, H is not totally disconnected. It follows from the Structure
Theorem for CA groups (see [23]) that H has a connected subgroup. Some
character, call it x; € H, must be nontrivial on this subgroup. Since the contin-
uous image of a connected set is connected, x; is of the first type. Let xo = 1
denote the identity in H, and note that this is of the second type.

Because H is an infinite CA group, His countably infinite, and we will write
H= {x0, X1 X2,...}. Let Iy = {1,i,,i3,...} be a list of all characters of the
first type, and let I, = {3, J3, ...} be alist of all characters of the second type,
excepting xo. Then 71 U I, =N, and at least one is infinite.

The infinite dimensional torus TV is a (nonmetrizable) compact abelian group
with dual ZV. Define the mapping ¢ : H — TV by

e(h) = (x1(h). x2(h). ...).

As a set of functions, H separates points, so the mapping ¢ is an algebraic and
topological isomorphism of H onto its image £(H) in TV. We will identify H
with its image. Let 0y denote the Haar measure on H, viewed as a measure on
™.

Identify T with [0,2x). Fori = 1,2,... let U; = (a;, b;) be a collection of
intervals in (0, 7r) such that ;41 > b;. Let Ul.’ = (¢, d;j) be such that d; —c¢; <,
and such that

X U))NU # 2. (6-1)

Then (6-1) guarantees that
Ul N xi(H) # 2. (6-2)

Without loss of generality we may assume that if i € I», then U] is small enough
that U/ N x;(H) = {e;} is a single point.
Define N; ={i +1,i + 2,...} and put

Vi = (U x TV Ne(H),
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Va = (U x Uy x T2) N e(H),
Vi = (Us xTxUj; x T3 Ne(H),

Vi = (U; x T2 x Ui/ xTNi) Ne(H),

where (6-2) guarantees V; # @ and the choice of U; implies the sets V; have
disjoint closures. Define W := | J;< Vi, Which is open, and define W := Ww.
It is clear that W is topologically regular.

By the construction we have d(W) = [ J; d(V;) is a disjoint union. Thus, to
show W is metrically regular, it suffices to show 8y (dV;) = 0.

Fori = 1, we have 3(V;) = ({a1.b;} x TN1) Ne(H). Let 6; be projection
of @ to the first T factor of TV, namely, 6;(E) = 05 (E x TN1). It is easy
to see that 6; is translation invariant and 6;(T) = 1, so #; = A, the normalized
Lebesgue measure on T. We can decompose

O = / ne dA0),
T
where 7); is a finite measure on the ¢-th fiber F; := {¢t} x TV, Then
0r (V1)) = / ne(F, O e(H)) din(t) = 0.

{alrbl}

since A has no atoms.

Now suppose i > 1, and without loss of generality, put i = 2. Let g5(h) =
(x1(h), x2(h)) be the projection to the first T2 factor of TV. Then &, (H) is
a closed subgroup of T2, and since y(H) = T, &,(H) is not discrete. As
above, the projection 0, of O to e,(H), namely, 0;(E) = 0y (E x TV2) for
E C T2, is normalized Haar measure on &, (H). Since &, (H) is not discrete, 6,
is nonatomic. Again we can decompose

O = f 1 d6s (1),
‘H'Z

where 7;, t € T2, is the t-th finite measure on the fiber Fy := {t} x TNz,
If 2 € I, then

3(V2) = ({(az. €2). (ba. e2)} x TV2) Ne(H),

and we have

6 (A(V2)) = / ne(FeN e(H)) dby(t) = 0,
{(az,e2),(b2,e2)}

since 6, has no atoms.
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Finally, suppose 2 € I;. Then 6, = A,, normalized Lebesgue measure on T2.
Since d(U, x U}) is a square in T2, it satisfies 6,(3(U, x U;)) = 0. Using the
same argument as in the case i = 1, it follows that g (d(V>)) = 0. Thus W is
metrically regular.

It remains to show that W is aperiodic. Suppose to the contrary that W +
h = W for some h # 0. In our identification of H with e(H), let us write
h=(hy,hy, hs,...) where h; = x;(h). Since h # 0, there is a smallest i so that
hi #0.1f i =1, then Uy + hy #£ Uy so W +h # W. Thus we assume i > 1.

Ifi € I then x; (H) =T so U/ N x;(H) = (¢ci, d;) and (U/ 4+ h;) N xi (H) =
(ci + hi,d;i + h;). We have (¢; + hi, di + hi)\[ci +d;j] # D since d; —c¢; <7
and /; # 0. Choose g € H so that x;(g) € (¢; + hi, di + hi) \[ci + d;]. In other
words,

3 g € H such that x;(g) € (U} + h;) \Fi/. (6-3)

Similarly, if i € I, then U/ N x;(H) ={e;} and (U/+h;) N x;(H) = {e; +h;}.
Note that e; + h; # ¢; and let g € H be such that x;(g) = e; + h;. In this case
we also have (6-3).

But (6-3) implies g € (W + h)\ W, so W + h % W. Thus W is aperiodic.

O

7. The diffraction spectrum

In this final part of the paper, we describe how the dynamical spectrum of
a model set A is related to its diffraction spectrum. To this end, given a LCA
group G let us fix a van Hove sequence o = {A,}.

We first assume only that A C X, g is locally finite and define a measure on
G associated with A by

Ag=)_ 6. (7-1)

geA

where 8, denotes unit point measure at g.
For K € G compact, we define a new measure on G by

AD _ (xkAa)* (xx A-4a)
ALK Q(K) ’

where * denotes convolution, and 0 denotes Haar measure on G. An autocor-
relation A(Az) of A4 is defined to be any weak-* topology limit point of the

sequence { Ag) An}' In a slight abuse of terminology we call Afj) an autocorre-
lation of A.
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It is easy to see that an autocorrelation is a discrete, positive measure on G
that is supported on A — A. In particular, it has the form

AD = 3" 198

geA—A

for some f(g) > 0.

As one can also show, Ag) is positive definite (see [23]) on G. Thus by
Bochner’s Theorem there is a unique positive measure y on G so that Ag) =y
Here ¥ denotes the Fourier transform of y. We will write A A =y and call
A A adiffraction spectrum of A. The motivation for this definition is essentially
physical.

In general, neither A( ) nor A A 1s unique. However, we say that A has a
unique autocorrelation if there is just one autocorrelation measure A(Az). In this
case there is also a unique diffraction spectrum AponG.

PROPOSITION 7.1 (SCHLOTTMAN, [29]). Suppose A is a Delone set with finite
local complexity such that X(A) is uniquely ergodic. Then A has a unique
autocorrelation and, in particular, a unique diffraction spectrum A 4.

Let (A A)q be the discrete part of A A (1n the sense of the Lebesgue Decom-
position Theorem) and define A= supp(A A). We call A the dzﬁracnon point
spectrum of A. We say A has pure point diffraction spectrum if A A= (A Ad-
A Delone set with pure point diffraction spectrum that is nor periodic is called
a quasicrystal.

PROPOSITION 7.2 (SCHLOTTMAN, [29], MoODY, [17]). Suppose A is a De-
lone set with finite local complexity, such that the translation action T on X (A)
is uniquely ergodic. Let o be the dynamical spectral measure of T. Then
A A << o7 (in the Radon—Nikodym sense), so that in particular, A Cyr. IfT
has dynamical pure point spectrum, then A has pure point diffraction spectrum.

It is easy to construct examples showing that, in general, A # Xr.
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1. Introduction

At the Clay Mathematics Institute/Mathematical Sciences Research Institute
Workshop on “Recent Progress in Dynamics” in September—October 2004 the
speakers and participants were asked to state open problems in their field of re-
search, and much of this problem list resulted from these contributions. Thanks
are due, therefore, to the Clay Mathematics Institute and the the Mathematical
Sciences Research Institute for generously supporting and hosting this work-
shop, and to the speakers, who graciously responded to the suggestion that open
problems be stated whenever possible, and who in many cases kindly corrected
or expanded the renditions here of the problems that they had posed. It is my
hope that this list will contribute to the impact that the workshop has already
had. It was helpful to this endeavor and is a service to the community that
most lectures from the workshop can be viewed as streaming video at http://
www.msri.org/calendar/workshops/Workshoplnfo/267/show_workshop.

In this list, almost all sections are based on an original version written by
myself about the problems as presented by the proposer in a talk during the
workshop. The proposer is identified by the attribution “(presented by...)” in
the section heading. Where the proposer undertook significant modification of
this original version, the section became attributed to the proposer (without
“presented by”). Section 8 and Section 13 were contributed by their authors
without any preliminary draft by myself and were only slightly edited by me,
and Section 11 is based in good part on the questions raised by Keith Burns
in his talk but was written collaboratively. Finally, the collection of problems I
describe in Section 20 was not as such presented at the workshop, but includes
problems familiar to many participants.

2. Smooth realization of measure-preserving maps (Anatole Katok)

QUESTION 2.1. Given an ergodic measure-preserving transformation T of a
Lebesgue space X with probability measure (i, under which conditions is there
a diffeomorphism f of a compact manifold M that preserves a smooth volume
v for which (f,v) is measurably isomorphic to (T, t)? In particular, is there
any T with finite |L-entropy for which there is no such f?

Put differently, is finiteness of entropy (which, as shown first by Kushnirenko,
holds for diffeomorphisms of manifolds with respect to any invariant Borel prob-
ability measure, see e.g., [82, Corollary 3.2.10]) the only restriction imposed on
smooth models of measure-preserving transformations?

A potentially useful method is that of Anosov and Katok [2] (see also [34]
for a modern exposition) which provides nonstandard smooth realizations of
certain dynamical systems. An important pertinent result is due to Pesin: For

Changed “transformations” to
“maps” to allow table of
contents to fit on one page
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a smooth dynamical system on a surface with positive entropy, weak mixing
implies Bernoulli [120]. Thus there are restrictions on smooth realizations on
particular types of manifolds.

It is expected that there are indeed restrictions on realizability other than
finiteness of entropy, so long as one considers smooth measures. (Lind and
Thouvenot [98] showed that every finite-entropy measure-preserving transfor-
mation can be realized as an automorphism of the 2-torus with respect to a
suitable invariant Borel probability measure.) Here the picture may be different
for infinite versus finite smoothness. In order to establish the existence of such
restrictions one needs to construct some suitable invariants. Again, on one hand
one may look at specific manifolds or dimensions, such as in Pesin’s aforemen-
tioned result for maps with positive entropy. For zero entropy an interesting
observation is Herman’s “Last Geometric Theorem” [33]:

THEOREM 2.2. An area-preserving C° diffeomorphism [ of the disk that has
Diophantine rotation number on the boundary has a collection of invariant cir-
cles accumulating on the boundary.

The Anosov—Katok construction provides examples of nonstandard realization
of rotations with Liouvillian rotation numbers. In particular, given any Liouvil-
lian rotation number p, Fayad, Saprykina and Windsor ([36], using the methods
of [35]) constructed an area-preserving C *° diffeomorphism of the disc that acts
as the rotation by p on the boundary and is measurably isomorphic to it.

It should be mentioned here in passing that no nonstandard smooth realiza-
tions of Diophantine rotations are known:

QUESTION 2.3. Given an ergodic Diophantine rotation, is there an ergodic
volume-preserving diffeomorphism on a manifold of dimension greater than 1
that is measurably conjugate to the rotation?

Herman’s Theorem 2.2 suggests that this would be very hard to achieve on a
disk.

There are several systems where existing methods might help decide whether
anonstandard smooth realization exists, such as Gaussian systems, some interval
exchanges, and maybe the horocycle flow on the modular surface.

3. Coexistence of KAM circles and positive entropy in
area-preserving twist maps (presented by Anatole Katok)

Consider the standard (twist) map

fHx,y)i=x+y,y+Asin2a(x + p))

of the cylinder (or annulus) C := S x R, which preserves area.
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QUESTION 3.1. Is the measure-theoretic entropy haea( f3) positive (with re-
spect to area as the invariant Borel probability measure)

(1) for small .. > 0?

(2) for some A > 0 if the problem is considered instead on T> = S x S (to
provide an invariant Borel probability measure)?

Positive entropy implies the existence of ergodic components of positive area
by a theorem of Pesin [120]. It is generally believed that the answers should be
positive.

As to the first part of this question, the KAM theorem is clearly a pertinent
issue: For small A > 0 a large portion of the area of the cylinder is the union
of invariant circles. Nevertheless, the complement consists of regions of insta-
bility that give rise to positive fopological entropy due to heteroclinic tangles
associated with hyperbolic periodic points. (In higher dimension the invariant
tori don’t even separate these regions of complicated dynamics.) The horseshoes
due to these tangles have zero measure, however, and everything one can prove
using estimates of hyperbolicity type is necessarily confined to sets of measure
zero. To establish positive measure-theoretic entropy, by contrast, requires con-
trol on a set of positive measure. In particular, one must ensure that the invariant
circles of all scales do not fill a set of full measure. This set is easily seen to be
closed, and it has a Cantor structure. Unfortunately the boundary circles are not
among those obtained by the KAM theorem (this was apparently first observed
by Herman), and they are generally believed to be nonsmooth, which suggests
that proving this to be the boundary of the hyperbolic domain will be difficult
indeed; no imaginable technique can be expected to serve the purpose.

This illustrates a fundamental problem: Just as Kolmogorov discovered the
essential tools for describing complicated dynamics, the KAM theorem estab-
lished, as illustrated in this essential example, that the applicability of these tools
even to mechanical problems faces fundamental limitations.

As to the second part of the question, it is known that near A = 0.98 - 27
the last KAM circles disappear, so one might hope for the problem to become
tractable. However the elliptic periodic points don’t disappear at that stage.
There is a plausible scheme to make all elliptic points disappear for certain
large parameter values which circumvents the global constraints of index theory
by creating orientation-reversed hyperbolic points and is inspired by Jakobson’s
parameter-exclusion method for 1-dimensional maps[70]. This is aimed at find-
ing parameters for which useful estimates can be carried out.

A “realistic” variant of this problem might be to consider random pertur-
bations of this system. This is not devoid of difficulties, but might be more
tractable.
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4. Orbit growth in polygonal billiards (Anatole Katok)

Consider the billiard system in a triangle or, more generally, a polygon P C
R2. This is an area-preserving dynamical system. The challenge is to understand
the global complexity of such a system. For example, let S(7") be the number
of orbits of length at most 7" that begin and end in vertices.

PROBLEM 4.1. Find upper and lower bounds for S(T).
QUESTION 4.2. Is there a periodic orbit for every choice of P?

This is open even for most obtuse triangles; R. Schwartz has shown however that
if the maximal angle in a triangle is less than 100° then periodic orbits always
exist [129].

PROBLEM 4.3. Find conditions for ergodicity of the billiard flow with respect
to Liouville measure (area). In particular, is the billiard flow ergodic for almost
every P?

Boshernitzan and Katok observed that based on the work of Kerckhoff-Masur—
Smillie [88], a Baire category argument produces a dense G of ergodic poly-
gons. Vorobets [134] improved this by giving an explicit sufficient condition for
ergodicity in terms of the speed of simultaneous approximation of all angles mod
7 by rationals. Existence of even a single ergodic example with Diophantine
angles remains an open and probably very hard question

Katok [80] showed that 7! log S(T') — 0, which is far from effective. For
rational polygons Masur [105] showed that there are positive constants C; and
C, such that C; T2 < S(T') < C,T?. For some examples, (e.g., those leading to
Veech surfaces [67]) existence of quadratic multiplicative asymptotics has been
shown and even the constant calculated.

Any effective subexponential estimate (such as e~
polygons would be a major advance.

T3/4, say) for arbitrary

CONJECTURE 4.4. limg_,o S(T)/T?T¢ = 0 for every polygon and every
e >0, but S(T)/ T? is often irregular and unbounded.

It should be said that understanding orbit growth in measure-theoretic terms with
respect to the Liouville measure is not a difficult matter; one can calculate slow
entropy and gets a quadratic growth rate. Indeed, Mafié observed that the number
of connections of length up to 7" between two randomly chosen boundary points
is on average quadratic in T, i.e., statistically one sees quadratic orbit growth.
Accordingly, any deviation from quadratic orbit growth would be connected to
different invariant measures.

The basic problem is the lack of structure here, except for rational polygons
where one can represent the problem in terms of a Riemann surface with a
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quadratic differential and then bring tools of Teichmiiller theory to bear. For
irrational polygons one could try to associate a Riemann surface of infinite genus
in an analogous fashion, but this sacrifices recurrence. There are some border-
line cases where one can use recurrence in dynamical systems that preserve an
infinite measure.

The basic problem related to this circle of questions is that in these parabolic
systems dynamical complexity arises from a combination of stretching and cut-
ting. The stretching is well understood for polygonal billiards, and produces
quadratic growth (geometrically a shear), but usually produces no periodic or-
bits; the interesting phenomena arise from cutting, which is poorly understood
beyond the fact that growth is subexponential.

5. Flat surfaces and polygonal billiards (presented by Anton Zorich)

This topic is closely related with the previous one. In fact, by unfolding,
rational billiards produce flat surfaces of a special kind. Powerful methods based
on the study of the Teichmiiller geodesic flow on various strata of quadratic
differentials usually are not directly applicable to billiards.

QUESTION 5.1. Is the geodesic flow on a generic flat sphere with 3 singularities
ergodic?

QUESTION 5.2. Is there a closed regular geodesic?

Two copies of a triangle with boundaries identified gives such a space, so this
problem is related to polygonal billiards. For some rational triangles the initial
direction is preserved and thus provides a first integral.

QUESTION 5.3. Is there a precise quadratic asymptotic for the growth of closed
geodesics on every genus 2 flat surface?

There is much recent progress (such as the classification by Calta and McMullen
of Veech surfaces in H(2) — genus 2 with a single conical singularity [20; 106])
to put this question into reach.

6. Symbolic extensions (Michael Boyle and Sheldon Newhouse)

Briefly, the effort to understand possible symbolic dynamics for a general
topological dynamical system leads to the Downarowicz theory of “entropy
structure”, a master entropy invariant which provides a refined and precise struc-
ture for describing the emergence of chaos on refining scales. This leads to prob-
lems of the compatibility of entropy structure with varying degrees of smooth-
ness.
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In the remainder of this section all homeomorphisms are assumed to have
finite topological entropy and to be defined on compact metrizable spaces. If g
is the restriction of some full shift on a finite alphabet to a closed shift-invariant
subsystem Y, then (Y, g) is said to be a subshift.

DEFINITION 6.1. Given a homeomorphism f of a compact metrizable space X
with finite topological entropy, a symbolic extension of (X, f) is a continuous
surjection ¢ : Y — X such that fop =¢@og and (Y, g) is a subshift.

Given ¢ as above, we may also refer to the subshift (Y, g) as a symbolic ex-
tension of (X, f). A coding of a hyperbolic dynamical system by a topological
Markov shift provides the classical example. In general, the subshift (Y, g) is
required to be a subsystem of some full shift on a finite set of symbols, but it
need not be a Markov shift and its topological entropy (though finite) need not
equal that of f.

DEFINITION 6.2. The topological symbolic extension entropy of f is
hsex(f) = inf{htop(g)}’

where the inf is over all symbolic extensions of f. (If there is no symbolic
extension of (X, f), then hyex (/) = 00.) The topological residual entropy of f

1S hres(f) = hsex(f) _htop(f)'

If hyop(f) = 0, then hgey (/) = 0; otherwise, the residual and topological en-
tropies are independent, as follows.

THEOREM 6.3 ([14; 27]). If0 < o < 0o and 0 < B < oo then there is a
homeomorphism f with htop(f) = o and hees(f) = B.

Let Ly be the space of f-invariant Borel probabilities, and let /1 denote the
entropy function on ALy, () = h(w, f). The key to a good entropy theory for
symbolic extensions [12] is to study the extensions in terms of Jl, (as begun in
[27]).

DEFINITION 6.4. Let ¢ : (Y, S) — (X, f) be a symbolic extension of (X, f).
The extension entropy function of ¢ is the function

@
h ext

My — [0, +00)
wi=sup{h(v, S):v e g, v =pu}.
For a given p € My and a given symbolic extension ¢, the number hfxt(,u)

measures the information in the symbolic system used to encode the trajectories
in the support of . Define the symbolic extension entropy function of f,

hi : iy — [0, 00)

sex

ext

w > inf h, (),
@
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where the inf is over all symbolic extensions ¢ of (X, /). (If there is no symbolic
extension of (X, f), define hsj;X := 00.) The function hséx is capturing for all
p in JM s the lower bound on the information required in any finite encoding of
the system (i.e., any symbolic extension of (X, 1)) to describe the trajectories
supported by . This function is a highly refined quantitative reflection of the
emergence of chaos (entropy) in the system (X, f), as it reflects “where” the
chaos arises (on the supports of which measures) and also “how” (as the scale
of resolution on which the system is examined refines to zero). There is a more
thorough elaboration of this intuition in [28]; in any case, the final justification
of the claim is the full theory of entropy structure [12; 28].

To make this precise we follow the path of [27; 12; 28] and study an al-
lowed sequence of functions /1, : M — [0, o0) which increase to /. An allowed
sequence determines the entropy structure of (X, f). There are many choices
of allowed sequence for (%), studied in [28]; here is one concrete and crucial
(though not completely general) example, which reflects the intuition of “refin-
ing scales”. Suppose X admits a refining sequence of finite partitions %, with
diameters of partition elements going to zero uniformly in 7, and such that the
boundary of P has u measure zero, for all i in My, for all n, and for all P
in ®,,. (Such partitions exist for example if X is finite dimensional with zero-
dimensional periodic point set [93] or if (X, ) has an infinite minimal factor
[101; 99].) Set h, () = hn(i, f,%Py). Then () defines the entropy structure.

In [12], one general construction of the entropy structure is given, and the
collection of all the functions 4%, is given a useful functional analytic charac-
terization in terms of the entropy structure. Together with [29], this reduced
many problems involving symbolic extensions to problems of pure functional
analysis on a metrizable Choquet simplex. For example, it became possible [12]
to show the following

e There is a homeomorphism f with /.5( /) < 0o, but with no symbolic ex-
tension (Y, g) such that hop(g) = hiop (f) + fres(Sf)-

e The function hsjgx is upper semicontinuous and its maximum need not be
achieved at any ergodic measure.

e The topological symbolic extension entropy of f is the maximum value
achieved by its symbolic extension entropy function.

Another outcome was an inductive characterization of the function hséx from
the given sequence /. Define the tail sequence t, := h — h,, which decreases
to zero. For ordinals «, 8, define recursively

'uoEO

o gy = limy (itg + %)
* ug =the u.s.c. envelope of sup{ug : a < B}, if B is a limit ordinal.
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With these definitions, there is the following theorem.

THEOREM 6.5 [12; 28]. ug = ug4+1 <= Uqy +ht = hsj;(, and such an o exists
among countable ordinals (even if hsex = 00).

The convergence above can be transfinite [12], and this indicates the subtlety of
the emergence of complexity on ever smaller scales. However the characteriza-
tion is also of practical use for constructing examples.

Downarowicz unified the whole theory with an appropriate notion of equiv-
alence. Following [28], declare two nondecreasing sequences of nonnegative
functions (k) and (%),) to be uniformly equivalent if for every integer n and
& > 0 there exists N such that iy > hy — & and h'y, > hy —&. Now, let (/1)
be a sequence defining the entropy structure in [12] (given by a complicated
general construction from [12]). Let (/),) be another nondecreasing sequence of
nonnegative functions on Jly. Then by definition, (/,,) also defines the entropy
structure if and only if it is uniformly equivalent to the reference sequence (/).
Thus the entropy structure for a system (X, f) is a certain uniform equivalence
class of sequences of functions on Jly. The many approaches to defining en-
tropy lead to many candidate sequences (/15,), and Downarowicz examined them
[28]. With few exceptions, the approaches yield sequences in the same uniform
equivalence class as the reference sequence (and most of these sequences are
considerably more simple to define then the reference sequence). A sequence
uniformly equivalent to the reference sequence determines all the same entropy
invariants (e.g., the topological entropy, the entropy function on .y, hsjéx, and
the transfinite order of accumulation in Theorem 6.5), by application of the same
functional analytic characterizations as apply to derive the invariants from the
reference sequence. Because so many sequences lead to the same encompassing
collection of entropy invariants, it makes sense to refer to the entire equivalence
class of these sequences as the entropy structure of the system.

Viewing the entropy structure as fundamental, one asks which structures can
occur. At the level of topological dynamics there is a complete answer, due to
Downarowicz and Serafin.

THEOREM 6.6 [29]. The following are equivalent.

(1) (gn) is a nondecreasing sequence of functions on a metrizable Choquet sim-
plex C, beginning with go = 0 and converging to a bounded function g, and
with g,+1 — gn upper semicontinuous for all n.

(2) There is a homeomorphism f of a compact metrizable space, with entropy
structure given by a sequence (hy), such that there exists an affine homeo-
morphism from My to C which takes (hy) to a sequence uniformly equivalent

to (gn).
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Given (g5) above, Downarowicz and Serafin actually construct a model f on the
Cantor set such that the affine homeomorphism takes (/) to (g5). Moreover,
f can be made minimal.

More generally one asks what entropy structures are compatible with what
degrees of smoothness.

QUESTION 6.7. Let X be a compact Riemannian manifold and 1 < r < oo.
What entropy structures are possible for C” diffeomorphisms on X ?

Precisely, Question 6.7 asks the following: given (g,) a nondecreasing sequence
of nonnegative upper semicontinuous functions on a metrizable Choquet sim-
plex C, and converging to a bounded function g, does there exist a C” dif-
feomorphism f on X, with entropy structure given by a sequence (%), such
that there exists an affine homeomorphism from .l to C which takes (%) to a
sequence uniformly equivalent to (g,)?

Question 6.7 is more a program for the decades than one problem. We move
to particular (still very difficult) problems within this program.

First, we isolate the one good distinguished class in the entropy structure the-
ory: this is the Misiurewicz class of asymprotically h-expansive systems [109].
It turns out that (X, f) is asymptotically /i-expansive if and only if its entropy
structure is given by a sequence (/1) which converges to / uniformly [28], if
and only if it has a principal symbolic extension in the sense of Ledrappier (the
factor map preserves the entropy of every invariant measure) [14; 12]. Buzzi
showed a C® system (X, ) is asymprotically h-expansive [19].

QUESTION 6.8. Which asymptotically h-expansive entropy structures occur for
some C° diffeomorphism on some (or a given) compact manifold X ?

Note that the Newhouse conjecture (Conjecture 7.1) implies severe constraints
to realization if X is a surface.

At the 1991 Yale conference for Roy Adler, Boyle presented the first exam-
ples of systems with finite entropy but with no symbolic extension (these were
constructed in response to a 1988 question of Joe Auslander). This provoked a
question from A. Katok.

QUESTION 6.9 (KATOK, 1991). Are there smooth finite entropy examples with
no symbolic extension?

We have seen that there are no bad C* examples. For lesser smoothness, Dow-
narowicz and Newhouse showed that the situation is quite different.

THEOREM 6.10 [30]. A generic area-preserving C' diffeomorphism of a sur-
face is either Anosov or has no symbolic extension. If 1 <r < oo and dim(M') >
1 then there are residual subsets R of open sets in Dift” (M) such that hees(f) >
0—and hence f has no principal symbolic extension— for every [ € R.
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The first result implies that a generic area-preserving C! surface diffeomor-
phism that is not Anosov is not topologically conjugate to any C°° diffeomor-
phism; this includes all diffeomorphisms on surfaces other than T2. The difficult
proof of [30] merges the detailed entropy theory of symbolic extensions with
genericity arguments for persistent homoclinic tangencies. Concrete examples
of C" maps 1 <r < oo with positive residual entropy, based on old examples
of Misiurewicz [107; 108], are given in [13]. The most important open problem
currently is the following.

QUESTION 6.11. Suppose f is a C" diffeomorphism of a compact Riemannian
manifold, with 1 <r < oo. Is it possible for f to have infinite residual entropy?

The arguments of [30] led Downarowicz and Newhouse to the following more
specific version of this problem.

QUESTION 6.12. Let M be a compact manifold, f: M — M a C" map with
r > 1. Is it necessarily true that

dim M log Lip(f)‘)

hsex(f) = htop(f) + 1

The right-hand side here is effectively an iterated Yomdin-type defect. Yomdin
proved that the defect in upper semicontinuity given by local volume growth is
dim M logLip(f)/r. In the constructions one tends to carry out in this field,
one iterates the procedure that gives this estimate and divides again by r each
time. The right-hand side above is the sum of the resulting geometric series. For
r =1 and r = oo this right-hand side agrees with the known results: C '-maps
may not have a symbolic extension at all, and C'* maps have a principal sym-
bolic extension. The question is related to the sense that maps of intermediate
regularity should have symbolic extensions, and the entropies of these should
not be too much larger than that of a map and by a margin that is less for maps
with higher regularity.

7. Measures of maximal entropy (presented by Sheldon Newhouse)

CONJECTURE 7.1 (NEWHOUSE). Let M be a compact surface and f: M — M
a C* diffeomorphism with hiop(f) > 0. Then there are at most finitely many
measures of maximal entropy.

Evidence for this conjecture can be found in many places. Franz Hofbauer es-
sentially proved the analogous fact for piecewise monotone maps of the interval.

There are a countable number of homoclinic closures, and all ergodic mea-
sures of sufficiently high entropy are supported on these.
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The product of an Anosov diffeomorphism of T2 with the identity on the
circle shows that in higher dimension such a claim can only hold with some
additional hypotheses.

8. Properties of the measure-theoretic entropy of
Sinai-Ruelle-Bowen measures of hyperbolic attractors (contributed
by Miaohua Jiang)

Let Diff! T® (M) be the collection of all C'+2-diffeomorphisms on a com-
pact smooth Riemannian manifold M . Assume that a map fy € Diff! (M) is
transitive and has a hyperbolic attractor A as its nonwandering set. By structural
stability, any g € Diff! T¥ (M) in a sufficiently small C!-neighborhood of fj is
topologically conjugate to fy on the attractor and its nonwandering set is also
a hyperbolic attractor. We denote this neighborhood of fy by UEC1 (fo). Let
U( fo) be the collection of those diffeomorphisms in Diff' T® (M) that can be
connected with fy by a finite chain of such neighborhoods, i.e.,

U(fo)=1{g|IneNVi=1.2,...,n3 f; eDiff T*(M), & > 0:
1 X 1 . 1 . .
geUS (f)and US_ (fic)NUS (f) #@fori =1,2,....n}.

The set U( fp) is an open set of Diff! T*(M). Any map f in U( fp) possesses
a hyperbolic attractor and there exists an SRB measure py for f. Any two
maps in U( fy) are conjugate by a Holder continuous map that is not necessarily
close to the identity. Each map in U( fj) also has the same topological entropy.
However, the measure-theoretic entropy /1, (/) of f € U( fo) with respect to its
SRB measure j1y can vary. It was shown by David Ruelle that the dependence
of iy on the map f is differentiable when the maps are C 4,

QUESTION 8.1. Is infrey( ) hu, (f) = 02 (Added in proof: Miaohua Jiang,
Huyi Hu and Yunping Jiang have answered the question in the affirmative.)

QUESTION 8.2. Does this functional have a local minimum?

For expanding maps on the circle, the infimum being zero was confirmed by
Mark Pollicott. The problems were raised during conversations between Miao-
hua Jiang and Dmitry Dolgopyat.

9. Sinai-Ruelle-Bowen measures and natural measures
(presented by Michal Misiurewicz)

DEFINITION 9.1. Let X be a compact metric space, f : X — X a continuous
map, Ji the space of all probability measures on X and fi : M — M, (fx (1))@=
p(go f), where u(p):= [y ¢ du for ¢ : X — R. Given a “reference” measure
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m on X for which fi(m) < m and 4,(un):= ZZ;IO ff ()/n, a Sinai—Ruelle—
Bowen measure for f is a measure my such that there is an open U C X with
m(U) > 0 such that limy— o0 A4(6x) = my for m-a.e. x € U [135; 136]. A
natural measure is a measure m ¢ for which there is an open set U with m(U') > 0
such that limy— 0 A (1) = my for every p € M with u(U) =1 and u < m.

THEOREM 9.2. A Sinai—Ruelle—Bowen measure is natural.

PROOF. Integrate A, (8x) (Which tends to m £ as n — o0) over x with respect
to m. Il

The converse does not hold.

THEOREM 9.3 [110; 111; 71]. If g is an expanding algebraic endomorphism or
an algebraic Anosov automorphism of a torus T4 then there exists I T¢ T4
that is topologically conjugate to g and such that

(1) fx(m) < m for m = Lebesgue measure,

(2) limy— o0 Ay(m) = mpg,

(3) my has maximal entropy,

4) {An(6x) | n € N} is dense in the space of f-invariant Borel probability
measures for m-a.e. x € 4.

This particular situation is impossible for smooth (even C!) £, which motivates

QUESTION 9.4. With Lebesgue measure as the reference measure, are there
smooth dynamical systems for which the ergodic natural measure is not a Sinai—
Ruelle-Bowen measure?

There is an example of piecewise continuous, piecewise smooth interval map for
which the natural measure is the average of two delta-measures at fixed points
and an SRB measure does not exist [10, page 391].

One could say that in these examples the conjugacy sends Lebesgue measure
to one that is completely unrelated to Lebesgue measure.

10. Billiards (Domokos Szasz)

Consider a dispersing billiard on the two-dimensional torus with a finite
horizon (i.e., assume that the length of orbit segments between impacts with
scatterers is bounded). The Lorentz process is the Z?-cover of this billiard. (In
other words, it is a billiard on R? with periodically arranged convex scatterers.)
The phase space of the billiard can, of course, be embedded isomorphically into
the phase space of the Lorentz process, into its cell 0, say. Assume that the
initial phase point of the Lorentz process is selected in cell 0 according to the
Liouville measure.
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It is known that, for the billiard dynamics, correlations of Holder functions
decay exponentially fast (cf. [136]). As a consequence, for Holder functions
the central limit theorem holds, implying that for the corresponding Lorentz
process the typical displacement of orbits increases as the square root of the
number of collisions. However, for periodic trajectories of the billiard the dis-
placement is either bounded or is ballistic (i.e., it grows linearly with the number
of collisions). According to a construction of [16] (for more details and further
references see [132]) there do exist ballistic orbits.

QUESTION 10.1. How large is the set of ballistic orbits? Could one give a
lower bound for its Hausdorff dimension?

This is a geometric question because it is not a matter of studying typical behav-
ior. When one aims at constructing ballistic orbits different from those arising
from periodic ones the problem is that there are “shadows” of the scatterers,
which makes this situation different from geodesic flows in negative curvature
because it introduces an analog of positive curvature, and there is no good geo-
metric picture here.

11. Stable ergodicity (with Keith Burns)

DEFINITION 11.1. An embedding f is said to be partially hyperbolic on A if
there exists a Riemannian metric for which there are continuous positive func-
tions Aj, i, i =1,2,3 on M such that

0<Ay=pp <Az =py <Az =p3withu; <1 <Aj
and an invariant splitting
TxM = E*(x)® E(x)® E*(x), dxfE*(x)=E*(f(x)), T=s,c,u

into pairwise orthogonal subspaces E*(x), E¢(x) and E*(x) such that

M S ldx fTE O = Nlds [T EF(x)]| < pa,

Ay = lldx /T ECCO =< lldx /T E€(x)]| < pa.

A3 < lldx /T E¥ O < lldx /T E¥ ()] < p3,
where ||| 4]|| := min{||Av|| | ||v]| = 1}. In this case we set E¢* := E° @ E*® and
E“:=E°® E".
REMARK. Each subbundle E7 for T = u, s, ¢, cu, ¢s is Holder continuous.

Denote the set of C? partially hyperbolic diffeomorphisms of a compact mani-
fold M by PHD?(M ) and the set of volume-preserving such by PHDeol(M ).

CONJECTURE 11.2 (PUGH-SHUB). The set of diffeomorphisms that are vol-
ume-ergodic contains a C?-dense and C'-open subset of PHD? (M).

vol
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Since the usual method available for establishing ergodicity from hyperbolicity
is the Hopf argument, it is natural to consider us-paths, that is, paths obtained
by concatenating finitely many segments each of which lies entirely in a stable
or an unstable leaf. The property of being joined by a us-path is obviously an
equivalence relation on points of M. If there is just one equivalence class, in
other words if any two points are joined by a us-path, we say that the diffeomor-
phism has the accessibility property. One also wants to consider this property
modulo sets of measure 0, which leads to the essential accessibility property,
which says that a measurable set which is a union of equivalence classes must
have zero or full measure.

This suggests approaching the above conjecture via the two following ones:

CONJECTURE 11.3. PHD%OI(M ) and PHD?*(M) contain subsets consisting
of diffeomorphisms with the accessibility property that are both C?-dense and
Cl-open.

CONIJECTURE 11.4. Essential accessibility implies ergodicity in PHD? ,(M).

vol

Pertinent known results are:

THEOREM 11.5 [26]. Conjecture 11.3 is true if C? dense is weakened to C'
dense.

THEOREM 11.6 [114; 65; 17]. Conjecture 11.3 is true for diffeomorphisms with
1-dimensional center.

Removing the assumption of 1-dimensional center bundle will require substan-
tially new ideas.

Results towards Conjecture 11.4 are the classical ones by Hopf [66], Anosov
and Anosov—Sinai [1; 3] as well as those by Grayson, Pugh and Shub [52;
123], Pugh and Shub [124; 125] and the most refined version due to Burns and
Wilkinson [18].

DEFINITION 11.7. We say that f is center-bunched if (11 < A/, and )»3_1 <
Ao/ pa.
This holds automatically whenever the center bundle is 1-dimensional.

THEOREM 11.8 [18]. An (essentially) accessible, center-bunched, partially hy-
perbolic diffeomorphism is ergodic (and, in fact, has the K-property).
With this in mind one can rephrase Conjecture 11.4 as follows:

QUESTION 11.9. Can one dispense with the center-bunching hypothesis in The-
orem 11.87

This would require a substantially new insight. The present techniques crucially
require center bunching, even though it has been weakened significantly from
its earliest formulations.



288 BORIS HASSELBLATT

Maybe a different approach is needed:

QUESTION 11.10. Can one show that accessibility implies ergodicity of the
stable and unstable foliations in the sense that sets saturated by stable leaves
and sets saturated by unstable leaves must have either zero or full measure?

It is not known whether a diffeomorphism that satisfies the hypotheses of The-
orem 11.8 must be Bernoulli.

QUESTION 11.11. Are systems as in Theorem 11.8 Bernoulli?

The answer is expected to be negative, but the known examples of K-systems
that are not Bernoulli are not of this type. It may be possible that a study of early
smooth examples by Katok may be instructive. They are not partially hyperbolic
but might be sufficiently “soft” to be useful here.

12. Mixing in Anosov flows (Michael Field)

Let A be a basic set for the Axiom A flow @ and % denote the periodic
spectrum of @ | A (set of prime periods of periodic orbits). Bowen showed
that ? is an invariant of mixing. The analyticity and extension properties of the
¢-function {g of @ are (obviously) determined by % (for the definition of {g
we assume the measure of maximal entropy on A). In view of the close relation
between exponential mixing of @ and extension properties of {g [122], we ask

QUESTION 12.1. Is the periodic spectrum an invariant of exponential mixing?

(For conditions on % related to rapid mixing, see [41, Theorem 1.7].)

Let x be a homoclinic point for the periodic orbit I'. In [41] a definition
is given of ‘good asymptotics’ for the pair (17, x). Without going into detail,
the definition involves precise asymptotic estimates for a sequence of periodic
orbits which converge to the @-orbit of x. Typically, good asymptotics is an
open condition in the C2-topology. If there exists (I", x) with good asymptotics
then @ is (rapidly) mixing [41].

DEFINITION 12.2. We say @ has very good asymptotics if every pair (I, x) has
good asymptotics in the sense of [41].

This is a generic condition on Axiom A flows.
QUESTION 12.3. Does very good asymptotics imply exponential mixing?
A weaker (but perhaps more tractable) version of this question is

QUESTION 12.4. Does very good asymptotics imply analytic extension of the
C-function?
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A flow @ is C”-stably mixing if there exists a C”-open neighborhood of @
consisting of mixing flows. It was shown in [41] that if » > 2 then a C”-Axiom
A flow can be C”-approximated by a C2-stably mixing Axiom A flow (in fact,
by a C2-stably rapid mixing flow). If the flow is Anosov or an attractor one may
approximate by a C !-stably mixing flow.

QUESTION 12.5. Ifthe dimension of the basic set is at least two, can one always
approximate by a C ' -stably mixing flow?

(This is really a question about the local geometry of the basic set. For example,
it suffices to know that W**(x)N A is locally path-connected for all x € A. This
condition is automatically satisfied for attractors.)

For results and background related to the following question see [40].

PROBLEM 12.6. Suppose the dimension of the basic set is one (suspension of
a subshift of finite type). Show that if @ is C'-stably mixing, then ® cannot be
Cl,r>1.

Of course, it is interesting here to find examples where C ! T%-stable mixing of
& implies that & cannot be more regular than C !¢,

Although the results in [41] show that every Anosov flow can be approxi-
mated by a C!-stably mixing Anosov flow, there remains the

CONJECTURE 12.7 (PLANTE [121]). For transitive Anosov flows, mixing is
equivalent to stable mixing.

As Plante showed, the conjecture amounts to showing that if the strong foliations
are integrable then they cannot have dense leaves.

13. The structure of hyperbolic sets (contributed by Todd Fisher)

As stated in Section 16 below, there are a number of fundamental questions
about the structure of Anosov diffeomorphisms. It is then not surprising that
there are a number of problems concerning the structure of general hyperbolic
sets.

A question posed by Bonatti concerns the topology of hyperbolic attractors.

On surfaces a hyperbolic attractor can be either the entire manifold (Anosov
case) or a 1-dimensional lamination (‘“Plykin attractors”).

On 3-dimensional manifolds there are many kinds of hyperbolic attractors:
Let A be a hyperbolic attractor of a diffeomorphism f on a compact 3-manifold
M . The following cases are known to exist.

(1) If the unstable manifold of the points x € A are bidimensional, then A is
either the torus 73 (Anosov case), or a bidimensional lamination.
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(2) If the unstable manifolds of the points x € A are 1-dimensional, then the
attractor can be

(i) a 1-dimensional lamination which is transversely Cantor (“Williams at-
tractors”) or

(ii) an invariant topological 2-torus T2, and the restriction of f to this torus
is conjugate to an Anosov diffeomorphism (however, the torus T2 can be
fractal with Hausdorff dimension strictly bigger than 2).

QUESTION 13.1. Is there some other possibility? For example, is it possible to
get an attractor such that the transversal structure of the unstable lamination is
a Sierpinski carpet?

THEOREM 13.2 [42]. If M is a compact surface and A is a nontrivial mixing
hyperbolic attractor for a diffeomorphism f of M, and A is hyperbolic for a dif-
feomorphism g of M, then A is either a nontrivial mixing hyperbolic attractor
or a nontrivial mixing hyperbolic repeller for g.

It is also shown in [42] by counterexample that this does not hold in higher
dimensions for general attractors. However, if we add some assumptions on the
attractor or weaken the conclusion we have the following problems.

QUESTION 13.3. Suppose M is a compact smooth boundaryless manifold of
dimension n and A is a mixing hyperbolic attractor for f with dim(E*) =n—1
and hyperbolic for a diffeomorphism g. Does this imply that A is a mixing
hyperbolic attractor or repeller for g?

QUESTION 13.4. Suppose A is a locally maximal hyperbolic set for a diffeo-
morphism [ and hyperbolic for a diffeomorphism g. Does this imply that A is
locally maximal for g? or that A is contained in a locally maximal hyperbolic
set for g?

Related to Question 13.4 we note that in [43] it is shown that on any manifold, of
dimension greater than one, there is an open set of diffeomorphisms containing
a hyperbolic set that is not contained in a locally maximal one. Furthermore, it
is shown if the dimension of the manifold is at least four that there is an open set
of diffeomorphisms containing a transitive hyperbolic set that is not contained
in a locally maximal one.

QUESTION 13.5. Suppose M is a compact surface and A C M is a transitive
hyperolic set for a diffemorphism [ of M. If A is transitive, then is A contained
in a locally maximal hyperbolic set?

Inspired by Hilbert’s famous address in 1900, Arnold requested various math-
ematicians to provide great problems for the twenty-first century. Smale gave
his list in [130]. Smale’s Problem 12 deals with the centralizer of a “typical”
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diffeomorphism. For f € Diff" (M) (the set of C” diffeomorphisms from M to
M) the centralizer of f is

C(f)={geDift" (M) | fg=g/}.
Let r > 1, M be a smooth, connected, compact, boundaryless manifold, and
T ={f eDiff" (M) | C(f) is trivial}.

Smale asks whether T is dense in Diff” (M). Smale also asks if there is a subset
of T that is open and dense in Diff” (M). Smale states: “I find this problem
interesting in that it gives some focus in the dark realm beyond hyperbolicity
where even the problems are hard to pose clearly.” [130]

Even though Smale states that the problem of studying the centralizer gives
focus on nonhyperbolic behavior, unfortunately even the hyperbolic case, in
general, remains open. However, a number of people have partial results to
Smale’s question for Axiom A diffeomorphisms.

Palis and Yoccoz [115] have shown that there is an open and dense set of C*°
Axiom A diffeomorphisms with the strong transversality property and contain-
ing a periodic sink that have a trivial centralizer. Togawa [133] has shown that
on any manifold there is a C ! residual set among C! Axiom A diffeomorphisms
with a trivial centralizer.

QUESTION 13.6. For any manifold and any r > 1 is there an open and dense
set U contained in the set of C" Axiom A diffeomorphisms such that any f € U
has a trivial centralizer.

14. The dynamics of geodesic flows (presented by Gerhard Knieper)

CONIJECTURE 14.1. For any compact manifold the geodesic flow of a generic
Riemannian metric has positive topological entropy.

This holds for surfaces. Specifically, for tori this is achieved using methods
of Hedlund, Birkhoff and others to construct a horseshoe, and for higher genus
this is a consequence of the exponential growth forced by entropy. Consequently
only the sphere requires substantial work. For the sphere Contreras and Pater-
nain [21] showed this in the C2-topology (for metrics) using dominated split-
ting and Knieper and Weiss [92] proved this in the C*° topology using global
Poincaré sections (pushed from the well-known case of positive curvature using
work of Hofer and Wysocki in symplectic topology) and the theory of prime ends
as applied by Mather. A consequence (via a theorem of Katok) is that generically
there is a horseshoe and hence exponential growth of closed geodesics.

QUESTION 14.2. Can one make similar statements for Liouville entropy?
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QUESTION 14.3. Is there a metric of positive curvature whose geodesic flow
has positive Liouville entropy?

The underlying question is whether there is a mechanism for the generation of
hyperbolicity on a large set from positive curvature.

If a manifold of nonpositive curvature has rank 1 (i.e., every geodesic is hy-
perbolic), then the unit tangent bundle splits into two sets that are invariant under
the geodesic flow, the regular set, which is open and dense, and the singular set.

QUESTION 14.4. Does the singular set have zero Liouville measure?

An affirmative answer would imply ergodicity of the geodesic flow. For analytic
metrics on surfaces the singular set is a finite union of closed geodesics. In
higher dimensions there are examples where the singular set carries positive
topological entropy.

Irreducible nonpositively curved manifolds of higher rank are locally sym-
metric spaces by the rank rigidity theorem. In this case closed geodesics are
equidistributed. For ¢ > 0 let P;(M) be a maximal set of e-separated closed
geodesics and Pg(¢) :={c € P:(M) | £(c) < t}. By a result of Spatzier there
is an & > 0 such that lim;— o0 (1/7) log card P(¢) = htop(got). This implies that
closed geodesics are equidistributed with respect to the measure of maximal
entropy.

QUESTION 14.5. Can one replace “c-separated” by “nonhomotopic”?

This is likely but unknown.

15. Averaging (Yuri Kifer)

The basic idea in averaging is to start from an “ideal” (unperturbed) system

dX(t) _

5 =0, X(0) =0,
dy(r) B
TR b(x,Y()), Y(0)=y,

which gives rise to the flow (p(t) ‘RIxM —>RYIx M, (x,y) — (x, FL(»)).
Integrable Hamiltonian systems are of this type. One then perturbs the system
by adding a slow motion in the first coordinate:

dX;(t) = eB(XE(1). YE(1), X°(0) = x.

dY*®(t)
dt

=b(X°(1).Y*(1). Y*(0)=y.
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We write X® = X§ , and Y* = Y¢ . This results in a flow

e (x,y) = (X7 (0. Y7 (1)),

with X representing the slow motion. The question is whether on a time scale
of ¢ /¢ the slow motion can be approximated by solving the averaged equation
where B is replaced by B which is obtained from the former by averaging it
along the fast motion (see [89] and [90]).

Xe(@)
dt
In discrete time the “ideal” unperturbed system is of the form

=eB(X4(1)) (15-1)

9o (X, y) = (x, Fx(»)),
with x e RY, Fx : M — M. The perturbed system is

pe(x.y) = (x +e¥(x, ). Fx(»)),

and we can bring this into a form analogous to the one for continuous time by
writing it as difference equations:

Xé(n+1)=X%n)+e¥(X%(n),Y%(n)),
Y+ 1) = Fyegn(Yo().

It is natural to rescale time to ¢/, and a basic averaging result (Artstein and
Vigodner [4]) is that (in a sense of differential inclusion) any limit point of

(X(t/e) | e>0, t €0, T]}

is a solution of

dZ°()

dt
with Z%(0) = x, where p, is F,-invariant and Bu(x) := [B(x,y)du(y).
Heuristically one instead uses the following averaging principle. Suppose the
limit B(x) 1= lim; 00 fot B(x, F3(y))ds/t exists for “most” (x, y) and “al-
most” does not depend on y. Then try to approximate X€(¢) in some sense
over time intervals of order 1/¢ by the averaged motion X given by (15-1) with
X?(0) = x. (This goes back to Clairaut, Lagrange, Laplace, Fatou, Krylov—
Bogolyubov, Anosov, Arnold, Neishtadt, Kasuga and others, and there are also
stochastic versions.) One then would like to know whether
lim sup |X°(1)—Xé(t)| =0,

e>0 0<¢<T/e

= Bu.(Z°(1)

and in which sense this happens. Next one can inquire about the error

Xe(t)— X4(2).
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New results assume that the fast motion is chaotic, typically the second factor
is assumed to be hyperbolic. One can then hope for approximation in measure,
and there are theorems to that effect in 3 main cases: The fast motion is indepen-
dent of the slow one (this is the easy case, and one gets a.e.-convergence), when
the fast motion preserves a smooth measure that is ergodic for a.e. x (this is
due to Anosov and covers the Hamiltonian situation), and much more recently,
when the fast motion is an Axiom-A flow (depending C? on x as a parameter)
in a neighborhood of an attractor endowed with Sinai—-Ruelle-Bowen measure.

One may in the latter case ask whether there is a.e.-convergence rather than in
measure. For instance, this is not true in general in the case of perturbations of
integrable Hamiltonian systems. In the latter case we may have no convergence
for any fixed initial condition from a large open set (see Neishtadt’s example
in [90]). This is related to the question of whether there are resonances and
whether these affect convergence and how. To make this concrete, consider the
discrete-time system

Xé(n+1)=X®%n)+esin2nY?®(n),
Yé(n+1)=2Y%n)+ X°(n) (mod 1).
QUESTION 15.1. Is it the case that

lim sup |X%(n)—X%0)]=0

>0 0<y<T/e

for Lebesgue-almost every (x, y)? (Added in proof: Kifer and Bakhtin now
seem to have a negative answer to this.)

It is known by a large-deviations argument (see [90]) that given 6 > 0 the measure
of the set of (x, y) for which supy<, <7/, |X®(n)—X*(0)| > § is at most e Cle
for some C > 0.

When one considers the rescaled averaged motion Z(f) = X%(t/¢) (aver-
aged with respect to Sinai—Ruelle-Bowen measure) an adiabatic invariant is an
invariant function, i.e., a function H such that H(Z(t)) = H(Z(0)).

CONJECTURE 15.2. On (M, vol), H(X%(t/€?)) converges weakly to a diffu-
sion, assuming that the fast motion is hyperbolic.

It may be simpler to start with expanding fast motions.

16. Classifying Anosov diffeomorphisms and actions (presented by
Anatole Katok and Ralf Spatzier)

The classical question on which these questions are based is whether one
can classify all Anosov diffeomorphisms. This has been done up to topological
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conjugacy on tori and nilmanifolds and for codimension-1 Anosov diffeomor-
phisms [48; 102; 113]. The central ingredient is the fundamental observation
by Franks that if an Anosov diffeomorphism on a torus acts on the fundamental
group in the same way as a hyperbolic automorphism then there is a conjugacy.
Manning proved that any Anosov map of the torus is indeed of this type and
extended the result to nilmanifolds.

QUESTION 16.1. Is every Anosov diffeomorphism of a compact manifold M

topologically conjugate to a finite factor of an automorphism of a nilmanifold
N/T?

If there are indeed other examples, then there is currently a lack of imagination
regarding the possibilities for Anosov diffeomorphisms. In the framework of
the proofs mentioned above the central assumption is that the universal cover is
R" and the map is globally a product, but there is no a priori reason that this
should be so. Indeed, for Anosov flows the situation is quite different, and there
are many unconventional examples of these, beginning with one due to Franks
and Williams that is not transitive [49].

In higher rank there are plausible mechanisms to rule out topologically exotic
discrete Anosov actions.

Perturbation of periodic points shows that one cannot expect better than topo-
logical classification of Anosov diffeomorphisms, and an example by Farrell
and Jones suggest a different reason: There is an Anosov diffeomorphism on an
exotic torus.

One may ask about characterizations of algebraic Anosov actions up to C*°
conjugacy.

THEOREM 16.2 [8]. An Anosov diffeomorphism with C®° Anosov splitting that
preserves an affine connection (e.g., is symplectic) is C* conjugate to an alge-
braic one.

CONJECTURE 16.3. Instead of preservation of an affine connection this can be
done assuming preservation of some sensible higher-order geometric structure,
e.g., a Gromov-rigid structure.

QUESTION 16.4. Does preservation of an affine connection alone suffice?
QUESTION 16.5. Does smooth splitting alone suffice?

This might be possible. A natural approach would be to construct invariant
structures on the stable and unstable foliations and glue these together to a
global invariant structure. The problem is that in some of the standard nilpotent
examples the natural structure is not of the type one gets this way.

A different and more recent result is the following:
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THEOREM 16.6 [76; 32]. A uniformly quasiconformal Anosov diffeomorphism
is C° conjugate to an algebraic one.

CONJECTURE 16.7 (KATOK). An Anosov diffeomorphism whose measure of
maximal entropy is smooth is smoothly conjugate to an algebraic one.

Anosov flows are much more flexible, there are many examples that make a clas-
sification seem unlikely [49; 59]. There are some characterizations of algebraic
flows. These provide some results similar to the above, as well as analogous
problems.

The situation is rather different for algebraic actions so long as they are irre-
ducible (e.g., not products of Ansov diffeomorphisms). These actions are usually
hard to perturb. Katok and Spatzier showed that such actions with semisimple
linear part are rigid [85], and Damjanovic and Katok pushed this to partially
hyperbolic actions on tori [23].

CONJECTURE 16.8. Any C° Anosov RX- (or Z¥-) action for k > 2 on a
compact manifold without rank 1 factors is algebraic.

No counterexamples are known even with lower regularity than C°°.
We next quote a pertinent result by Federico Rodriguez Hertz:

THEOREM 16.9 [64]. A Z? action on T3 with at least one Anosov element and
whose induced action on homology has only real eigenvalues (one less than 1
and 2 bigger than 1) is C* conjugate to an algebraic one.

In fact, more generally, let I" be a subgroup of GL(N, Z), the group of N x N
matrices with integer entries and determinant £1, and say that the standard
action of I on TV is globally rigid if any Anosov action of I" on T? which
induces the standard action in homology is smoothly conjugate to it.

THEOREM 16.10 [64]. Let A € GL(N,Z), be a matrix whose characteristic
polynomial is irreducible over Z. Assume also that the centralizer Z(A) of A
in GL(N, Z) has rank at least 2. Then the associated action of any finite index
subgroup of Z(A) on TV is globally rigid.

The assumption on the rank of the centralizer is hardly restrictive. Due to the

Dirichlet unit theorem, in the above case, Z(A) is a finite extension of Z" ¢!

where r is the number of real eigenvalues and ¢ is the number of pairs of complex

eigenvalues. So,r+2c¢ =N, and Z(A) hasrank 1 only if N =2 orif N =3 and

A has a complex eigenvalue or if N =4 and A has only complex eigenvalues.
In [64] Hertz also states:

QUESTION 16.11. Consider N > 3, A € GL(N, Z) such that Z(A) is “big
enough’”. Under which assumptions is the standard action of every finite-index
subgroup I' on TN globally rigid?
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Another rigidity result is due to Kalinin and Spatzier:

THEOREM 16.12 [77]. If M is a compact manifold with a Cartan RX-action
such that k > 3, there is a dense set of Anosov elements and every I-parameter
subgroup is topologically transitive (hence there are no rank-1 factors) then this
action is C®° conjugate to an algebraic one, indeed a homogeneous one (i.e.,
the left action of R¥ embedded in a group G on G/ I" for a cocompact discrete
subgroup I ).

(Homogeneous Anosov actions of this type are not classified because it is not
known how to classify suspensions of Anosov 7*-actions on nilmanifolds.)

QUESTION 16.13. Does the Kalinin—Spatzier result hold for k = 2?

QUESTION 16.14. Does the Kalinin—Spatzier result hold assuming only the
existence of an Anosov element?

QUESTION 16.15. Does the Kalinin—Spatzier result hold without the transitivity
assumption (and maybe even without excluding rank-1 factors)?

17. Invariant measures for hyperbolic actions of higher-rank
abelian groups (Anatole Katok)

The basic example is Furstenberg’s “x2 x 3”-example of the N2-action on
S! generated by E; : x — ix (mod 1) for i = 1,2. For a single of these
transformations there are plenty of invariant measures, but for { £; | i € N} the
only jointly invariant measures are easily seen to be Lebesgue measure and the
Dirac mass at 0. The same holds if one takes a polynomial P(-) with integer
coefficients and considers { £ p(y,) | n € N}. Furstenberg asked whether Lebesgue
measure is the only nonatomic invariant Borel probability measure for £, and
E;.

The second example is M =SL(n,R)/I" forn> 3 and alattice I" C SL(n, R).
The Weyl chamber flow is the action of the set D of positive diagonal elements
on M by left translation. (D is isomorphic to R”~1).

PROBLEM 17.1. Find all invariant measures for these two examples.

Rudolph [127] showed in 1990 that a measure invariant under both E, and
E5 for which one of E, and E3 has positive entropy is Lebesgue measure.
Geometric methods which form the basis of most of the work up to now were
introduced in [87]. In 2003 Einsiedler, Katok and Lindenstrauss [31] proved
the analogous result for the Weyl chamber flow (assuming positive entropy for
one element of the action). See[100] for a survey of the this rapidly developing
subject at a recent (but not present) date.
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Fundamentally the issues for the case of positive entropy are reasonably well
understood although (possibly formidable) technical problems remain. How-
ever, even simple questions remain in the general case. Here is an example.

QUESTION 17.2. Given an Anosov diffeomorphism and a generic ergodic in-
variant measure (i.e., neither Lebesgue measure nor an atomic one), is there
a diffeomorphism that preserves this measure and that is not a power of the
Anosov diffeomorphism itself?

Indeed, the zero-entropy case is entirely open, and experts differ on the expected
outcome. One can take a geometric or Fourier-analytic approach. The difficulty
with the latter one is that even though one has a natural dual available, measures
don’t behave well with respect to passing to the dual. At the level of invariant
distributions there is little difference between rank 1 and higher rank whereas
the wealth of invariant measures is quite different between these two situations.
The geometric approach produced the results for positive entropy, but in the
zero-entropy situation conditional measures on stable and unstable leaves are
atomic.

Thus, we either lack the imagination to come up with novel invariant mea-
sures or the structure to rule these out.

As to the reason for concentrating on abelian actions, this simply provides
the first test case for understanding hyperbolic actions in this respect. Recently,
substantial progress was achieved beyond the algebraic or uniformly hyperbolic
cases [75; 84]. The paradigm here is that positive entropy hyperbolic invariant
measures are forced to be absolutely continuous if the rank of the action is
sufficiently high, e.g., for 7k actions on k + 1-dimensional manifolds for k > 2.

For unipotent actions, by contrast, the Ratner rigidity theory is fairly compre-
hensive, but here the paradigm is in essence unique ergodicity, which is quite
different from the hyperbolic situation.

18. Rigidity of higher-rank abelian actions (presented by
Danijela Damjanovic)

Consider actions of A = Z¥ or 4 = R¥ on a compact manifold, where k
is at least 2. One class of such actions consists of Z¥-actions on TV by toral
automorphisms; we say that these are genuinely of higher rank if there is a
subgroup isomorphic to Z? that acts by ergodic automorphisms. Another class
consists of the action by the diagonal 4 =R"~! on M =SL(n, R)/I", or actions
by a generic hyperplane R for 2 <d <n—1. Thisis a partially hyperbolic
action whose neutral direction is the neutral direction for the full Cartan. For
the first of these cases Katok and Damjanovic have proved rigidity [24], and this
raises the following
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QUESTION 18.1. Can the KAM-methods of Damjanovic and Katok be used to
establish rigidity in actions of the second type?

The second situation provides much more geometric structure than the first one,
and this can be put to use. Methods of Katok and Spatzier [86] reduce the
problem to studying perturbations in the neutral direction, each of which is given
by a cocycle over the perturbed action. Therefore the same objective can be
achieved by answering the following:

QUESTION 18.2. Can one show cocycle rigidity for the perturbed actions?

Katok and Kononenko [83] have established Holder cocyle stability for partially
hyperbolic diffeomorphisms with the accessibility property that could be put
to use here. Progress has been achieved recently by first introducing a new
method for proving cocycle rigidity [23] which uses results and methods from
algebraic K-theory and then developing this method further so that it applies
to cocycle over perturbations and hence produces local rigidity (up to small
standard perturbations within the full Cartan subgroup) for the actions of the
second kind [25].

19. Local rigidity of actions (presented by David Fisher)

For more background, references, more information on the questions raised in
this section as well as other interesting questions in this area, the reader should
refer to the survey by Fisher in this volume.

DEFINITION 19.1. A homomorphism i : I" — D from a finitely generated group
I" to a topological group D is said to be locally rigid if any i’ sufficiently close
to i in the compact-open topology is conjugate to i by a small element of D.

This is the case for the inclusion of an irreducible cocompact lattice in a semisim-
ple Lie group with no compact or 3-dimensional factors (Calabi—Vesentini, Sel-
berg, Weil).

A basic question posed by Zimmer around 1985 is whether one can do any-
thing of interest if the topological group is the diffeomorphism group of a com-
pact manifold and I" is a lattice in a group G that has no rank-1 factors (for
example, G = SL(n,R), G = SL(n, Z) for n > 3). (Katok and collabarators
have studied I" = Z¢ for d > 2 with this in view.) Benveniste showed that every
isometric action of a cocompact group is locally rigid in Diff* (M), and shortly
thereafter Margulis and Fisher showed that any isometric action of a group I"
is locally rigid if the group has proprty (T) of Kazhdan, i.e., H!(I", ) = 0 for
every unitary representation .

A theorem of Kazhdan asserts that there are cocompact lattices in SU(1, n)
that admit nontrivial homomorphisms to Z, and as an easy consequence any
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action of these with connected centralizer has deformations. These deformations
are not very interesting, so one can ask.

QUESTION 19.2. Are these the only deformations?

There are cocompact lattices in SO(1, n) with embeddings in SO(n 4 1), where
the resulting action on S” has an infinite-dimensional deformation space. The
known deformations do not preserve volume:

QUESTION 19.3. Are there volume-preserving deformations in this situation?

If I' is an irreducible lattice in a semisimple Lie group G that has no compact
factors and is contained in a Lie group H with a cocompact lattice A then I’
acts on H/A. In many cases these actions are not locally rigid, such as for
lattices in SU(1, n) and in SO(1, n).

CONIJECTURE 19.4. An action of a lattice I' is locally rigid if there is a map
from G onto a group G that is locally isomorphic to either SO(1, n) or SU(1, n)
and acts on a space X in such a way that there is a factorization of HA to X
that intertwines the actions of I’ on H/ A and X (the latter induced by I' C G .

This is even open for Anosov actions. A simple linear example of these would
be the natural action of SL(2, Z~/2) on T* obtained by the linear action on R*
of the 2 Galois-conjugate embeddings, which have an invariant lattice. In the
case of Anosov actions this should be an approachable question. Crossing the
preceding example with the identity on a circle should be much harder.

20. Smooth and geometric rigidity

CONJECTURE 20.1. A compact negatively curved Riemannian manifold with
C 1toyemund o rospheric foliations is locally symmetric.

It is believed that smooth rigidity of systems with smooth invariant foliations
should hold with low regularity. Yet this remains an open issue. There is some
evidence that this is a hard question. For example, investigations of the Anosov
obstruction to C? foliations [61] made clear that its vanishing does not have
immediate helpful consequences. And the basic bootstrap [60] does not start at
C2.

The invariant subbundles £* and E*, called the unstable and stable bundles,
are always Hélder continuous. For E* this means that there exist 0 <« <1 and
C,8 > 0 such that dg(E“(p), E*(q)) < Cdpr(p,q)* whenever dys(p,q) <6,
where dg is an appropriate metric on subbundles of TM. We say that E* is
C® or q-Holder; in case = 1 we say E* is CYP or Lipschitz continuous. A
continuous function f : U — R on an open set U C R is said to be Zygmund-
regular if there is K > 0 such that | f(x + /) + f(x —h) —2f(x)| < K|h| for
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all x € U and sufficiently small /. To specify a value of K we may refer to a
function as being K-Zygmund. The function is said to be “little Zygmund” or
czygmund e | £(x 4 by + f(x —h) —2£(x)| = o(|h]). Zygmund regularity
implies modulus of continuity O(|x log|x||) and hence H-Holder continuity
for all H < 1 [139, Theorem (3-4)]. It follows from Lipschitz continuity and
hence from differentiability. Being “little Zygmund” implies having modulus of
continuity o(|x log |x||). For r € N denote by C”>® the space of maps whose r-th
derivatives have modulus of continuity . For r > 0 let C” = CL” J,oGr=trdy,

For the dependence of the leaves on the base point several slightly different
definitions are possible. The canonical definition is via the highest possible
regularity of lamination charts. One may also look into the transverse regularity
of k-jets. Alternatively, one can examine the holonomy semigroup, i.e., for pairs
of nearby smooth transversals to the lamination one considers the locally defined
map between them that is obtained by “following the leaves”. By transversality
this is well-defined, and for smooth transversals one can discuss the regularity of
these maps, which turns out to be largely independent of the transversals chosen.
We adopt this notion here and refer to it as the regularity of holonomies or
(transverse) regularity of the lamination. There is little difference between these
definitions in our context. Following the discussion in [126] we can summarize
the relation as follows:

THEOREM 20.2 ([126, Theorem 6.1]). If r € R U {oo}, r € N\ {1} then a
Soliation with uniformly C” leaves and holonomies has C" foliation charts.

However, if r € N\ {1}, a foliation with uniformly C” leaves and holonomies
need not have C” foliation charts. The problem are mixed partials. Without
assuming uniform regularity the above statements can fail drastically: There is
a foliation with uniformly C*° leaves and with (nonuniformly) C°° holonomies
that does not have a C! foliation chart [126, Figure 9]. In our context the
regularity is always uniform, so the above result implies that one can define reg-
ularity equally well via holonomies or foliation charts. The essential ingredient
for Theorem 20.2 is

THEOREM 20.3 ([74]). Let M be a C*° manifold, F*, F* continuous trans-
verse foliations with uniformly smooth leaves, n € Ng, o > 0, f: M — R
uniformly C"+% on leaves of F* and F*. Then f is C"*T%,

This leads to the following observation.

THEOREM 20.4. Ifr € RU{oo}, r € N\ {1} and the stable and unstable
foliations have uniformly C" holonomies, then there are C" bifoliation charts,
1.e., charts that straighten both foliations simultaneously.
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PROOF. By hypothesis every point p has a neighborhood U on which the inverse
[x, y]—=(x,y) e WH(p)x W7 (p) of the local product structure map is uniformly
C” in either entry. By Theorem 20.3 it is C”. O

There is a connection between the regularity of the subbundles and that of the
lamination: For any r € NU {oco} and « € [0, 1) or “a = Lip” a foliation tangent
to a C” % subbundle is itself C” % [126, Table 1]. (The reverse implication
holds only for r = oo because leaves tangent to a C” subbundle are C" 1)

The invariant subbundles are always Holder continuous. It should be noted,
however, that for « < 1 the a-Holder condition on subbundles does not imply any
regularity of the foliations. Indeed, without a Lipschitz condition even a one-
dimensional subbundle may not be uniquely integrable, so already continuity of
the foliation cannot be obtained this way. On the other hand, there turns out to
be a converse connection:

THEOREM 20.5 [63]. If the holonomies are a.-Holder and individual leaves are
C° then the subbundles are B-Holder for every f < a.

There are variants of this for leaves of finite smoothness and almost-everywhere
Holder conditions. Furthermore, whenever bunching-type information gives a
particular degree of regularity for the subbundles, one can usually get the same
regularity for the holonomies, and vice versa.

CONIJECTURE 20.6. If both invariant foliations of an Anosov system are C?
then they are both C*°.

Bolder variants of this would replace C2 by C ! tLip, C14BV (C 1+zygmund («Jjfe
Zygmund”) or C'ToGlogxD) byt the C2 version would be spectacular enough,
even in the symplectic case.

Note that such rigidity results can only be expected assuming high regularity
of both foliations simultaneously because [62] gives a sufficient condition for
one foliation to be C? that holds for an open set of dynamical systems.

To prove such results it may be necessary to restrict to the geometric context,
where there are extra ingredients that might help. The leaves are spheres, and
they are “tied together” by the sphere at infinity (ideal boundary) of the universal
cover. An important result by Hamenstadt [58] should help substantially as well:

THEOREM 20.7. If the horospheric foliations are C? then the topological and
Liouville entropies of the geodesic flow coincide.

If the Katok entropy conjecture were known this would finish the problem.
Thus, the following problem remains: By exploiting geometric information

show that if the horospheric foliations are C? and the topological and Liouville

entropies of the geodesic flow coincide then the horospheric foliations are C'*°
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(or Ck for sufficiently large k to invoke the bootstrap [60]). This leads to a
geometric counterpart of Conjecture 20.6.

CONJECTURE 20.8. A compact negatively curved Riemannian manifold with
C? horospheric foliations is locally symmetric.

By [7; 9] this follows from Conjecture 20.6. A related proposal is the follow-
ing: Give an alternate proof of the Hamenstidt result by showing that if the
horospheric foliations are C? then the Jacobian cocycle is cohomologous to a
constant (which implies coincidence of Bowen—Margulis measure and Liouville
measure, i.e., coincidence of topological and Liouville entropy). The reason that
this route is interesting to explore is that it provides a motivation to return to the
Anosov cocycle and investigate whether it is at all connected with the Jacobian
cocycle in subtle ways.

As noted above, smoothness of invariant structures associated with a hy-
perbolic dynamical system is necessary for smooth conjugacy to an algebraic
model. There are several important instances where such conditions are suffi-
cient.

Smoothness of the invariant foliations of a hyperbolic dynamical system has
turned out to be sufficient for smooth conjugacy to an algebraic model in the
symplectic case. For geodesic flows even more can be said. Open questions
concern the precise amount of smoothness needed and possible conclusions in
the absence of symplecticity.

Smoothness of the invariant foliations. The most basic result in this direction
is implicit: The proof by Avez [5] that an area-preserving Anosov diffeomor-
phism of T?2 is topologically conjugate to an automorphism actually gives a
conjugacy as smooth as the invariant foliations. The definitive result in this
setting is worth giving here, because it is suggestive of the work yet to be done
in higher dimension.

THEOREM 20.9 [68]. Let f be a C*° area-preserving Anosov diffeomorphism
of T2. Then the invariant subbundles are differentiable and their first derivatives
satisfy the Zygmund condition [139, Section I1.3, (3-1)] and hence have modulus
of continuity O(x|logx|) [139, Theorem (3-4)]. There is a cocycle, the Anosov
cocycle, which is a coboundary if and only if these derivatives have modulus
of continuity o(x|log x|) or, equivalently, satisfy a “little Zygmund” condition.
In this case, or if the derivatives have bounded variation [54), the invariant
Soliations are C*° and [ is C° conjugate to an automorphism.

Note the sharp divide between the general and the smoothly rigid situation. In-
deed, the constant defining O(x|log x|) is nonzero a.e., except when the Anosov
cocycle is trivial. Therefore this is the finest possible dichotomy.
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To obtain C° foliations it is actually shown first that triviality of the Anosov
cocycle implies C3 subbundles, and a separate argument then yields C* folia-
tions.

Following Guysinsky one can explain the Anosov cocycle using local normal
forms. For a smooth area-preserving Anosov diffeomorphism on T2 deLatte
[94] showed that one can find local smooth coordinate systems around each
point that depend continuously (actually C'!) on the point and bring the diffeo-
morphism f into the Moser normal form [112]

_ )»_IX/wp(xy))
f(x’y)_( ipywp(xy) ’

where (x, y) are in local coordinates around a point p and the expression on
the right is in coordinates around f(p). The terms involving ¢, that depend on
the product xy correspond to the natural resonance A p)\ljl = 1 that arises from
area-preservation (actually from the family of resonances A, = AZ“X;”). The
function ¢, is as smooth as /', and ¢, (0) = 1. Now we suppress the (continuous)
dependence of A and ¢ on p. Note that for a point (0, y) we have

sz()»_lxy(l/w)/(xy)+)»_1/¢>(Xy) ATIx2(1/9) (xp) )
Ay2e/(xy) Axy@' (xy) + Ap(xy)

o At 0
T\ A2 (0) 1)

In these local coordinates the unstable direction at a point (0, y) on the stable
leaf of p is spanned by a vector (1,a(y)). Since this subbundle is invariant
under Df and since f(0,y) = (0,Ay), the coordinate representation of Df
from above gives a(Ay) = A2y2¢’(0) + A%a(y). If the unstable subbundle is
C? then differentating this relation twice with respect to x at 0 gives A2a” (0) =
202¢"(0) + A%a”(0), i.e., ¢’(0) = 0. This means that the Anosov obstruction is
¢’(0), where ¢ arises from the nonstationary Moser-deLatte normal form. (Thus
this is also the obstruction to C! linearization.)

Hurder and Katok verify that A(p) := (p;, (0) is a cocycle and show that it is
nonzero a.e. unless it is null-cohomologous. (Guysinsky’s result that C' 8V =
C* follows because bounded variation implies differentiability almost every-
where.)

The work by Hurder and Katok is actually carried out for the weak subbun-
dles of volume-preserving Anosov flows on three-manifolds. In this situation
analogous issues arise relative to the strong subbundles. These can be worked
out with closely related techniques:

THEOREM 20.10 [46]. Let M be a 3-manifold, ¢ : R x M — M a C* volume-
preserving Anosov flow. Then E* ® E* is Zygmund-regular, and there is an
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obstruction to higher regularity that can be described geometrically as the cur-
vature of the image of a transversal under a return map. This obstruction defines
the cohomology class of a cocycle, and the following are equivalent:

(1) The longitudinal KAM-cocycle is a coboundary.
(2) E* ® ES is “little Zygmund”.

(3) E* ® ES is Lipschitz.

(4) E*@ E* € Ck—1,

(5) @ is a suspension or contact flow.

PROBLEM 20.11. Extend this result to higher dimension.

The complications in higher dimension are due in large part to the simple fact
that when the invariant foliations are not one-dimensional there may be differ-
ent contraction and expansion rates at any given point. Therefore a first step
in working on this problem would be to assume uniform quasiconformality in
stable and unstable directions. This has strong structural implications in itself,
though (Theorem 16.6, [32; 76; 128]).

Different contraction and expansion rates are responsible already for the fact
that in higher dimension the transverse regularity is usually lower than in the
two-dimensional case. Note that the results there never assert higher regular-
ity for both foliations than in the two-dimensional area-preserving case. If the
obstruction vanishes that was used to show optimality of those results, then the
regularity “jumps” up a little, and a further obstruction, associated with different
contraction and expansion rates, may prohibit regularity C!+0&llogxD) Oply
when all those finitely many obstructions vanish can we have C!+9O&logx[),
These obstructions are best described in normal form [55], as is the Anosov
cocycle.

To give a sample we show that a “l1-2-resonance” produces an obstruction
to C! foliations. To work with the simplest possible situation consider a 3-
dimensional Anosov diffeomorphism f with fixed point p such that the eigen-
values 0 < A < u <1 <n < oo of Df, satisfy u = An. (This is a vari-
ant of the 1-2-resonance A; = )\,% for a symplectic system.) Up to higher-
order terms that might arise from higher resonances the normal form of f at
pis f(x,y,z) = (nx,uy + axz,Az). Representing E* along the z-axis by
(1,v1(2), v2(z) gives

Df0,0,2) (1, v1(2), v2(2)) = (0. az + pv1(2), Ava(2)),

which rescales to (1,az/n+ pvi(z)/n, Ava(z)/n). Invariance of E¥ therefore
yields

vi(Az) = az/n+ pvi(2)/n.
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Differentiating twice with respect to z gives Av}(0) = a/n+ (11/n)v] (0), which
implies @ = 0 since A = /7. Thus the resonance term « in the normal form is an
obstruction to C! Anosov splitting. (One can verify this without using normal
forms, but the calculation is somewhat longer.) By the way, the work of Kanai
mentioned in the next subsection made a rather stringent curvature pinching
assumption to rule out a number of low resonances. The refinements by Feres
and Katok that led to an almost complete proof of Theorem 20.17 centered
on a careful study of the resonances that might arise without such pinching
assumptions. This was delicate work because the issue are not only resonances
at periodic points, but “almost resonances” between Lyapunov exponents. The
papers [39; 37] contain an impressive development of these ideas.

While there is an analog of the Anosov cocycle in higher dimension, its van-
ishing is known to be necessary only for C? foliations [61] and is not known to
lead to higher regularity of the invariant foliations. Thus it has not yielded any
effective application, and the central portion of the above approach falls apart.

The bootstrap to C*° subbundles works in full generality, even without area-
preservation, although it usually starts at regularity higher than C3 (see [60; 47]).
In other words, once the invariant foliations have a sufficiently high degree of
regularity, they are always C°°.

Smooth rigidity. The main issue in higher dimension is to conclude from
smoothness of the invariant foliations that there is a smooth conjugacy to an
algebraic model, and to identify the right algebraic model in the first place.

A result that appeared after systematic development of the continuous time
situation (see also [7, Theorem 3]) will serve to illustrate this:

THEOREM 20.12 ([8]). Let M be a C°° manifold with an C*° affine connection
V, f: M — M atopologically transitive Anosov diffeomorphism preserving V
with E*, ES € C®°. Then [ is C® conjugate to an automorphism of an infranil-
manifold. The invariant connection hypothesis can be replaced by invariance of
a smooth symplectic form.

Note the absence of a topological hypothesis. (There is a finite-smoothness
sharpening of this result [38] that does not use the powerful theorem of Gromov
central to the proof by Benoist and Labourie.)

Now we turn to the continuous time case, where these developments are most
significant.

The history begins with the work of Ghys [51], who classified volume-pre-
serving Anosov flows on 3-manifolds with smooth invariant foliations into three
types: suspensions of hyperbolic automorphisms of the torus, geodesic flows on
surfaces of constant negative curvature (up to finite coverings), and a new type
of flow that differs from the old ones by a special time change. If the flow
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is known to be geodesic then the smooth conjugacy to the constant curvature
geodesic flow preserves topological and measure-theoretic entropies, and hence
by entropy rigidity (see page 310 and [79]) the original metric is constantly
curved. The work towards classification of flows with smooth invariant folia-
tions has followed this model closely. Before describing this, let us mention
in passing the secondary issue of reducing the regularity at which the classifi-
cation becomes possible. In the situation of Ghys one can use an analysis of
3-dimensional volume-preserving Anosov flows and a result entirely analogous
to Theorem 20.9 [68] to conclude:

THEOREM 20.13 [51; 68]. A negatively curved metric on a compact surface is
hyperbolic if its horocycle foliations are C1To(x1logx]),

In higher dimension the seminal work is due to Kanai [78]. He was the first to
implement the following strategy: If one assumes that the invariant foliations are
smooth then one can study Lie bracket relations between the stable and unstable
subbundles. The interaction between these and the dynamics can be used to
build an invariant connection (named after him now [91]) and to show that it is
flat, which in turn is used to build a Lie algebra structure that is identifiable as
a standard model.
He obtained the following result:

THEOREM 20.14 [78]. The geodesic flow of a strictly 9/4-pinched negatively
curved Riemannian metric on a compact manifold is smoothly conjugate to the
geodesic flow of a hyperbolic manifold if the invariant foliations are C*°.

Two groups picked up this lead, with the primary aim of removing the pinching
hypothesis, which in particular rules out nonconstantly curved locally symmetric
spaces as models. It also emerged that the main import of the assumptions is
dynamical rather than geometric, and that therefore one should look for theorems
about flows more general than geodesic ones.

Feres and Katok [39; 37] built on Kanai’s idea by refining his arguments with
intricate analyses of resonance cases for Lyapunov exponents to cover most of
the ground in terms of the admissible algebraic models.

THEOREM 20.15 [37]. Consider a compact Riemannian manifold M of neg-
ative sectional curvature. Suppose the horospheric foliations are smooth. If
the metric is 1/4-pinched or M has odd dimension then the geodesic flow is
smoothly conjugate to that of a hyperbolic manifold. If the dimension is 2
(mod 4) then the geodesic flow is smoothly conjugate to that of a quotient of
complex hyperbolic space.

Some of the results proved along the way to this conclusion did not assume that
the flow under consideration is geodesic. The refinements over Kanai’s work
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were, in the case of the first hypothesis, a more delicate argument for vanishing
of the curvature of the Kanai connection. Under the second hypothesis Feres
shows that if the Kanai connection is not flat then the invariant subbundles split
further (resonance considerations enter here), and a connection associated with
this further splitting must be locally homogeneous.

Roughly simultaneously the complete result about smooth conjugacy was
obtained by Benoist, Foulon and Labourie [7]. Not only does it include all
geodesic flows, but it requires only a contact structure, which turned out to
require substantial additional work. This makes it a proper counterpart of the
three-dimensional result of Ghys:

THEOREM 20.16 [7]. Suppose @ is a contact Anosov flow on a compact man-
ifold of dimension greater than 3, with C°° Anosov splitting. Then there is
an essentially unique time change and a finite cover on which the flow is C°
conjugate to the geodesic flow of a negatively curved manifold.

What enables the authors to give a monolithic proof (as opposed to covering the
various classes of symmetric spaces one by one) is a rigidity result by Gromov
[53; 6; 138]. This is the place where substantial regularity is needed, and on
an m-dimensional manifold one can replace C*° in hypothesis and conclusion
by C k with k > m? + m + 2. This theorem is invoked in the first major step
of the proof, to produce a homogeneous structure: The diffeomorphisms of the
universal cover that respect the splitting and the flow form a Lie group that acts
transitively. (Gromov’s theorem produces this structure on an open dense set,
and the Kanai connection is used to extend it.) Step two determines the structure
of this group and its Lie algebra, and step three develops the dynamics of the
group and relates it to the expected algebraic model.

The Feres—Katok approach needs a slightly different minimal regularity. In
fact, if one adds the a posteriori redundant assumption of (nonstrict) %—pinching
(or merely strict 24—5-pinching) then C > horospheric foliations always force rigid-
ity [60].

We note an amplified version for the case of geodesic flows in which the con-
jugacy conclusion for geodesic flows is replaced by isometry of the metrics due
to a more recent rigidity result by Besson, Courtois and Gallot, Theorem 20.29.

THEOREM 20.17. If the horospheric foliations of a negatively curved compact
Riemannian manifold are C® then the metric is locally symmetric (up to isom-

etry).

The above result subsumes several classification steps. First of all, one obtains
an orbit equivalence, which implies coincidence of the Lyapunov cocycles (peri-
odic data). But furthermore, the original result in [7] directly arrives at a smooth
conjugacy, which means that periods of periodic orbits are preserved as well.
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This is an extra collection of moduli for the continuous time case. Finally, in
the case of geodesic flows, there is, in addition, the Besson—Courtois—Gallot
Theorem 20.29, which gives the isometry.

While the regularity of the invariant subbundles is usually substantially lower
than in the two-dimensional case, it is widely believed that the minimal regu-
larity for such smooth rigidity results should be C? or even C'T1P ¢ quite
close to that in Theorem 20.9. Indeed, these foliations are hardly ever C ! 1P

THEOREM 20.18. For an open dense set of symplectic Anosov systems the
regularity predicted by computing BY only from periodic points is not exceeded
(i.e., if the rates compare badly at a single periodic point then the regularity
is correspondingly low —at that periodic point) [62]. An open dense set of
Riemannian metrics do not have C' 1P horospheric foliations [62].

Furthermore, for any € > 0 there is an open set of symplectic Anosov dif-
feomorphisms for which the subbundles and holonomies are C¢ at most on a
(Lebesgue) null set [63].

If the invariant subbundles are C? then the Liouville measure coincides with
the Bowen—Margulis measure of maximal entropy [58; 91]. (For Finsler met-
rics this is false [117].) According to the Katok Entropy Rigidity Conjecture
(page 310), this should imply that the manifold is locally symmetric. Optimists
might suspect that rigidity already appears from C!To(&llogx]) op ¢ 1+zygmund
on, but there is no evidence to that effect (save for Theorem 20.18).

Another result of Ursula Hamenstidt is worth remarking on here. It says that
for contact Anosov flows with C! invariant foliations fixing the time param-
etrization fixes all other moduli of smooth conjugacy.

THEOREM 20.19 [57]. If two conjugate (not just orbit equivalent) Anosov flows
both have C' Anosov splitting and preserve a C? contact form then the conju-
gacy is C2.

The C! assumption on the splitting is not vacuous, but not stringent either,
being satisfied by an open set of systems. Note that the conjugacy preserves
both Lebesgue and Bowen—Margulis measure. If one keeps in mind that smooth
conjugacy has been established mainly with one side being algebraic, this result
is striking in its generality.

Inasmuch as they refer to flows, the hypotheses of the preceding rigidity re-
sults do not distinguish between the regularity of the strong versus weak invari-
ant foliations. The reason is that for geodesic flows strong and weak foliations
have the same regularity due to the invariant contact structure: The strong sub-
bundles are obtained from the weak ones by intersecting with the kernel of the
smooth canonical contact form.
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Plante [121] showed that the strong foliations may persistently fail to be C!,
namely when the asymptotic cycle of volume measure is nonzero. Even though
the latter is not the case for (noncontact) perturbations of geodesic flows, these
flows may still fail to have C 1 strong foliations (see [116; 11], where the contact
form is “twisted” by an extra “magnetic force term”, which does not produce a
nontrivial asymptotic cycle).

Entropy rigidity. A different rigidity conjecture was put forward by Katok in
a paper that proved it for surfaces [79].
The result that prompted the conjecture is

THEOREM 20.20 [79]. For the geodesic flow of a unit-area Riemannian metric
without focal points on a surface of negative Euler characteristic E the Liouville
and topological entropies lie on either side of ~—2m E, with equality (on either
side) only for constantly curved metrics.

CONJECTURE 20.21 [79, p. 347]. Liouville measure has maximal entropy only
for locally symmetric metrics, i.e., only in these cases do the topological and
Liouville entropies agree.

This says that equivalence of Bowen—Margulis and Lebesgue measure only oc-
curs for locally symmetric spaces. This conjecture has engendered an enormous
amount of activity and remains unresolved. The exact nature of the results in
[79] suggests some variants of this conjecture, however, that have been adressed
more successfully.

THEOREM 20.22 [44]. The conjecture holds locally along one-parameter per-
turbations of constantly curved metrics, but in dimension 3 it is no longer the
case that a hyperbolic metric (with unit volume) maximizes Liouville entropy.

The Katok entropy rigidity conjecture cannot take quite so neat a form as it does
for surfaces. Foulon notes that for flows in dimension three it extends beyond
the realm of geodesic flows:

THEOREM 20.23 [45]. A smooth contact Anosov flow on a three-manifold
whose topological and Liouville entropies coincide is, up to finite covers, con-
Jjugate to the geodesic flow of a constantly curved compact surface.

CONJECTURE 20.24 (FOULON). Three-dimensional C°° Anosov flows for
which Bowen—Margulis and Lebesgue measure are equivalent must be C°° con-
Jjugate to either a suspension of a toral automorphism or the geodesic flow of a
compact hyperbolic surface.

That a metric is locally symmetric has been proved under a stronger but sug-
gestive hypothesis [97]. Consider the universal cover M of the manifold in
question and for each x € M define a measure A, on the sphere at infinity by
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projecting the Lebesgue measure on the sphere S M along geodesics starting at
x (Lebesgue or visibility measure). Use a construction of the (Bowen—)Margulis
measure [104] to define measures v, on the sphere at infinity [56].

THEOREM 20.25. If there is a constant a such that Ay = avx for all x then M
is symmetric.

PROOF. By [96; 137] it is asymptotically harmonic, and by [47] and Theo-
rem 20.29 below it is symmetric. O

In fact, one can also define a harmonic measure 1, at infinity for every x € M
by using Brownian motion.

THEOREM 20.26 [95; 81]. In the case of surfaces the harmonic measure class
coincides with the Lebesgue class only when the curvature is constant.

CONJECTURE 20.27 (THE “SULLIVAN CONJECTURE”, [131, p. 724]). In
higher dimension the coincidence of the harmonic and visibility measure classes
happens only for locally symmetric spaces.

THEOREM 20.28. If any two of these three measures here defined are propor-
tional for every x then M is symmetric.

PROOF. This again follows from [96; 137; 47; 9]. O

The goal can be restated as the requirement to relax the hypothesis from pro-
portionality to mutual absolute continuity [97].

Coming from rather a different direction, Besson, Courtois and Gallot found
themselves addressing a related issue by showing that topological entropy is
minimized only by locally symmetric metrics. Strictly speaking, their result con-
cerns the volume growth entropy /4 of a compact Riemannian manifold, which
is the exponential growth rate of the volume of a ball in the universal cover as
a function of the radius. This is a lower bound for the topological entropy of
the geodesic flow with equality if the sectional curvature is nonpositive [103]
(in fact, when there are no conjugate points [50]).

THEOREM 20.29 ([9]). Let X,Y be compact oriented connected n-dimensio-
nal manifolds, f :Y — X continuous of nonzero degree. If go is a nega-
tively curved locally symmetric metric on X then every metric g on Y satis-
fies h"(Y, g) Vol(Y, g) > | deg(f)|h" (X, go) Vol(X, go) and for n > 3 equality
occurs iff (Y, g) is locally symmetric (of the same type as (X, go)) and [ is
homotopic to a homothetic covering (Y, g) — (X, go). In particular, locally
symmetric spaces minimize entropy when the volume is prescribed.

A version of this result holds for nonpositively curved locally symmetric spaces
of rank 1, and one may ask whether their method extends to higher rank.
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A complementary result, about leaving the realm of geodesic flows, is con-
tained in the work [118] of the brothers Paternain: “Twisting” any Anosov geo-
desic flow (by adding a “magnetic” term to the Hamiltonian) strictly decreases
topological entropy.

21. Quantitative symplectic geometry (Helmut Hofer)

Denote by Symp?” the category of 2n-dimensional symplectic manifolds
with embeddings serving as the morphisms. This carries the action of (0, co)
by rescaling: «*(M, w) = (M, aw). Consider a subcategory € that is invariant
under this action and [0, oo] with the standard ordering (on which one has the
same action). We do not require it to be a full subcategory.

DEFINITION 21.1. A (generalized) symplectic capacity for € is an equivariant
functor ¢ : € — [0, oo] with the property that ¢((M,w)) > 0 if M # &. For
1 <d <n ad-capacity is a capacity such that 0 < ¢(B29 x [R2”_2d) < oo and
c(B2-2 RZ”_2d+2) = 00, where B denotes the open unit ball in R¥.

An example of a n-capacity is

c(M,w) = (/M a)”) l/n.

Let B2"(a) denote the ball of radius (a/yr)l/2 and define Z2?"(a) = B?*(a) x
R2"=2 We put B2¢ = B24(1) and similarly Z29 = Z24(1). Gromov’s non-
squeezing result implies the existence of 1-capacities. If B>"(a) symplectically
embeds into Z2"(b) then a < b. Therefore one can take

cgan(M, w) :=supia | (B?", aw) symplectically embeds into (M, )}
or
cZ" (M, w):=inf{a | (M, ») symplectically embeds into (Z>", aw)}.

There are many 1-capacities one can construct from Floer theory, Gromov—
Witten theory, symplectic field theory or contact homology, and many questions
in symplectic geometry can be answered by constructing such a functor. No
example of a d-capacity for | < d < n is known. Therefore it is important to
ask

QUESTION 21.2. Are there d-capacities for d other than 1 and n in dimension
2n, wheren > 3?

This is a fundamental question about the nature of symplectic geometry. Clearly
the n-capacities are volume-related invariants and 1-capacities are invariants of
a 2-dimensional kind related to 2-dimensional cross-sections. The essence of
Question 21.2 is captured by the next question concerned with dimension six.
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QUESTION 21.3. Is there an € > 0 such that for every r > 0 there is a symplectic
embedding of B%(¢) x B*(r) into B*(1) x R??

If the answer is “no” it means that in dimension six a 2-capacity exists, and in
this case it is very likely that a proof has to be based on some “new symplectic
technology”.

The next question is exploring the problem if in some sense the technology to
deal with symplectic geometry in dimension four is complete. Given a positive
quadratic form Q define Eg :={0 <1} C R2" to be the associated ellipsoid.
Then there is a unique a € X :={a € (0,00)" |a; <a, <...=<ay} such that E is
by a linear symplectic map the same as the ellipsoid E(a):={x =(z1,...,25) €
R | Y |zl a; < 13

On X define a “linear” partial ordering <; by ¢ <; b: <= there exists a
linear symplectic map 7" such that T (E(a)) C E(b). By some linear algebra
this order structure is the same as requiring a; < b; for all i. Define a “nonlinear”
partial ordering <,; by a <,; b: <= there is a symplectic embedding of E(«a)
into E(b). It is a nontrivial result (due to Ekeland and Hofer) that on the set of
points “between” (1,...,1) and (2, ..., 2) these two orderings are the same, but
this fails on any larger set (Lalonde and McDuff for n = 2, Schlenk in general).

Consider capacities on ellipsoids and for @ € X' order the numbers {ja; | j €
N,i = 1,...,n} by size with multiplicities and denote this sequence by ¢y (a)
Ifa=(1,5)weget12345567891010....). These are capacities for each
k (and are due to Ekeland and Hofer).

QUESTION 21.4. Is a <,; b in R* equivalent to cx(a) < ci(b) for all k and
aia, < byb, (this is the volume constraint)?

If the answer is indeed “yes” a proof can be expected to be very hard. Particular
cases of this question are:

QUESTION 21.5. Is (1,8) <,,;; (3,3)? Is (1,4) <,; (2,2)?
Schlenk can symplectically embed
E(1,8) - E(3.612,3.612) and E(1,4) - E(2.692,2.692).

Observe that E(1,4) and E(2, 2) have the same volume, so an embedding will
be very tight.

In general, consider a symplectic category € and denote the collection of
capacities on it by S. Then one can generate new ones. Consider a function
f :[0,00" — [0,00] with f(1,...,1) > 0 that is positively 1-homogeneous
(f(ta) = tf(a)) and monotone (if a; < b; then f(a) < f(b)). Then, given
capacities ¢1, ..., ¢y € S we get a new capacity f(ci,...,cy). Also, if ¢z — ¢
as k — oo and ¢(B?") > 0 then c is a capacity as well. The following is
essentially a rephrasing of Question 21.4.
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QUESTION 21.6. Do the ¢y, defined above together with ([ 0?2 generate S
in this way?

22. Hilbert’s sixteenth problem (presented by Yulij Ilyashenko)

QUESTION 22.1 (HILBERT’S 16TH PROBLEM). What can be said about the
number and location of the limit cycles of a polynomial ordinary differential
equation in the plane?

This has been among the most persistent in Hilbert’s list, and therefore even
simplified versions make for substantial problems:

QUESTION 22.2 (HILBERT’S 16TH PROBLEM FOR QUADRATIC POLYNOMI-
ALS). What can be said about the number and location of the limit cycles of an
ordinary differential equation in the plane whose right-hand side is a quadratic
polynomial vector field?

This question remains unresolved as well. There are partial results by Ilyashenko
and Llibre of the following type. For a Zariski-open set of quadratic vector fields
one can define a numerical characteristic of each vector field and then bound the
number of limit cycles in terms of this parameter.

Numerous related problems may be found in the survey [69]

23. Foliations (presented by Steven Hurder)

Consider a compact manifold M with a foliation F.

QUESTION 23.1. Can a leaf L in a minimal set Z C M of the foliation be
deformed? Or can the minimal set be deformed?

Reeb showed that if there is a compact leaf with trivial holonomy (i.e., only the
identity) then it has a foliated neighborhood that is a product, i.e., the situation is
far from rigid. On the other hand, results by Stowe show that if there is enough
cohomology data then one cannot move the leaf.

QUESTION 23.2. If Z is a minimal set in M, are all leaves in Z diffeomorphic
up to covers?

Duminy proved in 1982 that if the foliation is C? with codimension 1 leaves
and Z is exceptional (i.e., neither M nor a single leaf) then all leaves in Z have
Cantor ends.
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24. “Fat” self-similar sets (Mark Pollicott)

A similarity on R¥ is a map 7T : R — R for which T (x,y)—T(u,v)| =
rl(x,y) — (u,v)||, where 0 < r < 1 and || - || is the Euclidean norm. Given
similarities T7,..., T, : RY - RY a set A is said to be self-similar if A =
\U?_; T:(A). One may ask how “big” such sets can be, for example, how close
to d the Hausdorff dimension can be, whether they can have positive Lebesgue
measure or open interior.

In the case that d = 2, there are examples of self-similar sets with empty
interior and positive Lebesgue measure (this is due to Csornyei, Jordan, Polli-
cott, Preiss and Solomyak [22] and answers a question of Peres and Solomyak
[119]). The construction uses 10 contractions (all by a factor of 3), but there
is some latitude in how the similarities are chosen, and a different construction
accomplishes the same result using 6 similarities.

QUESTION 24.1. Can one find examples using fewer similarities?

It is interesting to note that there are apparently no analogous results when d = 1.
QUESTION 24.2. Are the examples of self similar sets with positive measure but
empty interior in R?

Easier results are obtained from Sierpinski triangles. If 1/2 < A < 1 the simi-

larities

To(x.y) = (Ax.Ay) +(0.0)

Ti(x,y) = (Ax, Ay) 4 (1/2,0)

Ta(x,y) = (Ax.Ay) +(0.1/2)
produce “fat” Sierpinski triangles A (the case A = 1/2 gives the standard Sier-
pinski triangle).

It is easy to check that when 0 < A < 1/2 one obtains a Cantor set with
dimg(Ay) = —1log3/log A.
THEOREM 24.3 (JORDAN [72]).
log 3

dimp(Ay) = —% fora.e.  €[1/2,(4/3)13]

There is a dense set D C [1/2,1/+/3] such that dimg(Aj) < —log 3/log A for
A € D. One of the most interesting remaining questions is the following.

QUESTION 24.4. How large is the exceptional set D? Is it uncountable? Does
it have nonzero Hausdorff dimension?

The next result was proved in [73] by Jordan and Pollicott, and in [15] by Broom-
head, Montaldi and Sidorov. Let m be the d-dimensional Lebesgue measure.
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THEOREM 24.5. m(Ay) > 0 fora.e. . €[0.585...,0.647...] and int(A;) # @
for A > .647....

This suggests two natural questions.

QUESTION 24.6. What is the largest value of A such that A), has empty inte-
rior?

Sidorov conjectures that the correct value is the reciprocal of the golden ratio.

QUESTION 24.7. Is there any A € [0.585...,0.647 . ..] for which int(Ay) = &
and m(Ay) > 0?
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